BOUNDARY CONDITION IDENTIFICATION FOR OETHOTROPIC HEAT
CONDUCTION PROBLEMS BASED ON HYBRID TREFFTZ FINITE ELEMENT
METHOD WITHOUT ITERATION

Wenkai QIU, Haolong CHEN, and Huanlin ZHOU"
School of Civil Engineering, Hefei University of Technology, Hefei 230009, P. R. China
* Corresponding author; E-mail: zhouhl@hfut.edu.cn

It is essential to accurately identify the boundary condition of
pipeline’s inner wall in engineering analysis and calculation. An
efficient non-iterative algorithm based on the hybrid Trefftz finite
element method (HT-FEM) is presented to determine the boundary
condition of the inner wall for orthotropic media heat conduction
problems. The temperature of measurement points is obtained by
solving the forward heat conduction problems using the HT-FEM to
simulate the experimentally measured data. The evaluated
temperature at these points can be formulated as a function of the
temperature of the inner boundary nodes, whose boundary
conditions remain to be determined. The objective function is
established to quantify the deviation between the measured and
evaluated temperature at measurement points by utilizing the
least-squares approach. The unknown inner boundary conditions
are determined by minimizing objective function. Four numerical
examples are provided to analyze the inversion results for different
types of pipes. The effects of various factors, encompassing the
number and location of measurement point, measurement errors,
and mixed boundary conditions on inversion results are discussed.
The findings demonstrate that the proposed algorithm exhibits high
computational efficiency and accuracy in identifying boundary
conditions.
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1. Introduction

The inverse heat conduction problems (IHCP) are a critically important category in
engineering applications, where it evaluates cause features from the observed outcomes.
Usually, this problem can be solved through analytical [1] and numerical methods. However,
owing to the inherent limitations of analytical solutions, numerical methods have gained
broader applicability. The typical numerical methods include finite element method (FEM) [2,
3], finite difference method (FDM) [4], meshless method [5] and boundary element method
(BEM) [6, 7]. Furthermore, depending on the research objectives, IHCPs can be classified
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into multiple categories, encompassing inverse physical parameter problems [8-10], inverse
heat source problems [11], geometric shape reconstruction [12, 13], and boundary condition
identification [14, 15]. The application of numerical methods for boundary condition
identification offers a viable alternative to experimental measurements, significantly reducing
measurement costs in engineering applications. Consequently, the development of an efficient
numerical algorithm for identifying boundary conditions holds not only theoretical research
significance, but also provides convenience in solving engineering problems.

The HT-FEM has proven to be both successful and widely applicable in addressing
direct engineering problems [16-19], emerging as an efficient numerical tool. In contrast to
the traditional FEM, the HT-FEM employs a dual interpolation strategy, encompassing the
internal temperature fields within element domains and frame fields defined along element
boundaries. This greatly improves computational accuracy. Furthermore, the proposed
method shows satisfactory mesh distortion immunity [17]. However, to the authors’
knowledge, there have been limited applications of this method in inverse problems, and
research on its utilization in identifying boundary conditions has yet to be reported. Therefore,
exploring the application of HT-FEM for identifying boundary condition of pipeline’s inner
wall represents a highly meaningful endeavor.

Generally, the majority of inversion algorithms utilized for addressing inverse
problems, encompassing regularization techniques, gradient-based algorithms, intelligent
search algorithms, and neural network algorithms, necessitate an iterative procedure. Karnal
and Batul [20] used conjugate gradient method (CGM) with an adjoint problem-based
function estimation iterative technique to determine the heat flux and internal wall
temperature at the throat section of the nozzle. Frackowiak et al. [21] utilized CGM and
Tikhonov regularization to estimate the thermal boundary condition for 2D IHCP. Sun and He
[22] estimated the boundary temperature and heat flux of 3D heat conduction model using
fundamental solution meshless method and regularization method. Tourn et al. [23] adopted
the total variation regularization strategy to estimate surface heat flux for 1D linear IHCP.
Chen et al. [24] identified time-varying boundary conditions for 2D transient heat conduction
problem using improved cuckoo search algorithm and the dual reciprocity BEM. Wang et al.
[25] determined temperature-dependent thermal conductivity of charring ablator using genetic
algorithm and cubic spline interpolation. Udayraj et al. [26] identified the unknown boundary
heat fluxes by employing three metaheuristic algorithms. Sun et al. [27] used an improved
krill swarm algorithm to determine temperature-dependent material thermal properties. Yang
et al. [28] developed a modified CGM to estimate the thermophysical parameters of the
transient heat conduction problem, which is crucial for the analysis of composite material in
aerospace engineering. Ghadimi et al. [29] used artificial neural networks (ANN) and
sequence function to evaluate the absorbed heat flux of locomotive brake discs. Gu et al. [30]
identified transient surface heat flux during pool boiling processes by employing generative
adversarial networks.

