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The Lie symmetry classification of the fractional order reaction-diffusion-con-
vection equation (RDCE) with four arbitrary functions in the sense of Riemann-
Liouville fractional derivative is carried out by using the Lie symmetry analysis 
method. It is noteworthy that the equation retains two symmetries when it con-
tains four arbitrary functions. When four arbitrary functions are substituted for 
concrete functions, the resulting equation exhibits enhanced symmetry. However, 
it is imperative to acknowledge that the Lie algebra space that encompasses frac-
tional order RDCE is a sub-space of the Lie algebra of the integer order RDCE. 
In summary, it has been demonstrated that the initial equation is converted into a 
fractional ODE by the corresponding symmetry when four arbitrary functions are 
substituted with specific functions. This provides a foundation for further re-
search, which may enhance our understanding of certain phenomena in life. 
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Introduction 

The study of fractional differential equations (FDE) emerged in the field of mathe-

matics during the 20th century, emerging as a response to the limitations of traditional integer 

differential equations [1-3]. As computing power has advanced and the demand for under-

standing the behavior of complex systems has increased, the application of AI in science and 

engineering has garnered significant attention [4]. For instance, Rahioui et al. [5] employed 

FDE to model disease transmission in biology. Similarly, Ren and Zhang  [6] utilized FDE to 

analyze medium diffusion phenomena in physics. 

The Lie symmetry analysis method is regarded as one of the most general and effec-

tive methods for solving differential equations [7-9]. Its application to many fields, including 

wave motion, fluid mechanics, and astrophysics, among others, has been well-documented 

[5]. In the process of solving equations by employing Lie group theory, no assumptions must 

be made on the equations (or system of equations) [10]. Consequently, Lie group theory be-

comes a powerful tool for analyzing integer order differential equations [11-13]. Tian [14] 

carried out a Lie symmetry analysis of the heat conduction equation and the wave equation. 

Wang and Dong [15] used the Lie symmetry method to analyze the (2+1)-D generalized 
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Painleve-Burgers system. Cherniha et al. [16] conducted an analysis of a class of reaction-

diffusion-convection equations with integer order (1+2)-D by means of the Lie symmetry 

method. This analysis entailed the construction of its equivalent transformation group and the 

subsequent attainment of a complete Lie symmetry classification. In a separate study, Zuhal 

et al. [17] obtained the Lie point symmetric algebra of a novel coupled non-linear model. To 

enhance the construction efficiency of Lie algebra, Temur et al. [18] proposed an optimization 

algorithm based on Wu's method, which only needs to construct its isolated image without de-

termining the Lie algebra. Tian and Wang [19] took a class of perturbation equations as an 

example and simplified the solution of overdetermined systems in the Lie symmetric method 

using polynomial characteristic methods. With the continuous improvement of Lie symmetry 

theory, this method has been used to analyze and solve many kinds of FDE. Gaur and Singh 

[20] derived group invariant solutions of fractional burgers-poisson equations by means of lie 

symmetry method. Dorjgotov et al. [21] carried out Lie symmetry analysis for a class of time-

fractional non-linear evolutionary systems. 

In recent years, considerable attention has been directed towards the Lie symmetry 

analysis of FDE with arbitrary functions. In their study, Gazizov et al. [22] examined the 

symmetry properties of fractional diffusion equations [ ( ) ] ,t x xu k u u   where t
  is the Rie-

mann-Liouville or Caputo fractional derivative. Zhang [23] examined the fractional diffusion- 

-convection equation [ ( ) ] ( ) ,t x x xu P u u Q u u    which Lie symmetry features are sorted out, 

where t
  represents the Riemann-Liouville fractional partial derivative. Zhang and Liu [24] 

considered Lie symmetry of the anomalous diffusion-type equation with variable-order frac-

tional derivative 
( ) [ ( ) ] .t

t x xu P u u   In addition, Hejazi et al. [25] identified the Lie point 

symmetry of the non-linear anomalous diffusion equation with the source term in anisotropic 

medium D [ ( ) ] [ ( ) ] [ ( ) ] ( )t x x y y z zu f u u g u u h u u q u      and so on. 

