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In the invited review paper we report the unsolved problems for the heat
equations in theory of the Riemann zeta function. The Fourier cosine
integral is derived from the Riemann xi function associated with the
Riemann zeta function. The tempered xi function is one of the entire
functions in analytic number theory. The Fourier sine integral is derived
from the tempered xi function. The Fourier cosine and sine integrals can be
considered as the initial value conditions of the heat equation. The deformed
Fourier cosine and sine integrals related to the exponential function can be
considered as the solutions of the heat equation. There exists a great many of
mathematics conjectures related to the heat equations containing Riemann
hypothesis, Jensen's conjecture, and boldly asserts. They are still challenges
for heat equations in the twenty-first century.

Key words: heat equation, Fourier cosine integral, Fourier sine integral,
Riemann zeta function, Riemann hypothesis, analytic number theory

Introduction

The Fourier theory of the heat equation has played an important role in fields of
mathematics, physics and engineering science [1-9]. In 1822, the French mathematician J. B. Joseph
Fourier proposed the heat equation, Fourier series, Fourier transform, and Fourier sine and cosine
integrals in his monograph Théorie analytique de la chaleur [9], which was published by Cambridge
University Press [10].
Heat equations in the one-dimensional case

The heat equation in the one-dimensional case is given as [10]
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where Uu :u(x,t) is the temperature and x is the thermal diffusivity. Eq.(1) was called the
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Fourier's heat conduction equation [11], the Fourier heat equation [12-14], and heat-diffusion equation

[15-18]. Take r=xt in Eqg. (1), the heat equation in the one-dimensional case can be written as (see

[12]; also see [19-21])

ou o
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where u :u(x,%). In practice, there are a great many of the boundary conditions for the heat

equation, such as Dirichlet boundary conditions, Dirichlet boundary conditions, Neumann boundary
conditions, Robin boundary conditions, Periodic boundary conditions, and others boundary problem
[21-25]. There are many computational technologies to find the solutions for the heat equations, such
as the probability approach [26], general similarity [27], continuous finite elements [28], Greens
functions [29], decomposition method [30] and so on.
Fourier transform and Fourier cosine and sine transforms

The Fourier transform, which is one of the important integral transforms, was used to find
the solutions for the heat equation. The Fourier transform of the function ¢ (x) is given as (see [9];
also see [31-34])

+00

F(9)(w)=G(w)= j g(x)e"dx. (3)
Its inverse formula is given as [9]
F-l(e)(x)::g(x):zi G(w)e”do. @
T —0
The Fourier integral reads (see [9]; also see [31-34])
1 i —iwx iox
g(x)=ﬂi£g(x)e dee do (5)
or alternatively,
F'Fg=g. (6)
Of cause, there is [31-34]
FF'G=G, (7
which can be rewritten as [31-34]
G(a))zim TG(w)ei“’Xda) e dx . (8)
2 s\ 2,

The Fourier cosine integral of the of the function g (X) is given as (see [9]; also see [31-34])

+00

F.(0)(@)=G,(z)= f g(x)cos(a@x)dx. 9)

0



Its inverse formula is given as [9]
F (G )(x) = :—J'G )cos(xew)dw. (10)
There are integral equations (see [9]; also see [31-34])

g(x):ET{Tg(x)cos(wx)dx}cos(xa})da) (11)

and

G, (@)= Ej[je (a))cos(xa))da)j cos (@) dx. 12)

0

The Fourier sine integral of the of the function g (X) is given as (see [9]; also see [31-34])

+00

F.(9)(@)=G, (@)= [ g(x)sin(ax)dx. (13)

0

Its inverse formula is given as [9]
F(G)(x)= :—IG )sin(xw)dw. (14)
There are integral equations (see [9]; also see [31-34])
o(x) =ET{Tg(x)sin(wx)dx}sin(xa))da) (15)
and
2°¢C(°¢F . .
Gc(w):—'[['[Gc(a))sm(xa))dszm(wx)dx. (16)

The Fourier transform, Fourier cosine transform, and Fourier sine transform have been widely applied
in the fields of mathematics, physics and engineering.
Theory of Riemann zeta function

