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Thin-film ferroelectric materials have been identified as having significant tech-
nological promise in microelectronics, optoelectronics, and sensor applications 
owing to their distinctive physical properties. The equation for thin-film ferroe-
lectric materials with time-fractional derivatives offers enhanced precision in 
modeling the physical properties of such systems. The present study proposes a 
modified extended tanh-function approach to derive novel analytical solutions for 
the time-fractional thin-film ferroelectric material model. This method has been 
successfully implemented to derive various exact solutions to the model and plot 
their 3-D graphs. The findings of this study offer novel theoretical underpinnings 
for both the theoretical research and practical applications of thin-film ferroelec-
tric materials. 
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Introduction 

Thin-film ferroelectric materials (TFFEM) [1] are a category of film materials that 

exhibit ferroelectric properties. These materials demonstrate a thickness of less than 1 μm and 

exhibit exceptional integrability across various device architectures. These elements are wide-

ly acknowledged as foundational components within the fields of microelectronics, optoelec-

tronics, and emerging energy technologies [2-5]. Ferroelectric materials have attracted con-

siderable research attention in the domain of thin-film fabrication due to their distinct material 

specificity. In contrast to conventional materials, TFFEM exhibit distinctive characteristics 

such as ultrahigh dielectric permittivity, enhanced capacitive density, superior polarization 

magnitude, along with remarkable environmental stability and field-tunable performance [6, 

7]. Of particular significance is their ferroelectric property, which enables the material to un-

dergo a reversible polarization process when exposed to an external electric field, while re-

taining a stable polarization state upon the removal of the field [8-10]. 

The polarization response characteristics of TFFEM are conducive to their imple-

mentation in the fabrication of multifunctional sensing devices, including photoelectric sen-

sors [11, 12], pressure transducers [13], and analogous devices. The conversion of external 

mechanical stress or pressure into electrical signals by TFFEM is facilitated by the piezoelec-
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tric effect [14, 15], thereby enabling the detection of environmental changes [16]. Conse-

quently, sensors fabricated from these materials exhibit critical advantages, including fast re-

sponse speed, high sensitivity, and low power consumption, finding significant applications in 

medical [17], automotive [18], and smart device fields [19]. In the domain of microelectron-

ics, TFFEM find extensive application in non-volatile memory devices, e.g., FeRAM, owing 

to their capacity to retain information in the absence of a power supply [20, 21]. The FeRAM 

exhibits superior read/write speeds, reduced power consumption, and enhanced endurance 

when compared to conventional Flash memory or dynamic random-access memory [22]. In 

the domain of integrated circuits, TFFEM find application in low-voltage, miniaturized elec-

tronic components. Their high dielectric permittivity and robust polarization properties make 

them ideal for fabricating high-efficiency capacitors [23], electric-field-tunable devices 

[24, 25], and switching elements [26]. The non-linear electrical characteristics of these films 

have enabled the development of advanced electronic switches and logic circuits, which have 

found extensive applications in computer memory systems [27], wireless communications 

[28], intelligent sensing systems [29], and miniaturized devices [30]. 

In the domain of mathematical physics, the non-linear properties of TFFEM have 

garnered considerable attention. The implementation of mathematical models to describe 

these materials enables researchers to enhance the precise understanding and quantitative 

analysis of such complex physical phenomena. Furthermore, the solutions to these models can 

function as a foundational framework for the design and optimization of materials. Hubert et 
al. [31] derived the governing equations for TFFEM, which model the polarization propaga-

tion within these films and describe their electrical properties and behaviors under varying 

electric fields and temperature conditions. The study also revealed periodic soliton solutions 

of this system. Since that time, a considerable number of researchers have employed a variety 

of methods to obtain precise analytical solutions to this model. For instance, Zaharan et al. 
[32] employed MSEM and RBSODM methods to derive two types of solutions for the 

TFFEM equation. Furthermore, Bekir and Zahran [33] and Bekir et al. [34] employed the 

Painleve method and the (G'/G)-expansion method to explore distinct optical soliton solutions 

for this model. Chu et al. [35] applied a sinh-Gordon-based analytical framework to generate 

three classes of exact solutions: kink solitons, bright solitons, and periodic waves. Soul-

eymanou et al. [36] derived soliton solutions through the employment of the modified extend-

ed tanh method. Chen and Li [37] derived traveling wave solutions by employing the com-

plete discrimination system method. As previously referenced, Sadaf et al. [38] implemented 

the (G'/G,1/G)-expansion method and the generalized Kudryashov method to obtain a variety 

of solutions. 

