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In the invited review paper we report the unsolved problems for the heat 

equations in theory of the Riemann zeta function. The Fourier cosine 

integral is derived from the Riemann xi function associated with the 

Riemann zeta function. The tempered xi function is one of the entire 

functions in analytic number theory. The Fourier sine integral is derived 

from the tempered xi function. The Fourier cosine and sine integrals can be 

considered as the initial value conditions of the heat equation. The deformed 

Fourier cosine and sine integrals related to the exponential function can be 

considered as the solutions of the heat equation. There exists a great many of 

mathematics conjectures related to the heat equations containing Riemann 

hypothesis, Jensen’s conjecture, and boldly asserts. They are still challenges 

for heat equations in the twenty-first century. 
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Introduction 

The Fourier theory of the heat equation has played an important role in fields of 

mathematics, physics and engineering science [1-9]. In 1822, the French mathematician J. B. Joseph 

Fourier proposed the heat equation, Fourier series, Fourier transform, and Fourier sine and cosine 

integrals in his monograph Théorie analytique de la chaleur [9], which was published by Cambridge 

University Press [10].  

Heat equations in the one-dimensional case 

The heat equation in the one-dimensional case is given as [10] 

2
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u u
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

 
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 
                              (1) 

where  ,u u x t  is the temperature and   is the thermal diffusivity. Eq.(1) was called the 
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Fourier's heat conduction equation [11], the Fourier heat equation [12-14], and heat-diffusion equation 

[15-18]. Take t   in Eq. (1), the heat equation in the one-dimensional case can be written as (see 

[12]; also see [19-21]) 

2

2

u u

x

 



,                             (2) 

where  ,u u x  . In practice, there are a great many of the boundary conditions for the heat 

equation, such as Dirichlet boundary conditions, Dirichlet boundary conditions, Neumann boundary 

conditions, Robin boundary conditions, Periodic boundary conditions, and others boundary problem 

[21-25]. There are many computational technologies to find the solutions for the heat equations, such 

as the probability approach [26], general similarity [27], continuous finite elements [28], Greens 

functions [29], decomposition method [30] and so on.  

Fourier transform and Fourier cosine and sine transforms  

The Fourier transform, which is one of the important integral transforms, was used to find 

the solutions for the heat equation. The Fourier transform of the function  g x  is given as (see [9]; 

also see [31-34])  

      : i xF g G g x e dx 






   .                        (3) 

Its inverse formula is given as [9] 

      1 1
:

2

i xF G x g x G e d 








   .                  (4) 

The Fourier integral reads (see [9]; also see [31-34]) 

   
1

2

i x i xg x g x e dx e d  


 



 

 
  

 
                       (5) 

or alternatively,  

1F Fg g  .                              (6) 

Of cause, there is [31-34] 

1FF G G  ,                              (7) 

which can be rewritten as [31-34] 

   
1

2

i x i xG G e d e dx   


 



 

 
  

 
  .                  (8) 

The Fourier cosine integral of the of the function  g x  is given as (see [9]; also see [31-34]) 

        
0

: cosc cF g G g x x dx  


   .                        (9) 
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Its inverse formula is given as [9] 

        1

0

2
: cosc c cF G x g x G x d  





    .                  (10) 

There are integral equations (see [9]; also see [31-34])  

       
0 0

2
cos cosg x g x x dx x d  



  
  

 
               (11) 

and 

       
0 0

2
cos cosc cG G x d x dx    



  
  

 
  .             (12) 

The Fourier sine integral of the of the function  g x  is given as (see [9]; also see [31-34])   

        
0

: sins sF g G g x x dx  


   .                        (13) 

Its inverse formula is given as [9] 

        1

0

2
: sins s cF G x g x G x d  





    .                  (14) 

There are integral equations (see [9]; also see [31-34]) 

       
0 0

2
sin sing x g x x dx x d  



  
  

 
               (15) 

and 

       
0 0

2
sin sinc cG G x d x dx    



  
  

 
  .             (16) 

The Fourier transform, Fourier cosine transform, and Fourier sine transform have been widely applied 

in the fields of mathematics, physics and engineering.  