The theory of Riemann zeta function has played an important role in study of analytic
number theory [35-38]. Let C and N be the sets of the complex numbers and the nature numbers,
respectively. In 1859, the German mathematician G. F. Bernhard Riemann [39] proposed the Riemann
zeta function, given by

s)= i n—, (17)
n=1

where seC and neN. The Riemann hypothesis [35] states that all the nontrivial zeros of the

Riemann zeta function ¢(s) lie in the critical line R(s)=1/2. It is to say, {(s)=0,

s=1/2%i4,, n=12,3,.... The Riemann hypothesis is one of important unsolved problems in the



field of mathematics [38]. There is the integral formula [39]

o0

S

G)(s):J'N(x)x2 dx, (18)

which implies that [39]

@(s)_!N(x)(x +X ]dx+s(s—l) (19)
due to the formula [39]
@(s):g(s);{;r(gj, )

where N(x)= Ze‘pz’” and I'(s) isthe gamma function. There is the function equation [35]
p=1

O(s)=0(1-5).

It had been discovered in 2023 that Eq. (19) can be decomposed into L(s)= s’l(s—l)_1 and the

integral formula [39, 40]
+00 S s+1
H(s):= IN(X)(XZ Tix 2 de (21)
and discovered the integral formal [40]

M(s):=TN(x)(xZ ox Szlex. (22)

:Ix(x)x4 X2 +x 2 [dx (23)

Similarly, there is the function equation [40]
M(s)=-M(1-s)

due to the integral formula [40]



—-X 2 jdx (24)

There exist the relations [40]

and
M(s)=0,(s)-@s(s).

which are the linear combinations of the integral equations [40]

+00 S
2

Pa(S)= j N(x)x2 dx

-

and

and
Da (S) = Pg (1_3) :

Putting s=1/2+it into Eq. (19), we have [39,40]

o o e

1
=H(s)+ D) (25)
:2+j10t~¢(t)xj cosh 1(s—l)lnx dx +
d 20 2 s(s-1)
such that
@(1/2+it)::®(t):2TN(t)x4 cos(“%) X— - (26)
1 “4t?
4

Putting s=1/2+it into Eqg. (23), we have [40]



+o0 3 - +o0 3
H(t)=2]N(t)x * cos(It I; X)dx =2 [ N(t)x ¢ cos(“%)dx, 27)

1
where H(1/2+it):=H(t).

Putting s=1/2+it into Eq. (24), we have [40]

+0 3 H +0 3
M(t) =2 N(t)x ¢ sinh('t I;X)dx=2i [rs(yxe sin(“%)dx, @)
1 1

where M(1/2+it):=M(t).

Putting X =e®’ into Egs. (27) and (28), we have the Fourier cosine integral [40]

400

H(t)= [ ¢(¢)cos(te)de, (29)

0

and the Fourier sine integral [40]

+00

M(t)=i [ p(¢)sin(ct)de, (30)

0

L& y
respectively, where ((()=4e? Ze’”z”ez is the kernel function [40]. There is the mathematical
=1

conjecture [40], being related to the zeros of the Fourier cosine integral, that Eq. (27) has only real
zeros. That is to say, H(t)=0, t=+i6,, n=123,.... Setting M(t)=M(t)/i and using Eq.

(29), the Fourier sine integral is given as [40]

+00

M(t)= [ p(¢)sin(ct)de. (31)

0

There is the mathematical conjecture [40], being related to the zeros of the Fourier sine integral, that
Eq. (31) has only real zeros. To put it simply, M(t)=0, t==ig,, n=123,.... Thus, for given

1( > 2 20
kernel function ¢(£)=4e2 » ™" there exist the pair [40]

H(t):Tgo(f)cos(u’)df

+00

M(t)= [ p(0)sin(ct)de

0

which are the Fourier cosine and sine integrals of the given kernel function go(ﬁ) :

Let s=1/2+it such that [39]



33(6-0¢(0) {3 )=<(1) @)

5(t)=4+'|20{x‘l‘%[xg db;—)((x)}}cos(%tln xjdx. (33)

