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In this current paper, a numerical analysis was performed to study the effects 

of variable viscosity and thermal dispersion considered for an Ergun-Darcy 

mixed convection flow on a heated horizontal plate from below by variable 

heat flux in a saturated porous medium filled with Tiwari and Das nanoliquid. 

The governing partial differential equations are transformed into coupled 

nonlinear ordinary differential equations using an appropriate similarity 

transformation and the resulting system of equations is then solved 

numerically by efficient finite-difference method. Numerical results are 

presented to illustrate how the physical parameters affect the flow field, 

temperature and concentration. Moreover, the interesting features of the 

solutions in terms of the number of Nusselt are presented graphically. 
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1. Introduction 

The interaction between nanofluid flow and heat transfer in porous media is a complex process 

influenced by intricate fluid dynamics and thermal phenomena. Nanoparticles, including metals, 

carbides, oxides, or carbon nanotubes, suspended in base fluids like water, ethylene glycol, oil, or 

toluene, can significantly alter flow behavior, resulting in changes to heat transfer rates and patterns. A 

thorough understanding of these heat transfer characteristics in nanofluid-saturated porous media is 

essential for various engineering applications, including thermal management systems, enhanced oil 

recovery, geothermal energy extraction, and chemical engineering. To optimize these processes for 

greater efficiency and performance, advanced computational modeling and experimental studies are 

employed. In-depth reviews of nanofluid-saturated porous media have been provided by Khanafer and 

Vafai [1], Vafai [2-3], and Nield and Bejan [4]. In addition, the mixed convective flow of nanofluids 

through porous media has garnered significant attention from researchers due to its relevance in various 

engineering and environmental applications. For instance, Rashad et al. [5] examined steady mixed 

convection boundary-layer flow past a horizontal circular cylinder in a vertically upward stream within 

a porous medium filled with a nanofluid. Their findings revealed that both the local Nusselt and 

Sherwood numbers increased with a rise in either the mixed convection parameter or the Biot number. 

Syakila and Pop [6] numerically investigated mixed convection boundary-layer flow past a vertical flat 

plate embedded in a porous medium saturated with nanofluids, utilizing various metal nanoparticles. 

Rohni et al. [7] explored steady mixed convection boundary-layer flow around a vertical circular 

cylinder embedded in a porous medium filled with a nanofluid, considering both heated and cooled 

cylinder scenarios. Sedki [8] studied mixed convective heat and mass transfer in nanofluid flow caused 

by a nonlinear stretching surface in a porous medium, under the effects of thermal radiation and chemical 
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reaction. A key finding of this study was that the thermal boundary layer thickness was smaller 

compared to the momentum and mass transfer layers, influenced by factors such as mixed convection, 

chemical reactions, and nanoparticle volume fraction. Raghunath Kodi et al. [9] investigated the impact 

of MHD mixed convection flow of Maxwell nanofluids through a vertical cone with porous material, 

considering variable heat conductivity and diffusion. Their work highlighted that an increase in Maxwell 

and magnetic parameters leads to a decrease in velocity, while temperature rises as radiation and 

thermophoresis parameters increase. Kumari et al. [10] examined the effects of a magnetic field on non-

Darcy mixed convection from a horizontal plate in a nanofluid-saturated porous medium. Lastly, 

Trîmbiţaş et al. [11] analyzed mixed convection boundary-layer flow past a vertical flat plate in a 

nanofluid with prescribed wall heat flux. 

The flow within porous media becomes more complex when dispersion mechanisms are 

considered. This complexity often results in significant thermal dispersion, where heat undergoes 

molecular diffusion due to mixing and recirculation of local fluid streams, which are induced by the 

intricate flow paths in the porous medium. In this context, Kameswaran and Sibanda [12] numerically 

investigated the effects of thermal dispersion on non-Newtonian power-law nanofluid flow over an 

impermeable vertical plate using the shooting technique. Their study revealed that, for fixed thermal 

dispersion coefficient values, the fluid temperature within the boundary layer decreases as the power-

law index increases, both for aiding and opposing buoyancy cases. Bouaziz and Hanini [13] focused on 

the effects of double dispersion in the double-diffusive convective boundary layer between a vertical 

plate immersed in a Forchheimer-Darcy saturated porous medium with a Buongiorno nanofluid. 

Sheremet et al. [14] studied the influence of thermal dispersion on transient natural convection in a 

wavy-walled porous cavity, using the Tiwari and Das nanofluid model. RamReddy and Venkata [15] 

performed a numerical analysis to investigate the combined effects of double dispersion and convective 

boundary conditions on natural convection flow over the vertical frustum of a cone in a nanofluid-

saturated non-Darcy porous medium. They accounted for the effects of Brownian motion and 

thermophoresis. Sudhagar et al. [16] explored the interaction between mixed convective boundary-layer 

nanofluid flow and thermal dispersion in heat and mass transfers within an isothermal vertical wedge 

implanted in a porous medium. Their findings indicated that thermal dispersion could significantly 

influence fluid flow and temperature profiles. Awad et al. [17] examined free convection in a porous 

layer with double dispersion effects in a nanofluid flow, using the Forchheimer extension for the porous 

medium and the Buongiorno nanofluid, which included Brownian motion and thermophoresis 

parameters. Meena et al. [18] investigated mixed convection flow over a vertical cone in a saturated 

porous medium, considering both thermal and solutal dispersion effects. Khashi'ie et al. [19] numerically 

analyzed mixed convection flow of Cu-Al2O3/water nanofluid along a vertical plate embedded in a 

porous medium, considering the effects of thermal dispersion. They found that, in the opposing 

buoyancy region, dual solutions were possible and that the laminar boundary layer flow began to 

separate from the plate. Additionally, the use of hybrid nanofluids and an increase in the thermal 

dispersion parameter were found to extend the separation point. 

