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The objective of this paper is to present novel sufficient conditions for the oscilla-
tion of all solutions of a class of second-order neutral type damped non-linear 
differential equations by using the Riccati transformation and integral inequality 
technique. The merits of the obtained results are illustrated by the following ex-
ample. 
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Introduction 

Oscillation phenomena are present in many models derived from real-world applica-

tions [1-3], such as non-Newtonian fluid theory and turbulent flow of polytrophic gases in po-

rous media [4-6]. Became a hot topic recently in both mathematics and engineering, because 

of the importance of the oscillation of the second-order differential equations.  

We consider an important second-order non-linear oscillation equation which in-

volves damping term, which plays an important role in physics and engineering: 

 0( ( ) { ( )]} ( ) [ ( )] ( , ) { [ ( , )]}d 0,

b

a

r t z t p t z t q t f x t t t            (1) 

where 

1
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We assume that the following conditions hold:  

1
1 0( ) ([ , ),  )h r C t R  , ( ) 0r t   

2
2 0( ) ([ , ) [ , ],   )h C t c d R    , ( , )t t    , lim ( , )

t
t 


   

1
3 0( ) ([ , ) [ , ],  )h C t a b R    , ( , )t   

is a decreasing function with respect to ξ:  

( , )t t   , lim ( , )
t

t 


  , 
( , )

0
d t

dt

 
  

4 0( ) ([ , ) [ , ],  )h q C t a b R   , 0([ , ) [ , ],  )g C t c d R    

Many results have been obtained from the oscillation study of second-order differen-

tial equation. In [7], a second-order non-linear oscillation system is studied, and the important 

mechanism of periodic motion is revealed by using the amplitude-frequency formula of non-

linear oscillator. Some results have been obtained for the special case of α = β = 1 without 

damping term under regular conditions [8, 9]. Some results have been obtained for the special 

case of α = β > 0 without damping term under regular conditions [10-14]. Some results have 

been obtained for the special case of α = β > 0 without damping term under non-regular con-

ditions [15, 16]. Some results have been obtained with damping term under regular conditions 

[17, 18]. Some results have been obtained with damping term under non-regular conditions 

[19]. Some results have been obtained without damping term under regular conditions [20]. 

Some results have been obtained without damping term under non-regular or regular condi-

tions [21-23].  

In this paper, we study eq. (1) in the cases α > β or α ≤ β. Oscillation criteria for 

eq. (1) have been derived. The advantages of the results obtained are illustrated by an example. 

Oscillation criteria  

In this paper, we study the regular form: 

 1/
0( ) ( )d ,

t

t R s s t t


      (2) 

where

0

( )
( ) ( ) ( ), ( ) exp d .

( )

t

t

p s
R t E t r t E t s

r s
    

Lemma 1. If x(t) is an eventually positive solution of eq. (1) and hypothesis (2) 

holds, then z'(t) > 0 and have the following formula: 

 0{ ( )[ ( )] } ( ) [ ( , )] 0,R t z t A t z t b t t        (3) 

where  

( ) ( ) ( , ) 1 [ ( , ], )d d , 0

b d

a c
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  
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  
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Proof. Equation (1) is multiplied by E(t), we get: 

 0{ ( ) [ ( )]} ( ) ( , ) { [ ( , )]}d 0,

b

a

R t z t E t q t f x t t t          (4) 

Since x(t) is an eventually positive solution to eq. (1), there exists a t1 ≥ t0 such that 

[ ( , )] 0,x t    [ ( , )] 0x t    for t ≥ t1, we have: 

-1

1{ ( ) [ ( )]} [ ( ) ( ) ( )] 0,R t z t R t z t z t t t


         

hence 
-1

( ) ( ) ( )R t z t z t


   is a decreasing function for t ≥ t1, therefore z'(t) is also of one sign. 

Thus, there exists a t2 ≥ t1 such that z'(t) > 0 or z'(t) < 0 for t ≥ t1. 