Although iterative algorithms often exhibit high calculation accuracy, they are
plagued by computational inefficiency. This is primarily because of the inherent complexity
of the iterative process itself and the iterative errors that arise during calculation. Nevertheless,
non-iterative algorithms provide a compelling alternative. They are more competitive,
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primarily owing to their superior computational efficiency and, in certain aspects, enhanced
accuracy. Su and Chen [31] used virtual domains and rearranged the partial differential
equation matrix forms via FDM to determine the boundary geometry of a two-walls furnace.
Su et al. [32] adopted a non-iterative approach, based on grey prediction model, to determine
the geometric shape of the inner surface of furnace wall. Yu et al. [33] developed a
non-iterative scheme based on BEM to estimate unknown boundary conditions of the furnace
inner wall. Qiu et al. [34] introduced the concept of virtual domain and developed a
non-iteration method based on HT-FEM to determine unknown inner boundary geometry
shape. Inspired by prior research, the present work is the first to employ a non-iterative
algorithm, grounded in the HT-FEM, for identifying thermal boundary conditions in
orthotropic heat conduction problems. The temperatures at inner boundary nodes are
determined by reorganizing the stiffness matrix.

The structure of the remaining sections of this paper is outlined as follows. In Section 2,
the basic formula derivation, the direct and inverse problems are discussed. In Section 3,
Several numerical examples are adopted to verify the feasibility of the present method.
Finally, the conclusion of this paper is provided in Section 4.

2. The basic formulas and models
2.1. Problem description

The non-iterative inversion algorithm proposed in this paper is developed based on the
formulation of the corresponding direct problem. The analysis is conducted on a 2D pipeline
section model, where the material is assumed to exhibit orthotropic properties, as depicted in
Figure 1. The material property and geometry configuration of the entire model are known.
The outer boundary condition T, is prescribed as known, while the inner boundary
condition T; remains unknown and serves as the key quantity to be identified in this
research.

The governing equation for orthotropic heat conduction problems can be written as

k ﬂ+k ﬂ=0 in Q Q)
11 8X12 22 axzz
where k, and k,, denote the thermal conductivity, and T is the temperature. Q) indicates
the solution domain enclosed by boundary I'=I"jUI’;. The Dirichlet and Neuman
boundary conditions are given by

T=To onT, )
T=T:i onT, 3)
g=q onT, (4)

where T, represents the temperature imposed to the boundary T, T:is the unknown
temperature at the boundary T°,,and q is the unknown heat flux on the boundary T°,.

2.2. Direct Problems

The HT-FEM is adopted to solve the direct problem, thereby facilitating the acquisition
of measured temperature at measurement points. As illustrated in Figure 2, compared to
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conventional FEM, this method adopts a dual interpolation approach. Specifically, it
interpolates both the temperature fields in inner element domains and frame fields defined
along element boundaries.

Intra-element field

T(':N('cc
Frame field
TezNedu
Measurement point
Figure 1. Pipeline section model Figure 2. HT-FEM element model

The internal element temperature filed of the HT-FEM can be given by
n
T.() =D N,c,; =N, (X)c, (5)
j=1

where Ng; represents the complete solution system for orthotropic heat transfer, Ceis the
coefficient to be determined, and n is the number of terms of the truncated complete solution
system.

The frame temperature field is written as

T.(x) =N, (x)d. (x) (6)

where Ne represents shape function vector of linear interpolation, d, denotes
degree-of-freedom vector of the element node.