Theory of Riemann zeta function  

The theory of Riemann zeta function has played an important role in study of analytic 

number theory [35-38]. Let  and  be the sets of the complex numbers and the nature numbers, 

respectively. In 1859, the German mathematician G. F. Bernhard Riemann [39] proposed the Riemann 

zeta function, given by 

 
1

s

n

s n






 ,                               (17) 

where s  and n . The Riemann hypothesis [35] states that all the nontrivial zeros of the 

Riemann zeta function  s  lie in the critical line   1/ 2s  . It is to say,   0s  , 

1/ 2 ns i  , 1,2,3,n  . The Riemann hypothesis is one of important unsolved problems in the 
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field of mathematics [38]. There is the integral formula [39] 

   
1

2

0

s

s x x dx




   ,                        (18) 

which implies that [39] 

   
 

1
1

2 2

1

1

1

s s

s x x x dx
s s

 
  

     
 

              (19) 

due to the formula [39] 

    2

2

s
s

s s 
  

   
 

,                      (20) 

where  
2

1

xx e  








   and  s  is the gamma function. There is the function equation [35] 

   1s s    . 

It had been discovered in 2023 that Eq. (19) can be decomposed into    
11 1L s s s
   and the 

integral formula [39, 40] 

   
1

1
2 2

1

:
s s

s x x x dx

 
  

    
 

                 (21) 

and discovered the integral formal [40] 

   
1

1
2 2

1

:
s s

s x x x dx

 
  

    
 

 .               (22) 

There is the function equation [40] 

   1s s     

because of the integral formula [40] 

   

 

 

1
1

2 2

1

1 1

3 2 2

4 2 2

1

3

4

1

       

1 1
       2 cosh ln .

2 2

s s

s s

s x x x dx

x x x x dx

x x s x dx

 
 

 


 




 
    

 

 
 

  
 
 
 

  
    

  







                (23) 

Similarly, there is the function equation [40] 

   1s s     

due to the integral formula [40] 



 

 5 

   

 

 

1
1

2 2

1

1 1

3 2 2

4 2 2

1

3

4

1

       

1 1
       2 sinh ln .

2 2

s s

s s

s x x x dx

x x x x dx

x x s x dx

 
 

 


 




 
    

 

 
 

  
 
 
 

  
    

  







                (24) 

There exist the relations [40] 

     A Bs s s     

and 

     A Bs s s    , 

which are the linear combinations of the integral equations [40] 

   
1

2

1

s

A s x x dx




 
 

and 

   
1

2

1

s

B s x x dx
 



  . 

There are the functional equations [40] 

   1A Bs s    

and 

   1A Bs s   . 

Putting 1/ 2s it   into Eq. (19), we have [39,40] 

   
 

 
 

 
 

1
1

2 2

1

3

4

1

1

1

1
       

1

1 1 1
       2 cosh ln

2 2 1

s s

s x x x dx
s s

s
s s

t x s x dx
s s

 
 




 
     

 

  


  
     

  





             (25) 

such that 

     
3

4

2
1

ln 1
1/ 2 : 2 cos

12

4

t x
it t t x dx

t


  

       
  

 .           (26) 

Putting 1/ 2s it   into Eq. (23), we have [40] 
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     
3 3

4 4

1 1

ln ln
2 cos 2 cos

2 2

it x t x
t t x dx t x dx

 
    

       
   

  ,      (27) 

where    1/ 2 it t  ： . 

Putting 1/ 2s it   into Eq. (24), we have [40] 

     
3 3

4 4

1 1

ln ln
2 sinh 2 sin

2 2

it x t x
t t x dx i t x dx

 
    

       
   

  ,     (28) 

where    1/ 2 :it t   . 

Putting 
2x e  into Eqs. (27) and (28), we have the Fourier cosine integral [40] 

     
0

cost t d



   ,                   (29) 

and the Fourier sine integral [40] 

     
0

sint i t d



   ,                   (30) 

respectively, where  
2 2

1

2

1

4 n e

n

e e 






    is the kernel function [40]. There is the mathematical 

conjecture [40], being related to the zeros of the Fourier cosine integral, that Eq. (27) has only real 

zeros. That is to say,   0t  , 
nt i  , 1,2,3,n  . Setting     /t t i   and using Eq. 

