Yang, Y.-J., et al.: The Homotopy Perturbation Method for the Double Period ...
THERMAL SCIENCE: Year 2026, Vol. 30, No. 2A, pp. 869-878 869

THE HOMOTOPY PERTURBATION METHOD FOR
THE DOUBLE PERIOD SOLUTION OF
LOCAL FRACTIONAL KORTEWEG-DE VRIES EQUATION

by
Yong-Ju YANG®, Guo-Li HAN®", and Shun-Qin WANG*“

a School of Mathematics and Statistics, Nanyang Normal University, Nanyang, China
b Department of Security, Henan University of Animal Husbandry and Economy, Zhengzhou, China

Original scientific paper
https://doi.org/10.2298/TSCI2602869Y

The Korteweg-de Vries equation is a fundamental equation for the study of shal-
low water waves and plays a crucial role in fluid physics and applied mathemat-
ics. The objective of this study is to implement the homotopy perturbation method
to solve a class of Korteweg-de Vries equations with bi-periodic numerical solu-
tions. The method is predicated on the selection of appropriate iterative opera-
tions, thereby ensuring the numerical solution of the equation is obtained in the
form of the trigonometric series.
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Introduction

The Korteweg-de Vries (KdV) equation was first introduced by Korteweg and de
Vries in [1] as a means of simulating shallow water wave equations of small and finite ampli-
tudes. Following the discovery of the solution by Zabusky and Kruskal [2], a significant inter-
est has been expressed by the physical and mathematical communities in studying the solution
to the KdV equation. A plethora of analytical and numerical methodologies for solving the
equation are provided. For instance, the pseudo-spectrum method [3], the heat balance inte-
gral method [4], and the finite element technique [5] are notable examples. It is noteworthy
that Miura [6] provides a comprehensive review of the applications of the KdV equation.

In contrast to integral calculus and other fractional calculus, local fractional KdV
equations have the capacity to describe numerous anomalies in theoretical and engineering
contexts. In recent years, there has been an increasing interest among researchers in the local
fractional KdV equations [7-10]. In this paper, we employ the homotopy perturbation method
[11-18] to elucidate the problem of bi-periodic solutions of KdV equations with local frac-
tional derivatives.

The basic concepts of local fractional calculus

The local fractional calculus is a field of study that focuses on the calculus of func-
tions on Cantor fractals. The local fractional calculus, also referred to as fractal calculus, con-
stitutes a pivotal branch of pure mathematics. In this section, we provide a concise overview
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of the fundamental definitions of local fractional calculus, including continuity, derivative,
and integral.
Definition 1 [19, 20] In Cantor fractal space, if the function meets K(t):

[K®) - K(to) <&” @)

with [t —to| < 0, forg, 6 >0and ¢, d € R, then K(t) is defined as the fractional continuous at
t =toand it is expressed as:

limK(t)=K(t,)
t-t,
Definition 2 [19, 20] If the function K(t) is satisfied the condition (1) for any
t € (c, d), it is defined as the continuous on the set (c, d), denoted by:
K(t)eC,(c,d) (2)

Definition 3 [19, 20] If K(t) € C4(c, d), the fractional derivative of K(t) of order « at
t =to is defined by:

d“K(t)

| o, = || A0[[}<(t)_K(t('))]
h t

“IK () =K () = im =
0 -0

@)

where A[K(t) - K(ty)] = T(L+ a) ALK (t) - K(to)].
Definition 4 [19, 20] Let K(t) € C.(c, d), the fractional integral of K(t) of order ain
the interval [c, d] is defined by'
lim > K(t;)(At))” (4)

1K (t !
el K ()= r(1 [(L+a) a0 S

where At = tj+1, At = max{Aty, Aty, Atj...}, and [tj, tj+1], j = 0,...N-1, to = ¢, ty = d, is a parti-
tion of the interval [c, d].

j=N-1

j (t)(dt)* =

The homotopy perturbation method for the double periods
solution of local fractional Korteweg-de Vries equation

In this paper, the bi-periodic solution of the local fractional KdV equation is studied
by the homotopy perturbation method [21-23].