We now let [41]

such that [39,41]

=%s(s—l)®(s) (34)

—

where = (s) is the Riemann xi function associated with the Riemann zeta function. Thus, we have

1(1

= i __1 1 2 it\=_=| =4 +2

E(t) =2 (1 2+it) = 2[4“ )@(1/2+|t) 2[4“ j@(t)
101 N\ .7 2 tl 1

:_E(ZHJ ZQN(t)x cos( gx)dx—l :

St
+00 3
:E—GHZJJ&(t)x_“ cos(“ﬂjdx
2 a7 )] 2

which is the reported result in the Riemann paper [39]. Following Edwards [41], the integral
representation of Eq.(34) is given as

el

which leads to Eq. (34) if s=1/2+it. By Eq.(35), it is easily seen that there are the symmetry

[1]

functional equation =(s)=Z=(1—s) and that the series

- 132"
E(s)=D a,, (S—Ej
n=0

converges very rapidly [41], where



e

The Riemann hypothesis is equivalent to the statement that all the zeros of the Riemann xi function

E(s) liesin the critical line R (s)=1/2 [41]. Because

(s):%s(s—l)H(s)+%

is an entire function of order one [36], it leads to the fact that H (S) is an function of order one.

[1]

Putting X = e’ into Eq. (35), the Danish mathematician J. L. W. Valdemar Jensen [42] discovered the

Fourier cosine integral

+00

£(t)= [ p(¢)cos(ct)de, (36)

0

where

M

9/ 5¢
p(l):= (872’29 2n*—12zn%? ]e“z”ey

I
[UN

n

is the Jensen kernel function [42]. There is so-called Jensen conjecture [43-46], being related to the

zeros of the Fourier cosine integral, that Eq. (37) has only real zeros. In other words, &£(t)=0,

t=1i8,, n=123,.... The Taylor series of Eq. (36) is given as [47]

E(t) =3 (1) a1, (31
where
0, = | p(0) e
(20)

Substituting t=—7% into Eq.(37), we have
g(#it)=¢(r)=>a =, (38)

a,.

(21!

2
inequalities 8.« —ax-18x:1 >0 (K =123, ) hold since the Riemann hypothesis is equivalent to

where a. = and the necessary condition for the Riemann hypothesis is that the Turan

the statement that all the zeros of &(() are real [49-51]. By the linear combinations of



and
sey-2f el ot e,

derived from the relation Z(s)=A,(s)+A;(s), there is the so-called tempered xi function [52]

D(s)=A,(s)-Ag(s)

:4T{X‘l‘i{xg dN—(X)}}sinh F(S—E)In x}dx (39)
1 dx dx 2 2

which has the anti-symmetry functional equation [52]
D(s)=—D(1-5).

The series

© 1 2n+1
©(5)=3 A 53 o)
n=0

converges very rapidly [52], where

__ 4 LAl gaselle, 7
ﬂ2”+1_(2n+1)!j{x dx[x dx }}(2'“) ax. (4D)

1

There is the mathematical conjecture that the statement that all the nontrivial zeros of the tempered xi

function @ (s) lie in the critical line R (s)=1/2 [46, 52]. The tempered xi function ®(s) has
only the trivial zero s=1/2 [52],i.e, ®(1/2)=0.Itimpliesthat ®(s)=0, s=1/2+i0,,

n=0,1,2,3,.... Itis easily seen that if ¢, =0, wehave s=1/2 suchthat ®(1/2)=0.The

mathematical conjecture is one of important unsolved problems in the field of mathematics [53-58].
The power series (40) converges very rapidly. Because there is the assertion that

CD(S):%s(s—l)M(s)+(28—1)N(l),

is an entire functions of order one [40], it implies that M (S) is an entire functions of order one. By

Eq. (41), there is the equation [52]
» 1 2n
05)=3 fuus[53 ] @)
n=0

where @ (s)= (S —%)Q(s) with the symmetry functional equation Q(s)=Q(1-s). The



function @ (S) has the trivial zero s=1/2. The series (42) converges very rapidly. Alternatively,