Suppose that z'(t) < 0 for t ≥ t2, since 
-1

( ) ( ) ( )R t z t z t


   is a decreasing function for 
t ≥ t2, there exists a T1 ≥ t2, such that: 

-1

1 1 1( ) ( ) ( ) ( )[ ( )] ( )[ ( )] ,R t z t z t R t z t R T z T t T
            ,  

let 1 1 1( )[ ( )] 0,k R T z T     we get: 

-1

1( ) ( ) ( ) 0R t z t z t k


     , 1t T  

That implies: 

1 1( )[ ( )] ,R t z t k t T     

That is: 
1/ 1/
1 1( ) ( ),z t k R t t T      

We, therefore, obtain: 

1

1/ 1/
1 1 10 ( ) ( ) ( ) d ,

t

T

z t z T k R s s t T       

From eq. (2), we can know the contradiction. Therefore, we get z'(t) > 0 for t ≥ t2. 

Defined by z(t), we have: 

1( ) ( ) ( , ) [ ( , )]d ( ),

d

c

x t z t g t x t z t t t        

From z'(t) > 0 for t ≥ t2, z(t) is a increasing function for t ≥ t2. By condition (h2), 

( , )t t   , lim ( , )
t

t 


  , there exists a t3 ≥ t2, such that 2( , )t t    for t ≥ t3, we obtain 

( ( , )) ( )z t z t   , t ≥ t3, and: 

3( ) ( ) ( , ) [ ( , )]d ( ) ( , ) [ ( , )]d ( ) 1 ( , )d ,

d d d

c c c

x t z t g t x t z t g t z t z t g t t t         
  

       
  

    

By condition (h3), limσ(t, ξ) = ∞, there exists a t4 ≥ t3, such that σ(t, ξ) ≥ t3 for t ≥ t4: 

4[ ( , )] [ ( , )] 1 [ ( , ), ]d ,

d

c

x t z t g t u u t t     
  

   
  

   

where ( , )t   is a decreasing function with respect to ξ, we get: 

0( , ) ( , ), ,t t b a b t t        
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Considering z(t) is an increasing function for t ≥ t2, we have: 

4[ ( , )] [ ( , )],z t z t b t t     

and 

( , ) { [ ( , )]}d ( , ) [ ( , )]d

b b

a a

q t f x t k q t x t           

( , ) [ ( , )] 1 [ ( , ), ]d d

b d
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   

4[ ( , )] ( , ) 1 [ ( , ), ]d d ,

b d

a c

kz t b q t g t u u t t



     
  

   
  

    

From eq. (4), we have: 

4{ ( )[ ( )] } ( ) [ ( , )] ( , ) 1 [ ( , ), ] d d 0,

b d

a c

R t z t kE t z t b q t g t u u t t



      
  

      
  

   

Letting:  

( ) ( ) ( , ) 1 [ ( , ), ] d d

b d

a c

A t kE t q t g t u u



   
  

  
  

   

we get: 

4{ ( )[ ( )] } ( ) [ ( , )] 0,R t z t A t z t b t t        

Lemma 2. Hypothesis (2) holds, then: 

 ( 1)/( ) ( ) ( ) ( ) 0V t A t B t V t      (5)  

where  

( )[ ( )]
( ) , ( ) ( ) ( , ) 1 [ ( , ), ] d d

[ ( , )]

b d

a c

R t z t
V t A t kE t q t g t u u

z t b





   



   
   

  
   

    2 2 3 3min{ , }, min  1,  [ ( )] , min 1,  [ ( , )]  k z T k z T b
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1
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( , )
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[ ( , )]
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k k k B t

R t b

 




   



Liu, X., et al.: Oscillation of a Class of Non-Linear Neutral Type Damped … 
THERMAL SCIENCE: Year 2026, Vol. 30, No. 2A, pp. 1125-1136 1129 

Proof. (I) If α > β, we get: 

1

2

1

{ ( )[ ( )] } [ ( , )] ( )[ ( )] [ ( , )] [ ( , )] ( , )
( )

[ ( , )]