The local fractional KdV equation for fractal wave on shallow water surface can
generally be written as [24]:
ul®) = yU, + ,Buuf(“), u(0,0) = A,

X

0“u(0,0) _
o 0 ()

where u = u(x, t) is the fractal wave function of single spatial variable x and time, t, A — the
constant, and « — the fractal dimension. Moreover, the parameters y(y < 0) and 8 characterize
the fractal waves on the surface of shallow water.
Obviously, we can choose u=Acos,(@;Xx+at)*as the initial solution of (5),
which is a modified function of u = Acos(@;x + ayt) in the local fractional sense.
We construct the following homotopy equation [17, 18]:
3

3
u)((sa) _yut +Mu£a) =p M +ﬂuu (6)
@y @
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where @ is the homotopy parameter. When p=0, eq. (6) is a linearized equation. And when
p = 1, eq. (6) becomes eq. (5).

According to the requirements of the homotopy perturbation method [17, 18], we as-
sume:

U=Uy + pu; +p°U, +. @)

where u, = Acos,, (@ X+ a,t)”.
By virtue of eq. (7), eqg. (6) can be decomposed into a series of linear equations:

ip yZp"u wﬁmzzp uly) =
n=0 wl n=0
[“’1 e WATEEY) WA N ©

a
u0 an

Uy (0,0) = A,

(0,0)=0, u,(0,0)=0,

(0,0)=0(n>1)

The first two linear differential equations of eq. (8) are selected:

3
o (2 a
U = g + 225 —0 (©)
£7)
and
3 3
a w, + Y. w, + Yo
Uy — yuy + T2 ) S LTI () ) (10)
27) @
By solving eq. (9), we can get:
Ug (X, t) = Acos , (@ X + a,t)” (11)

Substituting eq. (11) into eq. (10), eq. (10) is deformed:

(32)

3 3
+ +
) oy, + ST (@) LTV oy cos, (@ + ) —
@ @
— BN, cos , (X + wnt)*sin, (@ X + o,t)” (12)

In order to derive a periodic solution to us, the coefficient of cos,, (@,x + ,t)* must
be zero, that is:

3
P72 pay, =0 (13)
@

Thence:

@ + yw, =0 (14)
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Simplify eq. (12):

2
uff“) — Uy =— 'BAZ 71 sin, (2@ X + 2aw,t)* (15)
Let:
Uy (x,t) =C, cos, (2@ X + 2ant)* +C, cos, (@ X + a,t)” +C; (16)

Substituting eq. (16) into eq. (15), we can get:

2
[Cu(2m,)° + €2y [sin,, (2yx+ 20,t)" = - ﬂAz‘Ul sin,, (2ayx+ 20,t)"  (17)

According to the coefficient of the same term of sin, (2a@;x + 2w,t)* of eq. (17), we
can get:

__BN
C,=- 18
Y 12a7 18
By virtue of (16) and (18), we can get the solution of eq. (15):
2
u (x,t) =— '822 €0, (2a;X + 2aw,t)* + C, €os, (my X + w,t)* +Cy (19)
1

By virtue of egs. (11) and (19), the third linear differential equation of eq. (8) is se-
lected and simplified:
2 A3
u(zia) — YUy = Buglyy + PBloyly = ﬂSTAsina (3@, X+ 3wyt)
1

2 A3

In order to be a periodic solution of us, the coefficient of sin,, (@;x + w,t)” must be

_( AC,m, + Aw,C,

5 + AwlC3jsina (@ x + wyt)” (20)

4,

ZEero.
Thence:

A
C, = 21
*7 240 (21)

By virtue of egs. (19) and (21), and u1(0, 0) = 0, [¢“u1(0, 0)]/(ct*) = 0, we can get
the solution of eq. (15):

2 2 2
up(x,t) =— ,BA2 oS, (2a; X + 2aw,t)* + ﬂA2 cos,, (@ X + w,t)* + PA 5 (22)
ZU]_ 4ZU1 24@'1
The first approximate solution of eq. (5) can be derived:
2 2 2
u(x,t)=ug +u, = _,B_A2 COS,, (2a X + 2a,t)” + A+ﬂ—A2 cos(@y X + ayt)” + PA 5 (23)
123 247 @]

where @; anda, satisfy eq. (14).
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Similarly, as for:
(32)