(e 4] x5 559 (e e @

1

sl P}

Setting s=1/2+it, we have [52]

where

O (1/2+it)=A(t),

where
+00 1 ] 7] .
A(t)=4j x_Zi X2 dx(x) sinh(Elnxjdx
1 dx dx 2
+00 1 : 3 dN __ (44)
:4iI x71 X2 (x) sin(lln x]dx
1 dx | dx | 2

due to the relation sinh (ix)=isin(x). Thereis A(t)=-A(-t). Setting s=1/2+it, we present

Q(1/2+it)=(t),

and
@(1/2+it,x):p(t,x)zsinh(%mx]/(it):sin(%mx]/t,
where
ISR IELLIC))
h(t)_4!{x dx{x ™ }}p(t,x)dx. (45)
Applying Eq. (44), we show the integral [52]
ISR LLICI N PE
A(t)_4J;{x dx{x ™ }}sm(zlnxjdx (46)

where A(t):=A(t)/i. Thereis the relation A(t)=7(t)t. Putting x =e* into Eq. (44), we get

the Fourier sine integral [59]

+00

A(t)= [ p(£)sin(st)dc. 47)

0

That is to say,

+00

A(t)=iA(t)=i[ p()sin(ct)dc. (48)

0

10



There is the mathematical conjecture [59-61], being related to the zeros of the Fourier sine integral,

that Eq. (47) has only real zeros. In other words, A(t)=0, t==if,, n=0,123,.... Ifall the
nontrivial zeros of the tempered xi function ®(s) lie in the critical line R (s)=1/2, itis
equivalent to the statement that all the zeros of A(t) (or A(t)) are real [59]. It s easily discovered

that A(0)=iA(0)=0. The Taylor series of Eq. (47) is given as

A (t) = Z_:,) (_1)K b21(+1t2’(+1 : (49)
where
1 ~+00
b  =—7— 0) 0>,
2t = (2K +1)! ! 40
It implies that
Ac (t) = Z;(_l)’( b21c+1t2K ’ (50)

where A (t):=A(t)/t.Itleads to

If all the nontrivial zeros of the tempered xi function ®(s) lies in the critical line R(s)=1/2, itis
equivalent to the statement that all the zeros of A_(t) are real. Moreover, it shows that A (t) is

an even function because A (t)=A, (-t). Substituting t=—7" into Eq.(49), we have

A, (ii\/t_) =7(7)

such that
0 ~ TK
]/(r):ZbK—I, (51)
k=0 K:
~  xla, : . .
where b, =——=L There may exist the assertion that the necessary condition for the

(26 +1)!

mathematical conjecture that all the nontrivial zeros of the tempered xi function @® (s) lie in the

critical line R(s)=1/2, is that the Turan inequalities B —Be1bes >0 hold for « =1,2,3,---.

11



The roots of y(z') =0 are the imaginary parts of all the nontrivial zeros of the tempered xi function

@ (s). There exists the pair

400

£(t)= jp(ﬂ)cos(ﬁt)dﬁ

A(t)= | p(0)sin(at)de

which are the Fourier cosine and sine integrals of the Jensen kernel function.
The target of the review paper

Our target of the review paper is to show the heat equations with the deformed Fourier
cosine and sine integrals. In Section 2, we present the heat equations with the initial value
condition H(X) . In Section 3, we discuss the heat equations with the initial value condition M (X).
In Section 4, we show the heat equations with the Riemann initial value condition f(x) . In Section 5,
we suggest the heat equations with the initial value condition A(x). In Section 6, we give our
conclusion.
The heat equations with the initial value condition H(x)

To begin with, we introduce the deformed Fourier integral, which is the solution for the heat
equation.
By Eg. (29), we have [40]

+00

H(x)= [ o()cos(xt)de

0

such that a family of the function T (x,t) :C — C forthe parameter te R and xeC isgivenas

[40]
T(xt)= [ e p()cos(xe)c. 52

0

Here, Eq. (52) is the deformed Fourier cosine integral. There is the mathematical conjecture that all the
roots of the deformed Fourier cosine integral T(x,t):O are real for the parameter te R and

xeC [40]. If

+00

u(x,7)= j e’“zgo(f)cos(xﬁ)dﬁ (52)
0
for £>0 and p<x<q, this leads to the heat equation [40]

au(x,r)_azu(x,r)
or X

(53)

subjected to the initial value condition

12



+00

u(x,0)= jgo(ﬁ)cos(xﬁ)df.