{ ( )[ ( )] } ( , ) ( )[ ( )] [ ( , )]

[ ( , )] [ ( , )]

R t z t z t b R t z t z t b z t b t b
V t

z t b

R t z t t b R t z t z t b

z t b z t b

   



 

 

    



 

 





    
  

    
 

 

From Lemma 1, we get: 

( 1)/

/

1/

/ ( 1)/
41/

1

( , ) ( )[ ( )]
( ) ( ) [ ( , )]( ( ))

( ) [ ( , )]

( , )
( ) [ ( , )][ ( )] ( ),

( )

{ ( )[ ( )] } ( )[ ( )] ( )[ ( )] ( ) 0

t b R t z t
V t A t z t b z t

R t z t b

t b
A t z t b z t V t t t

R t

R t z t R t z t R t z t z t

 


 

 

   


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













 



   
      

  


    

        4, t t

 

Since R(t) > 0 and R'(t) = E(t)p(t) + E(t)r'(t) > 0 for t ≥ t0, z′(t) > 0 for t ≥ t2, then  

z″(t) < 0 for t ≥ t4. The z'(t) is a decreasing function for t ≥ t4. Since:  

( , ) , lim ( , )
t

t t t   


    

there exists a t5 ≥ t4 such that σ(t, b) ≥ t4 for t ≥ t5. Thus z'[σ(t, b)] ≥ z'(t), t ≥ t5. We have: 

1

( 1)/
5( )/

( , ) 1
( ) ( ) ( ),

[ ( )]( )

t b
V t A t V t t t

z tR t

 

  

 




    


 

Since z'(t) is a decreasing function for t ≥ t4, there exists a T2 ≥ t4 such that  

z'(t) ≤ z'(T2) for t ≥ T2. We have: 

1

( 1)/
5( )/

2

( , ) 1
( ) ( ) ( ),

[ ( )]( )

t b
V t A t V t t t

z TR t

 

  

 




    


 

Letting ( )/
2 2min{1,  [ ( ] },k z T    we get:  

 
( 1)/2

51/

( , )
( ) ( ) ( ),

( )

k t b
V t A t V t t t

R t

 



  
      (6) 

(II) If α ≤ β, from Lemma 1, we get: 

1

1

( 1)/

( )/

{ ( )[ ( )] } ( , ) ( )[ ( )] [ ( , )]
( )

[ ( , )] [ ( , )]

{ ( )[ ( )] } [ ( , )] ( , ) ( )[ ( )]
{ [ ( , )]}

( )[ ( , )] [ ( , )]( )

R t z t t b R t z t z t b
V t

z t b z t b

R t z t z t b t b R t z t
z t b

z tz t b z t bR t
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 

 
 

  

 

 

 
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

 







    
   

      
    

   
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From Lemma 1, we get: 

( )/ ( 1)/
41/

[ ( , )] ( , )
( ) ( ) { [ ( , )]} ( ),

( ) ( )

z t b t b
V t A t z t b V t t t

z t R t

    



 
   

    


  

From Lemma 1, {R(t)[z'(t)α]}' ≤ 0, t ≥ t4. Since σ(t, b) ≥ t4 for t ≥ t5, hence: 

5( )[ ( )] [ ( , )]{ [ ( , )]} ,R t z t R t b z t b t t       

That is: 

1/

5

[ ( , )] ( )
,

( ) [ ( , )]

z t b R t
t t

z t R t b






  
  

  
 

We have: 

1

1/
( )/ ( 1)/

( )/ ( 1)/
51/

( ) ( , )
( ) ( ) { [ ( , )]} ( )

[ ( , )] ( )

( , )
( ) { ( [ , )]} ( ),

[ ( , )]

R t t b
V t A t z t b V t

R t b R t

t b
A t z t b V t t t

R t b




    

    













 

 

 
     

 


   

 

Since z'(t) > 0 for t ≥ t2 and [dσ(t, ξ)]/dt ≥ 0 for t ≥ t0, there exists a T3 ≥ t5 such that 

z[σ(t, b)] ≥ z[σ(T3, b)] for t ≥ T3. We have: 