In recent years, there has been an intensification of academic research on PDE. Con-

currently, scholarly focus has undergone a progressive shift from integer PDE to their frac-

tional-order counterparts. Fractional PDE, defined by derivatives of fractional order, have 

been demonstrated to exhibit superior capacity in modeling non-linear phenomena [39, 40]. 

Consequently, to further explore the non-linear dynamics of ferroelectric particles, researchers 

have conducted studies on fractional-order formulations of the TFFEM equation. For instance, 

Faridi et al. [41] employed the (G'/G2)-expansion technique and a novel extended direct alge-

braic approach to obtain various solitary wave solutions for the time-fractional TFFEM mod-

el. Li and Peng [42] applied the plane dynamical system method to derive traveling wave so-

lutions for the equation. Wang et al. [43] entailed the implementation of an advanced auxilia-

ry equation method, which culminated in the identification of the following wave solitons: 

dark, bright, periodic, and solitary. Akbar et al. [44] investigated solitary wave solutions of 
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the fractional-order model of the thin-film ferroelectric material equation by employing an 

enhanced F-expansion method. 

The present study will principally examine the following form of the time-fractional 

TFFEM model [44] and endeavor to obtain its exact solution through the modified extended 

tanh function approach. The objective of this study is to provide novel contributions to the 

advancement of TFFEM: 
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were S = (x, t) is the unknown function, β = (0, 1) – the fractional-order derivative, parameter 

md – the mass of ferroelectric particles, and Td – corresponds to their charge density. The pa-

rameters q2, q4, and q6 quantify temperature and pressure fields, μ is the electric susceptibility, 

and J governs the space inhomogeneity coefficient. 

Outline of the analytical technique 

Analyzing the fractional dynamical system described by: 

    ,D ,D ,D D ,D D ,D D , 0,  0 ,  1t x t t t x x xP f f f f f f              (2) 

were the operations D ,D ,D D ,D D ,D D ,t x t t t x x xf f f f f       
etc., represent fractional derivative 

notations. The polynomial P is analytically constructed by algebraically combining the varia-

ble u with its associated partial derivatives. In the present paper, our mathematical framework 

adopts the modified Riemann-Liouville fractional calculus [45] for operator definitions. The 

properties of this derivative are outlined in [46], as summarized: 
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To address fractional-order differentiation, we apply the modified chain rule formal-

ism as proposed in [47]: 
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where σt and σx represent the sigma indices. For simplicity and without compromising gener-

ality, we set σt = σt = L, where L is a constant. 

Step 1. Applying the fractional complex transform [47, 48]:  
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where l and k are non-zero constants. The fractional complex transform can be geometrically 

explained by the two-scale fractal geometry [49-51]. 

Inserting eqs. (6) and (7) into eq. (2), yields: 

  , , 0Q u u u    (8) 

where u′ = du/dξ, u″ = d2u/dξ2, and Q denotes a non-linear operator encompassing u and its 

successive ξ-derivates. 

Step 2. Supposing the ordinary differential eq. (8) has a solution in the form of a Ψ 

polynomial: 
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where Ψ = Ψ(ξ) adheres to the Riccati equation in the following form: 

 Ψ′ = ϖ + Ψ2 (10) 

where ϖ serves as a free parameter, while ai (i = 0, 1, 2,…, n) are undetermined constants. 