Upy ' = PUg = Blglyy + Sy Uy (24)
By virtue of Eq. (11), Eq. (22), and Eq. (24), we can derive:
2 A3 2 A3
0B _ @ — PR G0 Gox+ 300 ~L R sin, Rayx+ 20,0)° (25)
8y 24,

Let:
Uy (X,t) =C; cos,, (3w X +3m,t)” +C, €0s,, (2my X + 2a0,t)” + C;5 €08, (@yX + ant)” +C, (26)
Substituting eg. (26) into eq. (25), we can get the following equation:
ugia) — YUy = [(Swl )3 C, + Sw2C1}/Jsina (3w x+3m,t)” +

+[(2w1 )3 C, + ZwZCZyJSina (2a X+ 2m,t)* + [wlsC3 + wZC3;/]Sina (@ X+ ot)” =

273 2 73
pA sin,, (3@, X + 3m,t)* — LA sin,, (2, X + 2w,t)” (27)
@, 24,

Comparing the coefficients of the same type of sin, (n@;x + nw,t)” of eq. (27), we
can get:

2 A3 2 A3
3 A 3 A
(3wy) C1+3ZD'2C17/=ﬂ—, (2a,)" C, +202C27/:—ﬁ— (28)
This is:
23 32,3
c,- LA c,- A (29)
8- 24w, 6-24@;
Thence:
Uy (X,1) = ———c0S,, (3@ X + 3w,t)” —————+C0S,, (2a,X + 2m,t )" +
2(%.1) ><24ZUl4 ( ! 2) 6><24ZUl4 ( ! 2)
+C5 cos, (mx+ w,t)” +C, (30)
Similarly, as for:
3a
Uéx )~ Py = Bgliyy + Byl + B, Uy (31)
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By virtue of egs. (11), (22), (30), and (31), we can get:

3a
ng ) - YUz = BUgUyy + BUilyy + By, U,

2 p4 2 p4 2 p4
=p| - pA 3—'BA3— pA 3 [sing 4A+
2-8-24w; 128w 12-6-2w;
2 p4 2 p4 2 p4 2 p4
+4 ﬂA3+ﬁA3+ﬁA3+ ﬂAssina3A+
2:6-24w) 6-24w; 24-24w; 24-6-20

2 \4 2 \4 2 p4 2 p\4
2.8-24m 2 12857 2 24.24.20° 246w
2 54 2 p4 2 A4 2 A4 2 A4
+ |- FA 3_Awlc4+ﬂA3_ ﬂA3+ b A 3 ﬂAssinaA(32)
2-6-24a; 6-24° 24-24w7 24-6-20° 2424

where A = (@ X+ a,t)”.
In order to be a periodic solution of us, the coefficient of sin, (@;x + @,t)* must be
zero, that is:

Chp=—"—— (33)
Y12 240
Due to egs. (30) and (33), and ux(0, 0) = 0, [6*u2(0, 0)]/(dt*) = 0, we get Cs of
eg. (30):
Co=—1— "2 34
T 24240 549
This is:
2 A3 2 A3
U, (x,t) = P A4 €0S,, (3w X + 3w,t)* — P A4 €S, (2m;X + 2aw,t)* —
192w, @,
A3 L PN
- cos,, (wy X + apt)” + (35)
576 ¢ ' 2’ 288w}
The second approximate solution of eq. (5) can be derived:
u(t) =uy +u; +u, = ——cos,, (Bay X + 3w,t)* +| ——— —— [c0S,, (2@ X + 20,1)“ +
( ) 0 1 2 192@{1 a( 1 @) ) 12@_12 144Wf a( 1 2} )
2 253 2 23
+ A+ ﬁAz—’BA4 cos,, (@ X + w,t)” + ﬂA2+ﬂA4 (36)
24wy 516w 24wy 288w
As for:

3a
uéx ) - YUg = BUgUyy + By Uy + BugyUy (37)
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by virtue of egs. (8), (11), (22), (35), and (37), we can derive:

uéi“) — PUgy = BUglyy + BUp Uy + BUg, Uy = — ; §w3 BPAYsing (4ax + da,t)” +
1
+ﬂ3A4 sin, (3w, X +3w,t)” + ay sin, (2a@,x + 2wt )" (38)
64m?  “ 1 384z} C
and
0%U,(0,0
us (0,0)=0, u(00) (39)
6t0!
Let:

Uy (X,t) = C, cos,, (4ax + 4ayt)” +C, cos, (3w, x +3m,t)” +

+C;5 €08, (2, X + 2a,t)” +C, cos,, (@ X + ) +Cg (40)

Substituting eg. (40) into eq. (38), we can get the following equation:

3
£l =
3 p4 304 304
- _ﬂ_Asl_ﬂ—Asl—lﬂ—Asi sin,, (4@, X+ 4ant)” +
64wy 2 72wy 2 824wy 2

3 a4 3 a4
J LA 1AL sin,, (3@yx + 3w,t)” +
24 2400 24 6 2

3 a4 3 a4 3 a4 3 a4 3p4
BT U W W V.l S N PP
6da} 2 24°@; 2 24 6o; 824w} 2 24(247)

According to egs. (38) and (41), comparing the coefficients of the same type of
sin,, (Na; X + na,t)?, we can get:

PR PR o
288-1207 ° 64-24m? ° 384-6a)
Thence:
3 a4 3 a4
Ug(X,t) = _ﬁ cos,, (4@ x + 4ant)” + ﬁcosa (3w, x+3apt)” +
ﬂcos (2@,x + 2w,t)" +C, cos,, (X + wt)* +C
384. GZD{S a 1 2 4 a 1 2 5

By virtue of (7) and (8), we can get:

3
uz(lxa) — YUy = BUgUgy + BUilyy + BUslyy + SBugly (43)
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Similarly, in order to be a periodic solution of us the coefficient of
sin, (@ X + @,t)” must be zero, that is:

_ﬂ3A5sinA+ BEA%sinA . LA sinA .\ BEA%sin A . BEA%sinA
192-6-2w; 2-12-8-8w; 12-24-24-2@; 24-24-3-2m7 24-24-24w;

_ PAsinA BAsinA BAsina BA%sinA
8-24-6-2w; 24-6-24-2m; 24-24-6-2m7 12-24-24w;

— ACsm, SinA =0 (44)

Thence:
;83 A4
 4608z?

5 =

(45)

Due to egs. (40), (45), and us(0, 0) = 0, [0“u3(0, 0)]/(6t*) = 0, we can get C4 of
eg. (40):

,83A4
C,=- (46)
YT 172850
This is:
Bt « A o
Us(X,t) =— coS,, (4 X +4w,t)” + cos,, (3@ X +3w,t)” +
: 5600 «(dmcs dot) 15362 o« (X 3egt)
+ COS,, (2a@ X + 2w,t) ————C0S, (7 X+ w,t) — 47
23047 o« (2 205t) 17287 (T ant) 4608w?
Then, the third approximate solution of eq. (5) can be derived:
ﬂ3A4
u(t) =ug +Uu; +U, +ug = ——wG(:osa (4 X + dant)” +
1
273 3 a4 3 A4 2 A3 2
+ P A4+ ’BAG cos,, (3w X + 3m,t)” + s A G—ﬂ A4—'BA2
192, 1536 2304a; 144wy 120f
2 23 3p4
oS, (2a; X + 2m,t)” +| A+ ,BA2 P A4 __PA 5 [C0S, (@ X + @pt)” +
24wy ST6w’ 1728w
2 203 3 74
+’BA2+ﬂA4—ﬂA6 (48)
24? 288w 4608wy

Conclusion

In this paper, the method has been successfully applied to solve the KdV equation,
which is effective in deriving period numerical solutions with specific initial conditions. The
numerical periodic solution can be obtained without calculating restrictive assumptions and
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transformations, as is the case in other conventional methods. The findings of these studies
are regarded as contributing to an enhanced physical understanding of non-linear wave dy-
namics governed by periodic KdV equations.
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