( )/ ( 1)/
3 51/

( , )
( ) ( ) { [ ( , )]} ( ),

[ ( , )]

t b
V t A t z T b V t t t

R t b

    








 
      

Letting k3 = min(1, {z[σ(T3, b)](β – α)/α), we have: 

 ( 1)/3
51/

( , )
( ) ( ) ( ),

[ ( , )]

k t b
V t A t V t t t

R t b

 



 




      (7) 

We combine (I) and (II). Let λ = min{α, β}，k4 = min{k2, k3}, then eq. (6) combine 

with eq. (7) and write: 

( 1)/4
51/

( , )
( ) ( ) ( ),

[ ( , )]

k t b
V t A t V t t t

R t b

 



 




      

Letting:  

4

1/

( , )
( )

[ ( , )]

k t b
B t

R t b

 




  

we get: 

( 1)/
5( ) ( ) ( ) ( ) 0,V t A t B t V t t t       

We consider set: 

0 0 0{( , ) : }, {( , ) : }M t s t s t M t s t s t       
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where H(t, s) ÎC(M, R) is said to belong to class X, write it as H(t, s) ÎX, the following con-

ditions are satisfied: 

(ⅰ)  ( , ) 0H t t  , 0t t , ( , ) 0H t s  , 0( , )t s M  

(ⅱ)  
( , )

0
H t s

s





, 

1
0([ , ), R )C t   , 1

0( , R)h C M  and  

1
( , ) ( )

( , ) ( , ) ( , )
( )

H t s s
H t s h t s H t s

s s










  


, 0( , )t s M  

We give the following theorem by averaging of Philos type integrals. 

Theorem 1. Assume that: 

H， 1
0([ , ), R )C t   , 1

0( , R)h C M , 

 

1

71
4

( ) ( [ , )] ( , )1
limsup ( , ) ( ) ( ) d ,

( , ) ( 1) [ ( , )]

t

t T

s R s b h t s
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then eq. (1) is oscillatory.  

Proof. We use the method of proof to the contrary, suppose eq. (1) has non-oscil-

latory solutions x(t), suppose x(t) > 0 for t ≥ t0. From Lemma 2 we get: 
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Using the inequality [13]:  
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We have: 
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That is: 
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This formula is in contradiction with eq. (8), then eq. (1) is oscillatory. 

Theorem 2. Hypothesis (2) holds and there exists a 1
0( ) ([ , ), )t C t R   , such that: 
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then eq. (1) is oscillatory.  

Proof. From eq (5) we have: 
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Using the inequality [13]:  
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This formula is in contradiction with eq. (9), then eq. (1) is oscillatory. 

Theorem 3. The following is satisfied: 
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then eq. (1) is oscillatory. 

Proof. Suppose that eq. (1) has a non-oscillatory solutions x(t), without losing gen-

erality, assume that x(t) > 0 for t ≥ t0. From Lemma 2 we have: 
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From eq. (10), there exists δ ≥ λ/[(1 + λ)λ + 1] such that: 
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from (11), we have 1L , thus: 
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This formula is in contradiction with eq. (13), then eq. (1) is oscillatory. 

Example. Consider the following differential equation: 
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where φλ = |s|λ–1s, 1 < a < b, α > 1, β > 0. 
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Letting t0 = 1, ρ(t) = tλ, we get: 
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Then the conditions of Theorem 2 are satisfied, then eq. (14) is oscillatory. 

Conclusion 

In the domain of research on second-order non-linear differential equations with 

damping terms, which play a pivotal role in the fields of physics and engineering, a substan-

tial body of research has been dedicated to the exploration of their oscillatory behavior  

[24-27]. This paper undertakes an investigation into the oscillation of a class of second-order 

non-linear differential equations with damping terms that exert substantial influence in the 

aforementioned disciplines. The application of the generalized Riccati transform technique, in 

conjunction with specific methodologies, has led to the establishment of oscillation criteria for 

differential equations. 
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