(29), the Fourier sine integral is given as [40] 

     
0

sint t d



   .                  (31) 

There is the mathematical conjecture [40], being related to the zeros of the Fourier sine integral, that 

Eq. (31) has only real zeros. To put it simply,   0t  ,  nt i  , 1,2,3,n  . Thus, for given 

kernel function  
2 2

1

2

1

4 n e

n

e e 






   , there exist the pair [40] 

     

     

0

0

cos

sin

t t d

t t d






  


  







 

which are the Fourier cosine and sine integrals of the given kernel function   .  

Let 1/ 2s it   such that [39] 
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     2
1

1
2 2

s
s

s s s t  
  

   
 

,                    (32) 

which has the integral equation [39] 

 
 1 3

4 2

1

1
4 cos ln

2

d xd
t x x t x dx

dx dx



     

     
    

 .            (33) 

We now let [41] 

      2
1

: 1
2 2

s
s

s s s s 
  

    
 

 

such that [39,41] 

     

   

   
 

2
1

1
2 2

1
        1

2

1 1
        1

2 1

s
s

s s s s

s s s

s s s
s s

 
  

    
 

  

 
    

 

                (34) 

where  s  is the Riemann xi function associated with the Riemann zeta function. Thus, we have  

       

 

 

2 2

3

2 4

2
1

3

2 4

1

1 1 1 1
1/ 2 1/ 2

2 4 2 4

1 1 ln 1
2 cos

12 4 2

4

1 1 ln
cos

2 4 2

t it t it t t

t x
t t x dx

t

t x
t t x dx









   
              

   

 
    

        
    

 

   
      

   





 

which is the reported result in the Riemann paper [39]. Following Edwards [41], the integral 

representation of Eq.(34) is given as  

 
 1 3

4 2

1

1 1
4 cosh ln

2 2

d xd
s x x s x dx

dx dx


       

       
     

 ,       (35) 

which leads to Eq. (34) if 1/ 2s it  . By Eq.(35), it is easily seen that there are the symmetry 

functional equation    1s s     and that the series  

 
2

2

0

1

2

n

n

n

s s




 
   

 
  

converges very rapidly [41], where  
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 

  21 3

4 2
2

1

4 1
ln

2 ! 2

n

n

d xd
x x x dx

n dx dx



    

     
    

 . 

The Riemann hypothesis is equivalent to the statement that all the zeros of the Riemann xi function 

 s  lies in the critical line   1/ 2s 
 

[41]. Because  

     
1 1

1
2 2

s s s s      

is an entire function of order one [36], it leads to the fact that  s  is an function of order one. 

Putting 
2x e into Eq. (35), the Danish mathematician J. L. W. Valdemar Jensen [42] discovered the 

Fourier cosine integral 

     
0

cost t d 


  ,                    (36) 

where  

 
2 2

9 5

2 4 22 2

1

: 8 12 n e

n

e n n e e   






 
  

 
  

is the Jensen kernel function [42]. There is so-called Jensen conjecture [43-46], being related to the 

zeros of the Fourier cosine integral, that Eq. (37) has only real zeros. In other words,   0t  ,  

nt i  , 1,2,3,n  . The Taylor series of Eq. (36) is given as [47] 

    2

2

0

1t a t
 









  ,                           (37) 

where  

 
  2

2

0

1

2 !
a d 





  . 

Substituting 
2t    into Eq.(37), we have 

   
0 !

i t a







  







   ,                           (38) 

where 
 

2!