0

There is the integral equation

uxr) S;'T) = [ e p(¢)sin(x0)de.

0

There is the assertion that the integral equation

+o0

u(x,z)= '[ e"‘zgo(ﬁ)cos(xﬁ)df

0

is an entire function of order one.
We present the following results, which are derived from [40].
Theorem 1. We present the heat equation

ou(x,7) ou(xr)
or

(r>0,p<x<q)

subjected to the initial value condition

+00

u(x,0)= jp(ﬂ)cos(xf)dﬁ
0
and the (Dirichlet) boundary value conditions

+00

u(p,7)= j e‘“zgo(f)cos( pl)d ¢
0
and

+00

u(q,7)= Ie‘“zp(ﬁ)cos(qﬁ)dﬁ.

0

(54)

(55)

(56)

(57)

(58)

The solution for Eg. (55) with the initial value condition (56) and the boundary value conditions (57)

and (58) is given as

400

u(x,z)= j e‘”zp(f)cos(xﬁ)df.

0
Theorem 2. We obtain the heat equation
ou(x,7) ou(xr)
or o

subjected to the initial value condition

+00

u(x,0)= J'go(ﬁ)cos(xf)dﬁ

0

and the (Neumann) boundary value conditions

13

(r>0,p<x<q)

(57)

(58)



=—[ e p(0)sin(pt)de (59)

and

jﬁe e 0)sin(ql)dc. (60)

The solution for Eq. (57) with the initial value condition (58) and the boundary value conditions (59)
and (59) is given as

+00

u(x,z)= Ie’t‘zgo(ﬁ)cos(xf)dﬁ.

0

Here, u(x,0)= I ©(¢)cos(x()d ¢ =H(x), which is the special initial value problem.
0

Corollary 1. There is the heat equation

2
aug:,t):’(a uaf(>2<,t) (r>0,0<x<1)

subjected to the initial value condition

~+00

u(x,0)= J'go(ﬁ)cos(xﬁ)dﬁ

0

and the boundary value conditions [40]

+00

u(0,7)= [ e p ()¢

0

and

+00

u(lz)= j e ™" o (¢)cos(£)d!

0

Its solution with the above initial and boundary value conditions is given as [40]

u(x,z)= Te‘“‘zgo(ﬁ)cos(xﬁ)dﬁ.

0

The heat equations with the initial value condition M (x)
By Eq. (31), we have [40]

+00

M(x)= [ @()sin(tx)d

0

such that a family of the function H (x,t) :C — C for the parameter te R and xeC is given

as [40]

14



+00

H(xt)= '[e"‘zgo(ﬁ)sin(xf)dﬁ.

0

(61)

Here, Eq. (61) is the deformed Fourier sine integral. There is the mathematical conjecture that all the

roots of the deformed Fourier sine integral H (X,t):0 are real for the parameter t>0 and

xeC [40]. If

+00

u(x,z)= J'e’“zgo(ﬁ)sin(xf)dﬁ

0

for 7>0 and p<Xx<q, this leads to the heat equation [40]

au(x,z)  d%u(xr)
or o

subjected to the initial value condition [40]

+00

u(x,0)= Igo(ﬁ)sin(xﬁ)df.

0

There is the integral equation

u S:(T) = _f ﬁe’“zgo(f)cos(xf)dﬁ.

0

We give the following results [40]:
Theorem 3. We present the heat equation
ou(x,z)  o%u(xz)
or ox?

(r>0,p<x<q)

subjected to the initial value condition

+00

u(x,0)= E[go(f)sin(xﬁ)df

and the (Dirichlet) boundary value conditions

+00

u(p,7)= j e p(()sin(pl)dl
and

+o0

u(a,7)= je“‘zgo(ﬁ)sin(qﬁ)dﬂ.