The positive integer n is determined by balancing the orders of the highest derivative term and 

the highest non-linear term. For Ψ, three distinct solution classes are determined based on the 

different values of the constant ϖ: 
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Step 3. Incorporating eq. (9) into eq. (8) and applying an iterative process with 

eq. (10), we group the terms of Ψ with identical powers. Subsequently, setting each coeffici-

ent term and constant item across all powers to zero. This procedure results in a system of 

overdetermined algebraic equations involving the parameters l, k, L, ϖ, and ai (i = 0, 1, 2,…, 

n). Finally, by calculating these parameters and substituting them back into eq. (9), we derive 

multiple distinct types of exact solutions for eq. (2). 

Novel analytical solutions of the  

time-fractional TFFEM model 

By introducing the subsequent fractional complex transform [48]: 
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the initial eq. (1) reduces to a non-linear ODE: 
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Balancing the non-linear term, S″, with the highest order derivative term, S5, we get 

n = 1/2. However, in accordance with the balance principle, the resulting value must be an in-

teger that is positive. Therefore, we move on to the following transformation: 

 S(θ) = [S(θ)]1/2  (14) 

Utilizing the transformation in eq. (14) to eq. (13) results in the following form: 
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Reapplying the homogeneous balance principle to eq. (15), yielding N = 1. 

Based on the underlying premise of the proposed method, the tentative solution for 

eq. (9) can be stated: 

 S(θ) = a0 + a1Ψ(θ)  (16) 

Substituting eqs. (10) and (16) into eq. (15) and grouping the terms with identical 

powers of Ψ, and then following the coefficient elimination condition yields a non-linear al-
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Solving this set of equations, yields several solutions for eq. (15): 

Case 1. 
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Based on the previous solution, for the original equation to have a valid real-number 

solution, certain conditions must be met: 
2 2 2 2 2

2,  2 ,d dm k L T l J q    and l, k ≠ 0. Therefore, 

in Case 1, considering the different values of ϖ, we find: 

– When q2 = 2μ, ϖ = 0, which produces: 
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where  
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 are arbitrary constants and l, k ≠ 0. 

Admitting transformation eq. (14) and the fractional wave transformation, we attain: 
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The 3-D plots of S1,2(θ) is shown in fig. 1. 

– When q2 > 2μ, ϖ < 0, which produces: 
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Figure 1. The 3-D plots of S1,2(θ) in Case 1 for β = 1/2, Td = q6 = 2, md = k = L = J = q2 = μ = 1;  
(a) S1(θ)  and (b) S2(θ) 

According to eq. (14), yields: 
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Since S3,4(θ) < 0, there are no real solutions for S3,4(θ). Therefore, the graphical rep-

resentations of S5(θ) and S6(θ) are depicted in fig. 2. 

 

Figure 2. The 3-D plots of S5,6(θ) in Case 1 for β = 1/2, Td = 2, q6 = 3, md = k = L = J = q2 = μ = 1;  
(a) S5(θ)  and (b) S6(θ) 

Case 2. 
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Similarly, there must be 
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the different values of ϖ lead to: 

– When q2 = 2μ, ϖ = 0, and a0 = q4 = 0. The obtained solutions are the same as S1,2(θ).  

– When q2 > 2μ, ϖ < 0, which produces: 
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Based on eq. (14), the following results are derived: 
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The numerical simulation images of S7(θ), S8(θ), S9(θ), and S10(θ) are shown in 

fig. 3. 

 
Figure 3. The 3-D plots of S7,8(θ) and S9,10(θ) in Case 2 for β = 1/2, Td = 2, q6 = 3,  

md = k = L = J = q2 = μ = 1; (a) S7(θ), (b) S8(θ), (c) S9(θ), and (d) S10(θ) 

Conclusion 

The present study focuses on the time-fractional TFFEM model and employs the 

modified extended tanh-function approach to derive eight new exact solutions for this signifi-

cant material model, in addition to visualizations of these solutions. These innovative analyti-

cal solutions offer novel insights into understanding the non-linear behavior of TFFEM under 

varying pressures, temperatures, and other parameter values, and may contribute to the ad-

vancement of TFFEM. 
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