2 !

a
a 





  and the necessary condition for the Riemann hypothesis is that the Turán 

inequalities  
2

1 1 0   1,2,3,a a a        hold since the Riemann hypothesis is equivalent to 

the statement that all the zeros of    are real [49-51]. By the linear combinations of  
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 
  1 11 3 ln

2 24 2

1

2
s x

A

d xd
s x x e dx

dx dx

 
  

 
   

    
   
  

and 

 
  1 11 3 ln

2 24 2

1

2
s x

B

d xd
s x x e dx

dx dx

 
   

 
   

    
   
 , 

derived from the relation      A Bs s s     , there is the so-called tempered xi function [52] 

     

 1 3

4 2

1

1 1
     4 sinh ln

2 2

A Bs s s

d xd
x x s x dx

dx dx




   

       
      

     


      (39) 

which has the anti-symmetry functional equation [52] 

   1s s    . 

The series  

 
2 1

2 1

0

1

2

n

n

n

s s







 
   

 
                    (40) 

converges very rapidly [52], where  

 

  2 11 3

4 2
2 1

1

4 1
ln

2 1 ! 2

n

n

d xd
x x x dx

n dx dx







    
     

     
 .       (41) 

There is the mathematical conjecture that the statement that all the nontrivial zeros of the tempered xi 

function  s  lie in the critical line   1/ 2s   [46, 52]. The tempered xi function  s  has 

only the trivial zero 1/ 2s   [52], i.e.,  1/ 2 0  . It implies that   0s  ,  1/ 2 ns i  , 

0,1,2,3,n  . It is easily seen that if 
0 0  , we have 1/ 2s   such that  1/ 2 0  . The 

mathematical conjecture is one of important unsolved problems in the field of mathematics [53-58]. 

The power series (40) converges very rapidly. Because there is the assertion that  

         
1

1 2 1 1
2

s s s s s       , 

is an entire functions of order one [40], it implies that  s  is an entire functions of order one. By 

Eq. (41), there is the equation [52]   

 
2

2 1

0

1

2

n

n

n

s s






 
   

 
 ,                      (42) 

where    
1

2
s s s

 
    

 
 with the symmetry functional equation    1s s    . The 
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function  s  has the trivial zero 1/ 2s  . The series (42) converges very rapidly. Alternatively, 

 
 

 
1 3

4 2

1

4 ,
d xd

s x x s x dx
dx dx


   

    
   
 ,              (43) 

where 

 
1 1 1

, sinh ln /
2 2 2

s x s x s
    

       
    

. 

Setting 1/ 2s it  , we have [52] 

   1/ 2 it t    , 

where 

 
 

 

1 3

4 2

1

1 3

4 2

1

4 sinh ln
2

      4 sin ln
2

d xd it
t x x x dx

dx dx

d xd t
i x x x dx

dx dx







     
      

    

     
     

    





      (44) 

due to the relation    sinh sinix i x . There is    t t    . Setting 1/ 2s it  , we present 

   1/ 2 it t   , 

and 

     1/ 2 , , sinh ln / sin ln /
2 2

it t
it x t x x it x t

   
       

   
, 

where 

 
 

 
1 3

4 2

1

4 ,
d xd

t x x t x dx
dx dx


   

   
   
 .              (45) 

Applying Eq. (44), we show the integral [52] 

 
 1 3

4 2

1

4 sin ln
2

d xd t
t x x x dx

dx dx


     

      
    

           (46) 

where    : /t t i   . There is the relation    t t t  . Putting 
2x e into Eq. (44), we get 

the Fourier sine integral [59] 

     
0

sint t d


   .                   (47) 

That is to say,  

       
0

sint i t i t d


     .              (48) 
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There is the mathematical conjecture [59-61], being related to the zeros of the Fourier sine integral, 

that Eq. (47) has only real zeros. In other words,   0t  ,  
nt i  , 0,1,2,3,n  . If all the 

nontrivial zeros of the tempered xi function  s  lie in the critical line   1/ 2s  , it is 

equivalent to the statement that all the zeros of  t  (or  t ) are real [59]. It is easily discovered 

that    0 0 0i    . The Taylor series of Eq. (47) is given as 

    2 1

2 1

0

1t b t
 












   ,                           (49) 

where  

 
  2 1

2 1

0

1

2 1 !
b d

 






 
  . 

It implies that  

    2

2 1

0

1c t b t
 










   ,                           (50) 

where    : /c t t t   . It leads to  

   
 

0

sin
c

t
t d

t




   . 