Then, the modified variational functional [16-19] is constructed to link the two
temperature fields and can be given by

n,=>1, ()
where

1_-[me = %J.Qe kiiTe,iTe,idQ - J.FET qe-redr + '[req (qe - qe )fedr - J.rel qu;dF (8)

where T, is partial derivative of temperature in the coordinate direction, T, and

Q. represent known temperature and heat flux, 'I:e denotes frame temperature. After
introducing the Gaussian divergence theorem, it can be further deduced that

Hme = %C:Hece +d;:rPe _C:Gede (9)

in which
H, =IFEQ:NedF, G, =IFEQ§NedF, P, =jeq|§|§qedr (10)
The stationary condition is used to derive the element stiffness equation
K.d, =P, (12)
where K, =G H.'G, is stiffness matrix, P, represents equivalent nodal thermal load

vector. Then, assembling each element stiffness equation to obtain the total stiffness equation
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2.3. Inverse Problems

When addressing the inverse boundary condition problem, most existing algorithms
typically employ an iterative process for computation. However, the proposed algorithm in
this paper introduces a novel scheme by directly determining the unknown boundary
condition without resorting to iteration. The core concept of the proposed method can be
concisely summarized as the following two steps:

Step 1. Calculate the temperature T, at measurement points.

The temperature values at the measurement points can be obtained by employing
HT-FEM to solve the direct problem.

Step 2. Determine the unknown boundary conditions by solving for the temperatures of
the internal boundary nodes.

The total stiffness equation (12) can be derived from the direct heat conduction
problem, where the node temperature vector d can be expressed as three components: the
temperature T, at the exterior boundary I",, the temperature T, in the domain, and the
temperature T, of the interior boundary T,.

d = {Tl’TZ'“'7T01T0+l"“7To+d ’To+d+17'“’To+d+i}T

. (13)
= {{To }Oxl 1 {Td }dxl J {Tl }ixl}
Similarly, the stiffness matrix K can be partitioned as
K= I:( Kl)dxo ’(Kz)dxd ’(K3)d><i:| (14)
So,
Kd=K,T, +K, T, +K,T, =P (15)
Furthermore, the node temperature in the intra-domain can be given by
(Td )dxl = (Kgl)dxd de1 - (KglKl)dxo (To)oxl - (K£1K3)d><i (T| )i><1 (16)
Then, the estimated temperature of measurement points can be manipulated as follows
T,=AP-BT, -CT, 17)

where A, B and C represent the sub matrices of K;', K;'K,andK;'Krespectively. The
objective function F is defined as the difference between the estimated temperature T, and
measurement temperature T _

F=(T,-T,)(T,-T,) (18)
substituting Eq. (17) into (18) yields
F=(AP—BT0—CTi—Tm)T(AP—BTO—CTi—Tm) (29)

The unknown temperature T, at the inner boundary node can be determined by taking the

first-order partial derivative of objective function F with respectto T, equal to zero

oF
— =0 20
oT, (20)
Further, T. can be written as
T = (CTC)‘1CT (AP-BT,-T,) (21)

For the identification of heat flux on the pipeline’s inner boundary, we first determine
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temperature of the inner wall based on the previous derivation. Then, we solve the direct
problem once again by combining the known boundary conditions and the established inner
temperature to identify the unknown inner heat flux.

The flowchart depicting the algorithm is presented in Figure 3.

| The stiffness equation Kd=P is solved by HT-FEM |
{ | :
The measured temperature Tm | R |
is obtained 2
[ | Estimate Ta by Eq.(17) l
J

| The objective function F is constructed by Eq.(18) |

| Calculate Ti by Eq.(21) |

| Compute heat flux by direct procedure |

Figure 3. Flowchart of the inverse process

3. Numerical examples

To comprehensively evaluate the performance of the proposed algorithm in identifying
boundary conditions, several numerical examples are considered. A comprehensive analysis
is conducted to investigate the effects of the number of measurement point, their location, and
measurement error on the inversion results. The average relative error can be given by

N N
ARE = \/Z(Tm “Toa ) /D (T ) x100% (22)
i=1

i=
the relative error is indicated as
T; _Texa

nv

RE = x100% (23)

exa
where T, ~and T, represent the inverse and exact temperature of the unknown boundary,

respectively, N denotes the number of nodes.
3.1. Identification of boundary conditions for circular pipeline

As illustrated in Figure 4, we analyzed a circular-ring pipeline model. In this model,
the inner boundary geometry is a circle of radius 0.25, and the outer boundary shape is a
circle with a radius of 1. The outer boundary condition is specified, whereas the inner
boundary condition remains unknown. The whole solution domain adheres to an analytical
solutionT = 2x? —x?. The finite element model is divided into 96 linear elements containing
112 nodes. The thermal conductivity values are k;, =1 and k,, =2. In this analysis, we
investigate the effect of the number of measurement points on inverse results. Figure 4
presents three distinct sets of measurement points, with m= 4, 8, and 16, respectively.