In this paper, the fractional order RDCE [26] with four arbitrary functions is consid-

ered as follows: 

 1 2[ ( ) ] [ ( ) ] ( ) ( ) ( )t x x y y x yu F u u F u u K u u K u u R u       (1) 

where 0 1  , u = (t, x), and 1 2( ), ( ), ( ), ( )F u K u K u R u are all arbitrary functions, they are re-

lated to the three most common transport mechanisms that occur in real life. The diffusion co-

efficient ( ) 0F u   is the main characteristic of the diffusion (thermal conductivity) process. 

The 1 2( ), ( )K u K u  usually represents velocity, which can be positive or negative, and can de-

scribe the convective transport. The reaction term R(u) describes the dynamic process. This 

equation has been widely applied in physics, chemistry, engineering and so on. 

Lie symmetry classification 

Theorem 1. The Lie symmetry classification of fractional order RDCE of the form 

(1) that depend on F(u), K1(u), K2(u), and R(u) is given in tab. 1.  

Proof 1. The invariant condition of eq. (1) can be obtained according to [27]: 

 (2) (2) (1) (1)
1 21 2 1 2( ) ( ) [ ( ) ( )] [2 ( ) ( )]x yF u F u F u u K u F u u K u             

 2 2
1 2 (1)[ ( ) ( ) ] ( ) ( ) ( ) ( ) ( ) 0xx yy x y x yF u u F u u F u u F u u K u u K u u R u                (2) 

where 
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11 D ( )
i i
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Substituting ( ) ( )
1 2, , and

i j   into eq. (2) yields a determining system of equa-

tions: 
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Table 1. Infinitesimal operators of eq. (1) 

F(u) K1(u) K2(u) R(u) Infinitesimal operators 
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According to the second equation in the system of eq. (7), it can be inferred that

( , ),x y  ( ),t  ( , ),x y  1 2( , , ) ( , , )t x y u t x y    . Assuming
2

2 1( )t b t b t    ac-

cording to [23]. Observing the previous system of equations, it can also be seen that

,y x x y      . 

– Equation (1) has the following symmetries, when 1( ) , ( ) 0,kF u u K u  2 ( ) 0,K u 

( ) 0R u  , where k is any non-zero constant: 

 
1 1 11 12 1

1 1 11 13 1 1

1
{2 [ ( 1 ) 2 ]} ,

4

1 1
{2 [ ( 1 ) 2 ]} , [2 ( 1 )]

4 2

x a k b k c y c b t

y a k b k c x c u a b

   

    

       

          

 (8) 

– When 1( ) , ( ) 0,kF u u K u  2 ( ) 0,K u  1( )R u r u , where k , 1r is any non-zero constant, 

the symmetries possessed by eq. (1) can be obtained: 

 1 1
11 12 11 13 1, 0, ,

2 2

a k a k
x c y c y c x c a u                (9)  

– When 1( ) , ( ) 0,kF u u K u  2 ( ) 0,K u  1( )R u r u , where k , 1r , is any non-zero con-

stant, the symmetries of eq. (1) can be denoted: 

 

1
11 12 1

1 1
11 13

( 1 )
,

2( 1 )

( 1 )
,

2( 1 ) 1

b k
x c y c b t

b k b
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 
 
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  
 

 

  
   

 

  
   

  

  (10) 

– Equation (1) has the following symmetries, when 3
1 1( ) , ( ) ,F u u K u k u  2 ( ) ,K u u

( )R u u , where 1  , k is any non-zero constant: 

 1 1 1
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1 1 1
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     
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 (11) 

– When 1( ) , ( ) ,kF u u K u u  2( ) ,K u u ( )R u u , where k , ,  , is any non-zero 

constant, and 2 ,k   the symmetries possessed by eq. (1) can be obtained: 

 1 1 1
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– When 1( ) , ( ) cos[ ln ],k mF u u K u u p x  2( ) sin[ ln ],mK u u p x 2 1( ) m kR u u   , where

, , ,k p m   is any non-zero constant, and 2k m , the symmetries possessed by eq. (1) can 

be denoted: 
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 (13) 

– Equation (1) has the following symmetries, when 1( ) , ( ) cos[ ln ],k kF u u K u u p x 

2 ( ) sin[ ln ],kK u u p x 1( ) kR u u  , where , ,k p  is any non-zero constant: 
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 1 1 1
12 1 13, , ,

b p b p b u
y c b t x c

k k k

  
            (14) 

– Equation (1) has the following symmetries, when 1 2( ), ( ), ( )F u K u K u , and ( )R u all take 

any non-zero constant: 

 1 2, 0, , 0c c        (15) 

From the previosu conclusions, it is easy to get the corresponding infinitesimal as 

shown in tab. 1. 