If all the nontrivial zeros of the tempered xi function  s  lies in the critical line   1/ 2s  , it is 

equivalent to the statement that all the zeros of  c t  are real. Moreover, it shows that  c t  is 

an even function because    c ct t   . Substituting 
2t    into Eq.(49), we have 

   c i t      

such that 

 
0 !
b








 







 ,                           (51) 

where 
 

2 1!

2 1 !

a
b 








. There may exist the assertion that the necessary condition for the 

mathematical conjecture that all the nontrivial zeros of the tempered xi function  s  lie in the 

critical line   1/ 2s  , is that the Turán inequalities 
2

1 1 0b b b      hold for 1, 2,3,  . 
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The roots of   0    are the imaginary parts of all the nontrivial zeros of the tempered xi function 

 s . There exists the pair  

     

     

0

0

cos

sin

t t d

t t d

 












 





  

which are the Fourier cosine and sine integrals of the Jensen kernel function.  

The target of the review paper 

Our target of the review paper is to show the heat equations with the deformed Fourier 

cosine and sine integrals. In Section 2, we present the heat equations with the initial value 

condition  x . In Section 3, we discuss the heat equations with the initial value condition  x . 

In Section 4, we show the heat equations with the Riemann initial value condition  x . In Section 5, 

we suggest the heat equations with the initial value condition  x . In Section 6, we give our 

conclusion. 

The heat equations with the initial value condition  x   

To begin with, we introduce the deformed Fourier integral, which is the solution for the heat 

equation.  

By Eq. (29), we have [40] 

     
0

cosx x d



    

such that a family of the function  , :T x t   for the parameter t  and x  is given as 

[40] 

     
2

0

, costT x t e x d



  .                       (52) 

Here, Eq. (52) is the deformed Fourier cosine integral. There is the mathematical conjecture that all the 

roots of the deformed Fourier cosine integral  , 0T x t   are real for the parameter t  and 

x  [40]. If  

     
2

0

, costu x e x d


                       (52) 

for 0   and p x q  , this leads to the heat equation [40] 

   2

2

, ,u x u x

x

 



 


 
                         (53) 

subjected to the initial value condition  
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     
0

,0 cosu x x d



  .                        (54) 

There is the integral equation  

 
   

2

0

,
sint

u x
e x d

x

 




  
  . 

There is the assertion that the integral equation  

     
2

0

, costu x e x d


   

is an entire function of order one.  

We present the following results, which are derived from [40].   

Theorem 1. We present the heat equation  

   
 

2

2

, ,
   0,

u x u x
p x q

x

 




 
   

 
               (55) 

subjected to the initial value condition  

      
0

,0 cosu x x d



                      (56) 

and the (Dirichlet) boundary value conditions  

     
2

0

, costu p e p d


                     (57) 

and 

     
2

0

, costu q e q d


  .                  (58) 

The solution for Eq. (55) with the initial value condition (56) and the boundary value conditions (57) 

and (58) is given as  

     
2

0

, costu x e x d


  . 

Theorem 2. We obtain the heat equation  

   
 

2

2

, ,
   0,

u x u x
p x q

x

 




 
   

 
            (57) 

subjected to the initial value condition  

      
0

,0 cosu x x d



                      (58) 

and the (Neumann) boundary value conditions  
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 
   

2

0

,
sint

u p
e p d

x

 




  
                     (59) 

and 

 
   

2

0

,
sint

u q
e q d

x

 




  
  .                  (60) 

The solution for Eq. (57) with the initial value condition (58) and the boundary value conditions (59) 

and (59) is given as  

     
2

0

, costu x e x d


  . 

Here,        
0

,0 cosu x x d x



    , which is the special initial value problem.  

Corollary 1. There is the heat equation  

   
 

2

2

, ,
 0,0 1

u x t u x t
x

t x
 

 
   

 
 

subjected to the initial value condition 

     
0

,0 cosu x x d



   

and the boundary value conditions [40] 

   
2

0

0, tu e d


 
 

and 

     
2

0

1, costu e d


 
. 

Its solution with the above initial and boundary value conditions is given as [40] 

     
2

0

, costu x e x d


  . 