0

(62)

(63)

(64)

(65)

(66)

(67)

(68)

The solution for (65) with the initial value condition (66) and the boundary value conditions (67) and

(68) is given as

+00

u(x,7)=[ e p(¢)sin(x()dc.

0

15



Theorem 4. We obtain the heat equation

ou(x,z)  o%u(x,z)
or &

(r>0,p<x<q)

subjected to the initial value condition

+00

u(x,0)= [ p(¢)sin(xt)d¢

0

and the (Neumann) boundary value conditions
ou ( p, T) 0 _te?
——= |/ 4 )
= .! e p(l)cos(pl)

and

aU(q,T) = _te? )
= :—jfet @(0)cos(ql)d e .

0

(69)

(70)

(71)

(72)

The solution for Eq.(69) with the initial value condition (70) and the boundary value conditions (71)

and (72) is given as

+00

u(x,7)=[ e p(¢)sin(x()dc.

0

+00

Thus, we see U(x,0)= j @(0)sin(x()d¢ =M (x), which is the special initial value problem. There

0

may be the assertion that the integral equation

+o0

u(x,7)= [ e p(¢)sin(x()d

0

is an entire function of order one.
Corollary 2. There is the heat equation
ou(x,t)  du(xt)

p =K Ve (r>0,0<x<1)

subjected to the initial value condition

+00

u(x,0)= Ip(ﬁ)sin(xﬁ)dﬁ

0

and the boundary value conditions [40]

and

16



Its solution with the above initial and boundary value conditions is given as [40]

+00

u(x,z)= '[e”‘“zgo(ﬁ)sin(xf)df.

0
The heat equations with the Riemann initial value condition &(x)

By Eq. (36), we have

E(x)= Ip(ﬁ)cos(xf)dﬁ

0

such that a family of the function G(x,t) :C —> C for the parameter te R and xeC is given

as [62]
G(xt)= Te“‘zp(ﬁ)cos(xﬁ)dﬁ. (73)

0

Here, Eq. (73) is the deformed Fourier cosine integral. There is the mathematical conjecture by Pdlya

[62] that all the roots of the deformed Fourier cosine integral G (x,t) =0 are real for the parameter

teR and xeC. It was proved by De Bruijn [63] that if

G(x,—v)= j e p(£)cos(x()d !
0
has only real zeros for some real v, then forall o >uv the integral equation

+00

G(x,—o)= J'e"[zp(f)cos(xﬁ)dﬁ

0

has only real zeros. De Bruijn showed that [63]

+00

G(x—0)= [ e p(r)cos(xt)d¢

0

has only real zeros for o>1/2. It was suggested by Newman [64] that G(X,—O') has only real

zeros if and only if o>X. It was proved by Newman [64] that for —co<ZA <1/2 the Fourier

cosine integral G(X,—O') has o>XA. The constant A is referred to as the de Bruijn—Newman

constant [65]. It implies that the Riemann hypothesis is equivalent to A <0 [66-69]. The conjecture
of Newman that states A >0 [70,71], was proved by Rodgers and Tao [66]. The generalized results
for the de Bruijn—Newman constant were discussed in [72-73]. The results may be generalized in
theory of Hasse—Weil L-function [74]. If

u(x,z)= Te‘“zp(ﬁ)cos(xf)dﬂ (74)

0

for 7>0 and p<x<(q, this leads to the heat equation

17



ou(x,7) _du(xr)

75
ot ox? (79)
subjected to the initial value condition
u(x,0)= J'p(ﬁ)cos(xf)dﬁ. (76)
0
There is the integral equation
o g:('r) :—! te p(£)sin(xC)d?.
We show the following results:
Theorem 5. We present the heat equation
ou(x,z) ou(xr
(67 )= 6(x2 ) (r>0,p<x<q) (77)
subjected to the initial value condition
u(x,0)= jp(ﬁ)cos(xf)dﬁ (78)
0
and the (Dirichlet) boundary value conditions
u(p,7)= j e‘“zp(ﬁ)cos( pl)d( (79)
0
and
u(q,7)= j e‘“zp(ﬁ)cos(qﬁ)dﬁ. (80)

0

The solution for Eq. (77) with the initial value condition (78) and the boundary value conditions (79)
and (80) is given as

400

u(x,z)= je_t[Zp(ﬁ)COS(Xf)dE.

