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In this work, a novel integrable system of non-local coupled Schrodinger equa-
tions (NCNLSE) is investigated. Specifically, with the help of related Lax repre-
sentation and zero curvature condition, the NCNLSE are first derived in terms of
the parity-time symmetry reduction method. Then based on Darboux transfor-
mation, the first, second, and N iteration solutions of the NCNLSE are obtained.
This paper shows that the results obtained are different from those of the corre-
sponding known local model of coupled non-linear Schrodinger equations.
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Introduction

Non-linear problems involve numerous fields [1-3], and their relatively difficult to
handle characteristics have attracted a large number of researchers to make continuous efforts
towards them. In the past few decades, non-linear evolution equations such as Korteweg-de
Vries equation (KdVE), sine-Gordon equation (S-GE), and non-linear Schrodinger equation
(NLSE) have been the focus of research for mathematical physicists [4]. Ablowitz and
Musslimani proposed the reverse space non-local NLSE [5]:

g (X, 1) + G (X, 1) + 2092 (X,1)q (—X,1) =0, o==+1 (1)

where V(x, t) = q(x, )q"(-x, t) meets the PT-symmetry condition V(x, t) = V"(=x, t). The exist-
ing PT-symmetry theory [6] has an important role in constructing non-local models through
parity and time inversion transformations. Some solutions of eq. (1) were obtained by the in-
verse scattering transform [7, 8]. Since then, more and more non-local integrable equations
differing from the local ones have extensively been studied, such as the non-local modified
KdVE [9], the non-local derivative NLSE [10], the reverse space-time non-local NLSE [11],
the non-local Davey-Stewartson equation [12], the (2+1)-D non-local Schrodinger-Maxwell-
Bloch equation [13], and so on. These non-local integrable equations could produce novel pat-
terns of solution dynamics and can bring new physical applications [14, 15]. In particular, the
non-local integrable couplings of soliton equations have attracted much attention in the field
of soliton theory. It is worth noting that non-local non-linear integrable models can explain
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the connections between events occurring simultaneously in different places, which not only
helps to understand quantum entanglement phenomena, but can also be used to describe vari-
ous non-linear phenomena in the fields of physics and engineering sciences.

In this paper, based on the non-local reduction conditions [16-18]: ri(x, t) = gi(-X, t),
i =1, 2, we derive a novel system of NCNLSE:

iy ¢ + 0 + [0 (-%,1) — 2050 (-, 1)]; — & (~x, 1) =0 @

0y ¢ + O +[2040 (—X,t) — Qa5 (—X, )]0l + 03 (—x,t)ef =0 €)

where the superscript * is the operation of complex conjugation, ¢; (—x,t) and q; (x,t),
i =1,2 — the complex functions, and the subscripts x and t — the partial derivatives with re-
spect to the variables. The two-coupled NLSE in the local version related to egs. (2) and (3)
read:

iy + 0y + (G [P =20 )y — 005 =0 (4)
i + O + (2] * =1 G P)lp + 0507 =0 )
which are different from both the known ones [19]:
i ¢ + 0y +2(1 0 * +2] 0, )y — 20705 =0 (6)
iy + 0 +2( 0 [* +2] 03 [P)0, — 2050 =0 (7)
and [20]:
i + G + 2 & * —2] 0 )0y — 20505 =0 ®)
iy ¢ + G ux +2( & [P 2] 0, P, + 20507 =0 9)

Note that eqgs. (6) and (7) exist Lax representation [19] and soliton solutions
[19, 20]. Meanwhile, it was proven in [21] that egs. (6) and (7) also have the integrability
through Painleve test. It is Zhang et al. [20] who derived egs. (8) and (9), and obtained their
N iteration solutions and one- and two-soliton solutions by using Darboux transformation
(DT). Zhang et al. [22] obtained the N™ iteration solutions and first-order rogue wave solu-
tions of egs. (8) and (9) by means of generalized DT. Equations (6) and (7), as well as their
DT and N™ iteration solutions, can be generalized to the N-component forms [23]. As we
know, the NCNLSE (2) and (3) have not been reported in literature, and much attention of the
previous studies has been paid to only its local forms. The aim of this paper is to construct the
DT for egs. (2) and (3) by using Matveev’s DT method [24, 25] and obtain their N™ iteration
solutions.
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Lax representation and
N-fold Darboux transformation of eqs. (2) and (3)

In this section, we firstly consider the linear eigenvalue problem of the form:

¢x=H{=(AHy+H)J (10)
& =IO =(A20y + Ay +3,)¢ (11)
with:
-1 0 0 Q
H0=i(0 J, H, = —%QT ol Jo=2Ho. Ji=2H, (12)

1 s . .
EQQ Qx 0 :[ o qzj, ol :{ o (=xt) a, (—X,t):| 13)

\.]2 :I ’
1 1 . _ e *
EQ)’(Y‘ _EQQv qZ ql q2( X,t) ql( X,t)

where | is the 2x2 unit matrix, / — the spectral parameter, and ¢ = (¢, é,¢.4,)" — the vector
eigenfunction. It can be checked that egs. (2) and (3) can be derived from the compatibility
condition, i.e., the zero-curvature equation H; —J, + H) —JH =0.

Next, we construct the DT of egs. (2) and (3) by the undetermined coefficient meth-
od. That is to say, we determine a matrix T which lets the following gauge transformation:

¢=T¢ (14)

transform the spectral problem in egs. (10) and (11) into:
$x=(AHo+H)S =HS (15)
G =P+ A +3,)E =3¢ (16)

where Hy, Hy, Vg, J;, J, and Hg, Hy, Jy, J;, J, have the same forms, and at the
same time, Q satisfies the following matrix:

~ (G G
= 17
(% %) an

while £ is the eigenfunction of eqgs. (15) and (16), the Darboux matrix, T, satisfies the fol-
lowing expressions:

T +TH =HT (18)

T, +T)=JT (19)
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The Darboux matrix, T, can be established with the help of [26]:

A A A A
Mo P Py A 20
Ay Ay Ay Ay
Au Ao A A

T(4) =

with:

N-1 .
N+ Y bd', (1=K)
A=, . k1=1234 (1)

Shad', (1£k)

i=0

where by, k, 1 = 1, 2, 3, 4 are all undetermined functions of variables x and t. On substituting
egs. (20) and (21) into egs. (18) and (19) and comparing the coefficients of AN, the connection
between new solutions §; (i =1 2)and old solutions g; (i =1,2) can be obtained:

=0+ Zibl(é\lil)v 0, =0, + 2ibﬂ“‘” (22)

Assuming that #(4;), w(4;), x(4;), p(4;), j=12,---,4N, are four eigenfunc-
tions of egs. (10) and (11) Wlth respect to the general parameter A :

#(4) =[4(4)). (). 85(4;), 4 (AT (23)
w(2) =[va(2) w2 (4)ws(A) W (AT (24)
2(4) =004 223 232 22 (AT (25)
P =1a (A1), P2 (A1), P3(2), P (AT (26)

where ¢;(4;), wv;(4;), x;(4;), p;j(4;), j=12,---,4N, are functions of variables x and t,
respectlvely Since trH = o and (det; )y = (trH)det; 0 can be obtained from eq. (15),
we have det =c, here c |s a constant. Then, we take ¢=0 and an appropriate set of pa-
rameters 1, 7, »1?, »9 considering (detT)¢ =0, to obtain the following algebraic
equations:

+0; + 0o} + 0 =

1 El) 2 52) 3 53) 4 0

Poy + 050 Ay + 08D Ay + 5§ Ay = 0
1 2 3

Py 00, + ol Ay v ol Ay =0

( (27)
J
Ay + 0'51 Ag + O'SZ)A43 +0'§3)A44 =0
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with
10) (’5|+1(/1j)+7§1)l//i+1(/1])+752)}(i+1(/1j)+7§3)Pi+1(ij) . .
o’ = o) ) ® , (i=1,2,3j=12,---,4N) (28)
#(A) + 77 vi(A) + 77 a(A) + 75 pu(4y)

Under the non-local reduction conditions g;(x,t)=r(-x,t), i=12, in the next
section we let the four eigenfunctions ¢(1;), w(4;), x(4;), p(4;), i=12,--,4N, satis-
fy the certain condition & (x,t) =w;(—x,t) = x; (—x.t) = g (—x,t), 1<i <4, then some solu-
tions of egs. (2) and (3) can be computed by the constraint of eigenfunctions and the
Cramer’s rule of algebraic eq. (27).