The heat equations with the initial value condition  x   

By Eq. (31), we have [40] 

     
0

sinx x d



    

such that a family of the function  , :H x t   for the parameter t  and x  is given 

as [40] 
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     
2

0

, sintH x t e x d



  .                (61) 

Here, Eq. (61) is the deformed Fourier sine integral. There is the mathematical conjecture that all the 

roots of the deformed Fourier sine integral  , 0H x t   are real for the parameter 0t   and 

x  [40]. If  

     
2

0

, sintu x e x d


                     (62) 

for 0   and p x q  , this leads to the heat equation [40] 

   2

2

, ,u x u x

x

 



 


 
                       (63) 

subjected to the initial value condition [40] 

     
0

,0 sinu x x d



  .                (64) 

There is the integral equation  

 
   

2

0

,
cost

u x
e x d

x

 




 
  . 

We give the following results [40]:  

Theorem 3. We present the heat equation  

   
 

2

2

, ,
   0,

u x u x
p x q

x

 




 
   

 
            (65) 

subjected to the initial value condition  

      
0

,0 sinu x x d



                      (66) 

and the (Dirichlet) boundary value conditions  

     
2

0

, sintu p e p d


                     (67) 

and 

     
2

0

, sintu q e q d


  .                  (68) 

The solution for (65) with the initial value condition (66) and the boundary value conditions (67) and 

(68) is given as  

     
2

0

, sintu x e x d


  . 
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Theorem 4. We obtain the heat equation  

   
 

2

2

, ,
   0,

u x u x
p x q

x

 




 
   

 
            (69) 

subjected to the initial value condition  

      
0

,0 sinu x x d



                      (70) 

and the (Neumann) boundary value conditions  

 
   

2

0

,
cost

u p
e p d

x

 




 
                     (71) 

and 

 
   

2

0

,
cost

u q
e q d

x

 




  
  .                  (72) 

The solution for Eq.(69) with the initial value condition (70) and the boundary value conditions (71) 

and (72) is given as  

     
2

0

, sintu x e x d


  . 

Thus, we see        
0

,0 sinu x x d x



   , which is the special initial value problem. There 

may be the assertion that the integral equation  

     
2

0

, sintu x e x d


   

is an entire function of order one.  

Corollary 2. There is the heat equation  

   
 

2

2

, ,
 0,0 1

u x t u x t
x

t x
 

 
   

 
 

subjected to the initial value condition 

     
0

,0 sinu x x d



   

and the boundary value conditions [40] 

 0, 0u  

 

and 

     
2

0

1, sintu e d


 
. 
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Its solution with the above initial and boundary value conditions is given as [40] 

     
2

0

, sintu x e x d


  . 

The heat equations with the Riemann initial value condition  x   

By Eq. (36), we have 

     
0

cosx x d 


   

such that a family of the function  , :G x t   for the parameter t  and x  is given 

as [62] 

     
2

0

, costG x t e x d


  .                (73) 

Here, Eq. (73) is the deformed Fourier cosine integral. There is the mathematical conjecture by Pólya 

[62] that all the roots of the deformed Fourier cosine integral  , 0G x t   are real for the parameter 

t  and x . It was proved by De Bruijn [63] that if 

     
2

0

, cosG x e x d 


    

has only real zeros for some real  , then for all    the integral equation  

     
2

0

, cosG x e x d 


    

has only real zeros. De Bruijn showed that [63] 

     
2

0

, cosG x e x d 


    

has only real zeros for 1/ 2  . It was suggested by Newman [64] that  ,G x   has only real 

zeros if and only if   . It was proved by Newman [64] that for 1/ 2   the Fourier 

cosine integral  ,G x   has   . The constant  is referred to as the de Bruijn–Newman 

constant [65]. It implies that the Riemann hypothesis is equivalent to 0  [66-69]. The conjecture 

of Newman that states 0  [70,71], was proved by Rodgers and Tao [66]. The generalized results 

for the de Bruijn–Newman constant were discussed in [72-73]. The results may be generalized in 

theory of Hasse–Weil L-function [74]. If  

     
2

0

, costu x e x d 


                     (74) 

for 0   and p x q  , this leads to the heat equation  
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   2

2

, ,u x u x

x

 



 


 
                       (75) 

subjected to the initial value condition  

     
0

,0 cosu x x d


  .                (76) 

There is the integral equation  

 
   

2

0

,
sint

u x
e x d

x









 
  . 