0

Theorem 6. We obtain the heat equation

ou(x,7) ou(xr)

P (r>0,p<x<q) (81)
subjected to the initial value condition
u(x,O):Tp(ﬁ)cos(xf)dﬁ (82)
0
and the (Neumann) boundary value conditions
%z—]ﬂjﬂe‘“z p(0)sin(po)de (88)
0
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and

GU(C],T)__+OC i N i ’
o [ e p(t)sin(ac)de. (89)

0

The solution for Eq. (81) with the initial value condition (82) and the boundary value conditions (83)
and (84) is given as

+00

u(x,z)= Ie’t‘zp(ﬁ)cos(xf)df.

0

+00

Here, u(x,0)= I p(L)cos(x()dl=&(x) is the Riemann initial value problem. The backward
0

heat equation was investigated in [48].There is the Fourier cosine integral [60]
—te? 2°¢
e p(ﬁ):—J'G(x,t)cos(xﬁ)dx,
4 0

which is the inverse Fourier cosine integral. There is the special case (the diffusion equation reported
in [60, 61]) as follows:

Corollary 3. There is the heat equation
au(x,t)  du(xt)
ot 2

subjected to the initial value condition

(r>0,p<x<q)

u(x,0)= J'p(f)cos(xf)dlf
0
and the boundary value conditions

+00

u(p,7)= J'e"“‘zgo(ﬁ)cos( pl)de

0

and

~+00

u(g,z)= Ie’K“zgo(f)cos(qﬁ)df

0

Its solution with the above initial and boundary value conditions is given as [60,61]

u(x,z)= Te‘“‘zgo(ﬁ)cos(xﬁ)dﬁ.

0

By the relation [39]

[1]

(S)=%S(S—1)H(S)+%,

we show that
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E(1)=2 (112 +it)(-L/2+)H () +
where &(t)=2(1/2+it). We thus have [40]

H(t)=0=E(1/2+it)=1/2,

namely, the roots of the integral equations

il ! 34
J. X 4— xZM cos(ltlnxjdx=l
] dx dx 2 8

Ip(ﬁ)cos(ft)dﬂz

0

and

are the roots of the equation H(t)=0.

The heat equations with the initial value condition A(X)
By Eq. (47), we have [59]

+00

A(Xx)= Ip(ﬂ)sin(xf)dﬂ

0

such that a family of the function Y (x,t) :C— C forthe parameter te R and xeC isgiven as

[50, 61]

Y(xt)= Ie‘“zp(ﬁ)sin(xﬁ)dﬁ. (80)

0

Here, Eq. (80) is the deformed Fourier sine integral. There is the mathematical conjecture that all the

roots of the deformed Fourier cosine integral Y(x,t):O are real for the parameter te R and
xeC [50, 60, 61].

We show the following results [50, 60, 61]:
Theorem 7. We present the heat equation

au(xz) _ou(xr)

= v (r>0,p<x<q) (81)
subjected to the initial value condition
u(x,O):Tp(E)sin(xﬁ)dﬂ (82)
0
and the (Dirichlet) boundary value conditions
u(p,r):Te‘t‘zp(ﬁ)sin(pﬁ)dﬁ (83)

0

20



and

+00

u(g,7)= Ie"‘zp(ﬁ)sin(qﬁ)dﬁ. (84)

0

The solution for Eq. (81) with the initial value condition (82) and the boundary value conditions (83)
and (84) is given as

+00

u(x,z)= je’t‘zp(ﬁ)sin(xf)dﬁ.

0

Theorem 8. We obtain the heat equation

ou(x,7) ou(xr)

T T (r>0,p<x<q) (85)
subjected to the initial value condition
u(x,O):Tp(E)sin(xﬁ)dﬂ (86)
0
and the (Neumann) boundary value conditions
j e p(£)cos(pt)de (87)
and
o (a?(T) =T€e‘“zp(€)cos(qﬁ)d£. (88)

0

The solution for Eq. (85) with the initial value condition (86) and the boundary value conditions
(87) and (88) is given as

+00

u(x,7)=[ e p(t)sin(xt)de.