Lie symmetry classification 

Theorem 2. When 3
1 1( ) , ( ) ,F u u K u k u  2 ( ) ,K u u ( ) ( 1)R u u   , in the case 

of infinitesimal operator: 

3

( 2 ) ( 2 )

1 1 1
x t y uX x t y u

    

  

   
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    
 

eq. (1) can be reduced to a fractional order differential equation: 
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
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     

is the Erdélyi-Kober fractional order differential operator. 

Proof 2. Consider the infinitesimal operator: 
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and solve its characteristic equation: 
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can be obtained. 
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  

   

   

              
            

 (18) 
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So: 
( 1) (2 3)

1 1( ), ( )x xxu t S u t S

   

  

 

     

By substituting the previous results into eq. (1), the reduced equation can be ob-

tained: 

 
1 ,

2 2 31
11

( 2 )

( ) (3 )[ ( )] [ ( )] [ ( )] ( ) ( ) ( ) [ ( )]P S S S S S k S S S




  


 

        


 
 

 

 
        
 
 

(19) 

Theorem 3. When 1( ) , ( ) 0,kF u u K u  2 ( ) 0,K u  1( )R u r u , in the case of infini-

tesimal operator: 

4

( 1 ) ( 1 )

2( 1 ) 2( 1 ) 1
x t y u

k k
X x t y u

    

  

     
       

    
 

eq. (1) can be reduced to a fractional order differential equation: 

 
1 ,

1 21
12( 1 )

( 1 )

( ) [ ( )] [ ( )] [ ( )] ( ) [ ( )]k k

k

P S k S S S S r S







 

     



 

  

 
     
 
 

 (20) 

where 
( 1 )

2( 1 ) d
, ( )

d

k
S

xt S

 

 


  


     

Proof 3. Consider the infinitesimal operator: 

4

( 1 ) ( 1 )

2( 1 ) 2( 1 )
x t y

k k
X x t y

   

 

     
     

    1
uu




 


 

and solve its characteristic equation: 

  
2( 1 ) d d 1 d

( 1 )

x t u

k x t u

 

   

  
 

  
 (21) 

 Similar variables: 
( 1 )

2( 1 )1( ) and

k

u S t xt

 

 

  


    

can be obtained. 

 Assuming σ = t/r, and the α order derivative of u can be expressed in the following 

form: 
( 1 )

2( 1 )1 1

0

1
[ ( ) ] ( ) d

(1 )

kt

t tu S t t r r S xr r
t

  

    


  


   
  

         
   
 

  

 
1 ,1 1 ,1

1 11 1
2( 1 ) 2( 1 )

( 1 ) ( 1 )

( ) ( )

k k

t K S t P S
t

  
 

  
 

   

 
  
  
   

     

             
      
      

 (22) 
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So: 

(1 ) ( )

2(1 ) 1( ), ( )

k k

x xxu t S u t S

   

  

   

     

By substituting the previous results into eq. (1), the reduced equation can be ob-

tained: 

 
1 ,

1 21
12( 1 )

( 1 )

( ) [ ( )] [ ( )] [ ( )] ( ) [ ( )]k k

k

P S k S S S S r S







 

     



 

  

 
     
 
 

 (23) 

Conclusion 

In this paper, the Lie symmetry classification of the fractional order RDCE with 

Riemann-Liouville fractional derivatives is presented. It is noteworthy that the equation re-

tains two symmetries when it contains four arbitrary functions. When four arbitrary functions 

are substituted for concrete functions, the resulting equation exhibits enhanced symmetry. 

However, it is important to note that the Lie algebra space that admits fractional order RDCE 

is a sub-space of the Lie algebra of the integer order RDCE. In conclusion, the reduction of 

the original equation was achieved through the application of the corresponding symmetry 

when four arbitrary functions were converted into concrete functions. The findings of this 

study provide a solid foundation for future research on the equation, particularly in terms of 

its further resolution. 
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