We show the following results:  

Theorem 5. We present the heat equation  

   
 

2

2

, ,
   0,

u x u x
p x q

x

 




 
   

 
            (77) 

subjected to the initial value condition  

      
0

,0 cosu x x d


                      (78) 

and the (Dirichlet) boundary value conditions  

     
2

0

, costu p e p d 


                     (79) 

and 

     
2

0

, costu q e q d 


  .                  (80) 

The solution for Eq. (77) with the initial value condition (78) and the boundary value conditions (79) 

and (80) is given as  

     
2

0

, costu x e x d 


  . 

Theorem 6. We obtain the heat equation  

   
 

2

2

, ,
   0,

u x u x
p x q

x

 




 
   

 
            (81) 

subjected to the initial value condition  

      
0

,0 cosu x x d


                      (82) 

and the (Neumann) boundary value conditions  

 
   

2

0

,
sint

u p
e p d

x









 
                     (88) 
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and 

 
   

2

0

,
sint

u q
e q d

x









 
  .                  (89) 

The solution for Eq. (81) with the initial value condition (82) and the boundary value conditions (83) 

and (84) is given as  

     
2

0

, costu x e x d 


  . 

Here,        
0

,0 cosu x x d x 


   is the Riemann initial value problem. The backward 

heat equation was investigated in [48].There is the Fourier cosine integral [60] 

     
2

0

2
, coste G x t x dx





   , 

which is the inverse Fourier cosine integral. There is the special case (the diffusion equation reported 

in [60, 61]) as follows:  

Corollary 3. There is the heat equation  

   
 

2

2

, ,
 0,

u x t u x t
p x q

t x
 

 
   

 
 

subjected to the initial value condition 

     
0

,0 cosu x x d


   

and the boundary value conditions  

     
2

0

, costu p e p d


 
 

and 

     
2

0

, costu q e q d


 
. 

Its solution with the above initial and boundary value conditions is given as [60,61] 

     
2

0

, costu x e x d


  . 

By the relation [39] 

     
1 1

1
2 2

s s s s     , 

we show that 
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       
1 1

1/ 2 1/ 2
2 2

t it it t        

where    1/ 2t it    . We thus have [40] 

   0 1/ 2 1/ 2t it     , 

namely, the roots of the integral equations  

 1 3

4 2

1

1 1
cos ln

2 8

d xd
x x t x dx

dx dx


     

    
    


 

and 

   
0

1
cos

2
t d



  

are the roots of the equation   0t  .  

The heat equations with the initial value condition  x   

By Eq. (47), we have [59] 

     
0

sinx x d


    

such that a family of the function  , :Y x t   for the parameter t  and x  is given as 

[50, 61] 

     
2

0

, sintY x t e x d


  .                (80) 

Here, Eq. (80) is the deformed Fourier sine integral. There is the mathematical conjecture that all the 

roots of the deformed Fourier cosine integral  , 0Y x t   are real for the parameter t  and 

x  [50, 60, 61].  

We show the following results [50, 60, 61]:  

Theorem 7. We present the heat equation  

   
 

2

2

, ,
   0,

u x u x
p x q

x

 




 
   

 
            (81) 

subjected to the initial value condition  

      
0

,0 sinu x x d


                      (82) 

and the (Dirichlet) boundary value conditions  

     
2

0

, sintu p e p d 


                     (83) 
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and 

     
2

0

, sintu q e q d 


  .                  (84) 

The solution for Eq. (81) with the initial value condition (82) and the boundary value conditions (83) 

and (84) is given as  

     
2

0

, sintu x e x d 


  . 