The N iteration solutions of egs. (2) and (3)

In order to obtain solutions of egs. (2*) and (3) through DT, we firstly give a set of
seed solutions ¢, =0, ¢, =0, g (—x,t)=0, g,(—x,t) =0 and get four basic solutions of egs.
(2) and (3) with the substitution of these seed solutions into egs. (10) and (11):

o iAx-2idte, 0
0 e—i/lx—Zi/lthrc2
#(1;) = 0 o w(4y) = 0 (29)
0 0
0 0
0 0
7(4j) = giAx+2izitec, |’ p(4y) = 0 (30)
0 eiﬂ><+2iﬂzt+c4

Substituting egs. (29) and (30) into eq. (28), the following set of formulae can be de-

rived:
(1)e—i/1x—2i};2t+c2
o _7] _ Mgt 31
g e—iix—2i42t+c1 i€ (31)
7(_2)eiix+2iﬂzt+c3 _ o
JEZ) _ J_mX_ZMZH _ EZ)e2|lx+4|l t+c,—C, (32)
e g
7(_3)ei/1x+2i/12t+c4 o
0%3) _ J_MX_ZMZH _ §3)eZI/1X+4I/'L t+C,—C, (33)
e o)
_ 2iF — 2iF — 2iF . .
where yPe% % =g | Pe%a =™z and yPe% % =e™* combined with the constants

Fjl’ sz, Fj3’ j=l,2,,4N
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Considering N =1 in egs. (20) and (21), the matrix T[1] and the algebraic expres-
sions with respect to b, k =1,2,3,4, 1=1,2,3,4, are obtained:

0 0 0 0
A+ bl(l) bl(Z) bl(3) b1(4)

rmo| P AThE b b 34)
5 B Aen b
SO
and:
0 + b + o0 + o =
bfY +oPbfY +oPbf +oPbfP =—oM 4, )
O 4 6069 +6PbQ + P = o 1,
b® +oPhQ + o Pb® + 5P = o1,
where
MO MO M@
MO MP MP )

MO MP ME
MO M@ MO

Taking M El) _ eZiFjl, M 2 ZeZiﬂLx+4i,12t+2iFj2 “and Mj(s) =ezi/1x+4i,12t+2iFj3’ J =123,
4, and using Cramer’s rule for eq. (35), we can obtain:

0 0 0 0
b - A b = A b _ AY) b - A 37)
3 AO' 4 AO' 31 Ao, 2 Ao
where
1 3 1 2
s I WV V!
1 3 1 2
I A Y VL -
R A VT O V]
1 MP -4 MY 1 MP M@ -,
AMP M MO AMP M
2 1 2 3 2 2 3
M P MO M M Mmoo

2 1 2 3
_ﬂGMs(‘) M?E) M?E) Mé)
P P M

2 2 3
—/7.3|\/|3(, ) Mé) Ms()
M@ MP M@
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Then, the first iteration solutions of egs. (2) and (3) are obtained through the DT
method:

~ 10 _ i LS
Gu[1] = 2ibjy’ =21 —= (40)

Ag

~ .1 (0) -Aﬁ)
0, [1] = 2ib;,” = 2i A (41)

0

Since the numerators of egs. (40) and (41) are zerowhen A4, =4, =A; =4, 0r A; is
zero when Fj; =Fj, =F3(j=12,3,4), egs. (2) and (3) have no solution. However, if the
values 4, 4,, 43, 4, are different, thatis to say, Fj;, Fj,, Fj3, j=12,34, are not exact-
ly same, then egs. (2) and (3) have solutions.

In what follows, we consider N = 2. It is easy to see that egs. (20) and (21) can give
the following algebraic expressions:

0 R (1N () D (@ 2)(0 ) (@ 3)(0 )Nl 2
60 + 1,00 + B9 + 1,006 + 00 + 2,020Y + D + 2,0 =7

0 1), DK D (L 2)h(0 TN 3)4(0 3) (L 1) 42
09 + 4,68 + 0002 1 1,090 + @b + 4,0 PbY + b 1 1, 6OB = oW 13