® boundary point e measurement point

(a) Model (b) m=4 (c) m=8 (d) m=16

Figure 4. Geometry model and different number of measurement points

Figure 5 displays the inversion results obtained with varying numbers of measurement
points, while their corresponding relative errors are shown in Figure 6. It can be seen from
these graphs that as the number of measurement points increases, the inversion results
converge more closely to the exact solution. Table 1 presents the ARE between the inverse
and exact solutions for different numbers of measurement points. Notably, the inverse results
demonstrate higher accuracy when the number of measurement points is configured as 16,
with an inversion deviation of merely 1.351e-3. The computational process is implemented on
a computer equipped with an Intel (R) Core (TM) i7-11700F @2.50GHz CPU and 16 GB of
system memory. The computational time of the proposed method is only about 0.0068 second
for the example, showing high efficiency in practical applications.
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Figure 5. Inverse results for different number Figure 6. Relative error of inverse results for
of measurement points different number of measurement points

Table 1 ARE under the different number of measurement points

Number of measurement points 4 8 16

ARE 2.174e-1 2.097e-1 1.351e-3

3.2. ldentification of boundary conditions for elliptic pipeline

As depicted in Figure 7 (a), a pipeline model characterized by an elliptic ring-shaped
cross-section is taken into consideration. The outer boundary geometry of the model is
elliptical, with a long semi-axis of 6 and a short semi-axis of 4. A precisely defined
temperature boundary condition T, =10 is imposed on the outer boundary of the studied
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domain. The inner boundary shape is formed by an ellipse with a long semi-axis of 3 and a
short semi-axis of 2. The temperature at inner boundary is unknown. Nevertheless, it is
assumed to adhere to the specific temperature T, =sin(x, + X,) . The thermal conductivity
values are determined to be k,=1 andk, =3. The entire computational domain is
discretized into 80 linear elements, which are associated with 96 nodes in total. 16
measurement points are utilized to perform the computational analysis. Here, the effect of the
locations of the measurement points on inverse results is discussed. Figure 7 (b-e) displays
four sets of measurement points at different positions.

® Boundary point ® Measurement point

0000

(a) Model (b)a=2.4 (c)a=2.8 (d)a=3.2 (e)a=3.6

=10

Figure 7. Geometry model and different locations of measurement points

Figure 8 illustrates the inversion results obtained for various positions of measurement
points, while their relative errors are depicted in Figure 9. The ARE between the inverse
solution and actual solution for the different locations of measurement points are presented in
Table 2. From these results, it can be clearly seen that the closer measurement points are to
the target boundary, the more accurate the inversion results are. It is worth noting that each
configuration of measurement point locations can achieve relatively accurate inversion results,
which reflects the stability of the proposed method. Meanwhile, the calculation takes 0.0011

second.
Table 2 ARE under the different location of measurement points

Location of measurement points a=2.4 a=2.8 a=3.2 a=3.6
ARE 5.630e-4 4.472¢-3 6.138¢-3 7.751e-2
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Figure 8. Inverse results for different locations Figure 9. Relative error of inverse results for
of measurement points different locations of measurement points



3.3. Pipeline with square ring section

The measured temperature at measurement points is obtained through a direct
procedure, which often introduces measurement errors during calculation. Therefore, to better
align with practical scenarios, the effect of measurement error on inverse results is
considered.

T =T +co (24)
where T_ denotes the temperature at measurement points from direct problem, & is the
standard deviation of measurement errors, and @ denotes a vector with random variables
that follow a uniform distribution.