0

+00

Here, u(x,0)= J.p(ﬁ)sin(xt’)dﬁ = A(X). By Eq. (80), we show

0

Y (X,t)=Te‘“2p(€)W (x,0)d¢. (89)

0

where W (x, €) =sin(x()/ x =3 (=1)" X2 (%" /(25 +1)! and Y (x,t)=Y (xt)/x. The

k=0

mathematical conjecture that all the roots of Y (X,t) =0 are real for the parameter teR and

X e C is equivalent to the statement that the roots of Y (x, t) =0 are real for the parameter te R

and X € C. If the integral equation
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+00

Y (x-t)=[e“ p(L)W (x,0)d¢

0

has only real zeros for some real t, the integral equation
jeﬂ W (x,£)d

has only real zeros for some real t>Yy.When —oo <y <0, the integral equation

+00

Y (x-t)=[e“ p(£)W (x,0)d¢

0

have only real zeros for t >y because it is the similar case that the integral

*"’ sin( (t

A ()= ] p() f)df

0

has only real zeros for x € C. There is the Fourier sine integral [60]
_te? 2 i .
e p(l)== j Y (x,t)sin(x()dx,
/4

which is the inverse Fourier sine integral. We have the generalized version of the above work [60, 61].
Corollary 4. There is the heat equation

ou(x,t) _Kazu(x,t)
a o x

subjected to the initial value condition

(r>0,p<x<q)

+00

u(x,0)= [ p(£)sin(xt)d!

0

and the boundary value conditions

+00

u(p,7)= _[e"“[zg)(f)sin(pf)dﬁ

0

and

+o0

u(g,7)= J‘e"“fzgo(f)sin(qﬂ)dﬁ

0

Its solution with the above initial and boundary value conditions is given as

J'e 0)sin(x()d <.

We now consider the mathematical conjecture related o the entire function @ (s) . There is

CD(S):%s(s—l)M(s)+(23—1)N(1)
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such that

d>(1/2+it):%(1/2+it)(—1/2+it)M(t)+[2(1/2+it)—l]N(l)

where M(t)=M(1/2+it)=iM(t) and N(l):ie"’z”.There exists [40]

M(t)=0< d(1/2+it) = 2itR(1),

which is equivalent to the statements

[ p(0)sin(et)de = 2t8(1), (90)

0

ZT{XZ&{; dz‘;_)((x)}}sin(%m xjdx:t&(l). (91)

Thus, we easily see the zero t =0. Since

or alternatively,

Eqg. (90) can be rewritten as

Tp(f)sm( )df 2XN() < Tp(ﬁ)sin(ft)df:ZtN(l),

0 t 0

or alternatively,

+00 +00

[ p(0)tsinc(t)de=2%(1) < [ p(0)sin(ct)de =2tN(1),
0 0
where sinc(t)=sin( i "t /(2x +1)! is the sinc function, if t= 0. Thus, the

k=0

non-zeros roots of the function M(t) =0 isequivalent to the statement

o0
[ p(£)Lsinc(rt)de=28(1). (92)
0
Conclusion
In this work we review the unsolved problems for the heat equations, which are still
mathematical challenges in the twenty-first century. The Riemann xi function and tempered xi
function one the critical line were considered as the initial value conditions for the heat equations. The
deformed Fourier cosine and sine integrals in theory of analytic number theory were considered as the
exact solutions for the heat equations. A great many of mathematics conjectures related to the heat
equations are nicely connected with the Riemann hypothesis, Jensen’s conjecture, and boldly asserts is
investigated in detail. The reported results appearing in thermal science are important challenges in the
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fields of mathematics, physics and practical engineering.

Contribution
Contribute to the work in honor of the 30" anniversary of Thermal Science.

Nomenclature

t -time co-ordinate, [second]  t-space co-ordinate, [m]
Greek symbol

K - thermal diffusivity, [Wm™K ™]
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