(54)
0 1 1)1, (0 D (@ 2)lL(0 2) (1 3)K (0 3 (@ 2) 4,2
B0 + 2,68 + b + 2,006Y + 5PbO + 2,6PbY + 6ObO + 4,6PbY = o1
0 1 0 D@ 2)L(0 2)1L (@ 3K (0 S)ING 3) 42
b + 2,68 + oMb + 2,600 + @b + 2,606% + o0 + 2,6PpE = o2
where
1 1 2 2 3 3
14 MO MO MO M2 MO M
3 3
12, MY LMY MO LMP MO M
1 1 2 2 3 3
L MY M NP LM ME M
1 1 2 2 3 3
N M» MO M@ M@ mME M (55)
L 1 A ML /LEM(l) M2 ZSM(Z) M3 ASM(3)
5 5 5 5 5 5
1 1 2 2 3 3
1 MO MO MP MO MO MO
1 4 MO MO Mm@ Mm@ MmO mE
1 1 2 2 3 3
Ly M AME NP M ME M
We take:
M El) _ e2iFj1, M,(Z) :ez>h><+4ix2t+2i|:jz , MJ(_g) :ezx><+4i>ft+2i|=J3 ’ j ~12...8
and apply Cramer’s rule for eq. (54), then some unknown elements can be obtained:
@ ) O] o
p® =28 po A po A 0 A (56)
3 Al 4 Al 1 Al 2 Al
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where
Lo MPoamP m® - mP am
L 2, MG MP MP -2 M 2MgY
L2 MY MY M@ a2 M MEY
o[ A MPAMP P 2 M am -
L 7 MO MO MO E MO M
1 Je MO MO MO 2 MO M
L dy NP NP M 22 MO M
L Z MO MO MO 2 MO M
14 MO aMP MP amP MP a7
12 MY LM MP MO MO
12 MO NP MP NP MO 2
ot A ME M0 M M M o)
L g MO MO MO MP MO 22
1 Z MO MO MP MO MO 2
12 MO MO MO MO MO i
14 MO NP MP M@ NP i
1M MO MO MO AMP MO MO
LMD P NP ME LM MO M
LMD ME MY MO ZME MO M
Agll):1 —/Lilvlfﬁ) M®» M0 M@ M@ MP aMP (50)
12O MO MO MO MO MO M
1 ZMO MO MO MP M MO MO
L EME P MO ME LME MO M
1 -ZMP MO ME MP M MO zME
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1 2 2 2 2 3 3
MO 2MD MD AME MO MmO
1 2 2 2 2 3 3
MY 2MD MP MO MO M
MO MO M MO
VP NP MP ME MO M

PN S
=

o
NE
I
 F B B B B B B

(60)
2 2 2 3 3
MO —2MP MO ZMP MO agME
1 2 2 2 2 3 3
MO —ZMP M@ MO ME M
L VN Ve
1 2 2 2 2 3 3
s MP -ZMP MD MP MO M
Thus, the second iteration solutions of egs. (2) and (3) are obtained:
A(l)
G[2] = 2ib3 =2i—X (62)
A1
. A(l)
,[2] = 2ibgy) = 21— (62)
1

Conclusions

This study systematically investigates the NCNLSE and constructs novel analytical
solutions for this integrable system through DT and N-fold iterative analysis. These contribu-
tions provide critical theoretical advancements for the field of non-linear physics. Specifical-
ly, the NCNLSE are initially established via PT-symmetry reduction, and their integrability is
subsequently proven through Lax pair construction. The derivation of explicit expressions for
single-step and N-fold iterative solutions is achieved through the utilization of gauge trans-
formations and non-local constraints on eigenfunctions. This approach unveils selective exci-
tation mechanisms that give rise to a multitude of solution structures, including multi-peak so-
lutions, periodic waves, rogue waves, and solitons, under the influence of non-local coupling.

These results not only overcome the limitations of solution structures in traditional
local models but also extend the research frontier of non-local integrable systems. By employ-
ing physical interpretation of the solutions, theoretical predictions for experimental observa-
tions in non-local physical systems, such as optical lattices and Bose-Einstein condensates,
are provided. These theoretical predictions demonstrate the potential applications of the phys-
ical interpretation across interdisciplinary fields, including optical signal transmission, quan-
tum entanglement manipulation, and extreme event prediction in engineering.

It is important to note that the present work is currently constrained within the
framework of parity-time reversal symmetry, excluding more complex non-local transfor-
mations (e.g., fractional non-locality) and lacking stability analysis of solutions and physical
experimental validation. Subsequent research endeavors may encompass multi-dimensional
non-local coupling, non-Abelian gauge fields, and other domains. These efforts will involve
the integration of numerical simulations with optical and cold atom experiments. This inter-
disciplinary approach aims to enhance our comprehension of non-local physical laws and to
expedite the translation of theoretical findings into practical applications.
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Utilizing meticulous mathematical derivations and physical insights, this study es-
tablishes the distinctive position of non-local coupled systems in the domain of non-linear sci-
ence. The methodologies and conclusions herein establish a substantial paradigm and expand
the available scope for future research on non-local integrable systems. This provides valuable
guidance for both theoretical exploration and experimental implementation in related fields.
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