As illustrated in Figure 10, we consider a pipeline with a square ring section. The outer
boundary geometry takes the shape of a square with a side length of 6, while the inner
boundary forms a square with a side length of 2. The outer boundary condition is explicitly
defined, whereas the inner boundary condition remains unknown and represents the quantities
to be identified. The entire computational domain has an analytical solution for the
temperature T =-10%? +2x; +3x,X, +4x +5%, +6. The thermal conductivities are k, =1
and k,, =5. The entire model is partitioned into 160 linear elements with 180 nodes. 20

measurement points are selected for analysis, as shown in Figure 10 (b).
e Boundary point @ Measurement point

(a) (b)
Figure 10. Geometry model and meshing
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Figure 11. Inverse results for different Figure 12. Relative error of inverse results for
measurement errors different measurement errors



Figures 11 and 12 depict the inversion results and their corresponding relative errors
for measurement errors of 1%, 3%, and 5%, respectively. Figure 13 displays the overall
average relative error for different measurement errors. It can be found that as the
measurement errors increase, the inversion results gradually deviate from the exact solution.
Notably, even when the measurement error reaches 5%, the overall average relative error is
merely 5.719e-2, which reflects that the proposed method exhibits low sensitivity to
measurement errors. In this example, the computational time is only 0.0064 second.

0.07 . r r r

0.06 -
TJIPE-2
0.05 |

0.04 |-

0.03 |

ARE

0.02 |

0.01

0.00

-0.01 L L 1 .

Measurement error

Figure 13. ARE of inverse results for the different measurement errors

3.4. Pipeline with quadrangle gyro ring section

A pipeline model with a quadrangle gyro ring section is considered as depicted in
Figure 14. The outer boundary is formed by the intersection of two ellipses, each with a
long-axis of b1=2 and a short-axis of a;=1.5. Similarly, the inner boundary is defied by the
intersection of two ellipses, each with a long-axis of b,=1 and a short-axis of a,=0.75. 80
linear elements with 96 nodes are adopted to discretize the solution model. The thermal
conductivities considered are represented by k,=1 and k, =3. The outer boundary
condition imposes a constant temperature T, =10 . The inner boundary condition is unknown
and is presumed to conform to the actual heat flux boundary condition, denoted as
g; =50sin(x, +X,) .

% ® Measurement point @ Boundary point

(a) (b)

Figure 14. Geometry model and meshing
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Figure 15. Inverse results and exact solution

Figure 15 shows the comparison between the inverse heat flux results and actual
solutions. It can be observed that the inverse results are in excellent agreement with the actual
solutions. Meanwhile, the computational time is 0.0052 second. This indicates that the
proposed method retains high computational accuracy and effectiveness in handling mixed
boundary conditions and directly identifying heat flux boundary conditions.

4. Conclusions

An efficient non-iterative algorithm grounded in HT-FEM is developed for identifying
thermal boundary conditions of the inner walls of pipeline in orthotropic media. The key of
this algorithm is the extraction and manipulation of the finite element stiffness matrix,
eliminating the need for any iterative processes during computation. Consequently, it achieves
high computational efficiency when solving inverse problems. The objective function is
formulated by the deviation between the measured temperature and evaluated temperature at
measurement points. The evaluated temperature can be derived as a function of the unknown
temperatures at the boundary nodes. Minimizing the objective function enables directly
identification of the unknown boundary conditions. Several numerical examples are
meticulously analyzed to investigate the effects of various factors, encompassing the number
of measurement points, their positions, measurement errors, and mixed boundary conditions,
on inversion results. The findings reveal that increasing the number of measurement points
leads to more precise inversion results. The greater the proximity of measurement points to
the boundary that requires identification, the higher precision of the inversion result. With the
increase in measurement error, the identification deviation gradually rises, but the
identification result remains reliable. Additionally, satisfactory inversion results can also be
obtained under mixed boundary conditions. This demonstrates that the proposed method
exhibits remarkable inversion accuracy and identification efficiency in identifying thermal
boundary conditions for the orthotropic heat conduction problem.
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Nomenclature

A - submatrix of matrix K;'

B - submatrix of matrix K;'K,
C - submatrix of matrix K;'K,
C, - undetermined coefficients

d - node temperature vector

F - objective function

K, K,, - thermal conductivity

K - thermal stiffness matrix

K., K,, K, - submatrix of K

N, - complete solution

N, - frame shape function vector

T_0 - outer boundary temperature
f - inner boundary temperature
T, - estimated temperature

T, - measurement temperature
'I:e - frame temperature

X, X, - coordinates
Abbreviation

ARE - average relative error

RE - relative error

Greek symbols

I", - outer boundary

n - number of terms of complete solution
N - number of nodes

P - equivalent thermal load vector

q - heat flux

q - heat flux boundary condition

I"; - inner boundary

(2 - solution domain

IT,, - variational functional
& - measurement error

- random variable

T - temperature
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