Theorem 8. We obtain the heat equation  

   
 

2

2

, ,
   0,

u x u x
p x q

x

 




 
   

 
            (85) 

subjected to the initial value condition 

      
0

,0 sinu x x d


                      (86) 

and the (Neumann) boundary value conditions  

 
   

2

0

,
cost

u p
e p d

x










                     (87) 

and 

 
   

2

0

,
cost

u q
e q d

x










  .                  (88) 

The solution for Eq. (85) with the initial value condition (86) and the boundary value conditions 

(87) and (88) is given as  

     
2

0

, sintu x e x d 


  . 

Here,        
0

,0 sinu x x d x


   . By Eq. (80), we show 

     
2

0

, ,tY x t e W x d


  .                (89) 

where        2 2 1

0

, sin / 1 / 2 1 !W x x x x
  










     and    , , /Y x t Y x t x . The 

mathematical conjecture that all the roots of  , 0Y x t   are real for the parameter t  and 

x  is equivalent to the statement that the roots of  , 0Y x t   are real for the parameter t  

and x . If the integral equation  
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     
2

0

, ,tY x t e W x d


    

has only real zeros for some real t , the integral equation  

     
2

0

, ,yY x t e W x d


   

has only real zeros for some real t y . When 0y   , the integral equation 

     
2

0

, ,tY x t e W x d


    

have only real zeros for t y  because it is the similar case that the integral  

   
 

0

sin
c

t
t d

t




    

has only real zeros for x . There is the Fourier sine integral [60] 

     
2

0

2
, sinte Y x t x dx





   , 

which is the inverse Fourier sine integral. We have the generalized version of the above work [60, 61].  

Corollary 4. There is the heat equation  

   
 

2

2

, ,
 0,

u x t u x t
p x q

t x
 

 
   

 
 

subjected to the initial value condition 

     
0

,0 sinu x x d


   

and the boundary value conditions  

     
2

0

, sintu p e p d


 
 

and 

     
2

0

, sintu q e q d


 
. 

Its solution with the above initial and boundary value conditions is given as  

     
2

0

, sintu x e x d


  . 

We now consider the mathematical conjecture related o the entire function  s . There is  

         
1

1 2 1 1
2

s s s s s        
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such that 

           
1

1/ 2 1/ 2 1/ 2 2 1/ 2 1 1
2

it it it t it              

where      1/ 2t it i t      and  
2

1

1 e  








  . There exists [40] 

     0 1/ 2 2 1t it it      , 

which is equivalent to the statements  

     
0

sin 2 1t d t


  ,                        (90) 

or alternatively,  

 
 

1 3

4 2

1

2 sin ln 1
2

d xd t
x x x dx t

dx dx


     

     
    

 .               (91) 

Thus, we easily see the zero 0t  . Since 

   
 

0

sin
c

t
t d

t




   , 

Eq. (90) can be rewritten as 

 
 

       
0 0

sin
2 1 sin 2 1

t
d t d t

t
 

 

      , 

or alternatively,  

           
0 0

sinc 2 1 sin 2 1t d t d t 
 

      , 

where        2

0

sinc sin / 1 / 2 1 !t t t t
 








     is the sinc function, if 0t  . Thus, the 

non-zeros roots of the function   0t   is equivalent to the statement  

     
0

sinc 2 1t d


  .                           (92) 

Conclusion  

In this work we review the unsolved problems for the heat equations, which are still 

mathematical challenges in the twenty-first century. The Riemann xi function and tempered xi 

function one the critical line were considered as the initial value conditions for the heat equations. The 

deformed Fourier cosine and sine integrals in theory of analytic number theory were considered as the 

exact solutions for the heat equations. A great many of mathematics conjectures related to the heat 

equations are nicely connected with the Riemann hypothesis, Jensen’s conjecture, and boldly asserts is 

investigated in detail. The reported results appearing in thermal science are important challenges in the 
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fields of mathematics, physics and practical engineering.  

 

Contribution  

Contribute to the work in honor of the 30th anniversary of Thermal Science. 

 

Nomenclature  

t -time co-ordinate, [second]   t -space co-ordinate, [m]  

Greek symbol  

 - thermal diffusivity, [
1 1Wm K 

] 
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