Furthermore, the change in viscosity with temperature presents an interesting macroscopic 

phenomenon through fluid dynamics. The temperature-dependent fluid viscosity with the presence of 

the inertial force at the pore scale has a significant contribution to convective transport in porous 

medium. Certainly, the combined effect of these parameters will have large impact on heat and mass 

transfer rates. In this regard, Jayanthi and Kumari [20] have been analyzed the variable viscosity effects 



on non-Darcy free or mixed convection flow on a vertical surface in a fluid saturated porous medium. 

They noticed that the dynamic and thermal behaviors are found to be significantly affected by the 

variable viscosity parameter and Peclet Number. The effect of temperature dependent viscosity on 

forced convection heat transfer from a cylinder in cross flow of power-law fluids has been studied by 

Soares et al. [21]. The main result of this study is the variation of viscosity with temperature is shown 

to have a substantial effect on both the local and surface-averaged values of the Nusselt number.  The 

effects of variable viscosity, thermophoresis and non-Darcy mixed convection flow with heat and mass 

transfer over a porous wedge, under presence of the homogeneous chemical reaction of first order are 

investigated by Kandasamy et al. [22]. Pal and Mondal [23] explored the impact of Soret and Dufour on 

MHD buoyancy-driven heat and mass transfer over a stretching sheet in porous media with temperature-

dependent viscosity. The same authors [24] investigated the combined effects of magnetic field and 

convective diffusion of species through a non-Darcy porous medium over a vertical stretching sheet 

with temperature dependent viscosity and non-uniform heat source/sink. Makinde et al. [25] examined 

the effects of temperature-dependent viscosity on the heat and mass transfer in nonlinear MHD boundary 

layer flow past a vertical porous plate, in the presence of a magnetic field, thermal radiation, 

thermophoresis, and an nth-order homogeneous chemical reaction. From this study, it is found that skin 

friction is lower and Nusselt number is higher when the viscosity is temperature dependent. Umavathi 

et al. [26] studied the effect of variable viscosity and thermal conductivity on mixed convection reacting 

flow of a viscous fluid in a vertical channel. 

Inspired by the previous research and according to the author’s knowledge, the present study has 

not been discussed in the literature. The purpose of the present paper is to highlight the effects of variable 

viscosity on Ergun-Darcy mixed convection boundary layer flow towards a heated horizontal plate under 

the presence of thermal dispersion mechanism. The behavior of different parameters has been examined 

and displayed graphically. Moreover, the interesting features of the solutions in terms of the number of 

Nusselt are presented graphically. 

2. Problem statement 

Consider a steady two-dimensional, boundary layer mixed convective flow in nanoliquid 

saturated porous medium towards a horizontal plate heated at the bottom by a prescribed wall heat flux 

qw(x). A cartesian coordinate system is used with the x-axis along the plate and the y-axis normal to the 

plate. The ambient nanoliquid temperature is taken as T, while the mainstream velocity is U(x) which 

varies linearly with x, as   mBxxU 
. Here m can take two values, (m = 0) for an assisting flow over the 

plate and (m = 1) which represent a stagnation point flow about a horizontal plate. Implementing the 

nanoliquid model proposed by Tiwari and Das [27] along with the non-Darcy law (with Ergun's 

extension [28]). It is assumed that the Boussinesq approximation and the homogeneity and local thermal 

equilibrium in the porous medium are valid.                                                                                                                                                      

According Nield and Bejan [4]), the basic equations can be written in the Cartesian coordinates x 

and y as  
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Here x and y are distances along and perpendicular to the surface, u and v are the velocity 

components in the x and y directions, respectively. T is the temperature, nf is the fluid density where

    TT1 nf,nfnf  , g is the acceleration due to gravity; K is permeability of porous medium; C is 

inertial coefficient of the Ergun term. eff represent the effective thermal diffusivity which is a 

combination of the molecular diffusivity nf and the dispersion diffusivity d, where udd   . Here  is 

the thermal dispersion coefficient, u is stream-wise velocity and d refers to the mean particle diameter. 

Note that, this model is used for fluids and nanofluids as mentioned in [13, 19, 29, 30 and 31]. 

The boundary conditions associated with the above problem are as follows:  
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Table 1. The correlations of nanofluids with  represent nanoparticle volume fraction [32] 

Properties Nanofluids 

Density (ρ)   sfnf 1  
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It is assumed that the properties of fluid and porous medium are isotropic and constant except 

for the base fluid viscosity. The temperature dependent variable viscosity is prescribed as 
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Here  and Tr are constants, and their values depend on the reference state and thermal property of 

the fluid, (i.e., R). The viscosity of a liquid usually decreases with increasing temperature while it 

increases for gases. In general,   > 0 for liquids and   < 0 for gases. To underscore the significance of 

the equation mentioned above (eq 8), it is worth noting correlations between the viscosity and 



temperature of water and air. These fluids are commonly employed in engineering contexts, making 

their relationship particularly relevant.  

For air:    1
67422123


 .T. based on T = 293K (20°C)  

And for water    1
62588329


 .T.  based on T = 288 K (15°C)    

The physical characteristics of the nanofluid are given in Table 2. 

 

Table 2. Physical properties of fluid and nanoparticles [32] 

Property Water Cu Al2O3 TiO2 

cp (J/kg K) 4179 385 765 686.2 

 (kg/m3) 997.1 8933 3970 4250 

k  (W/mK) 0.613 400 40 8.9538 

  107 (m2/s) 1.47 1163.1 131.7 30.7 

  10-5 (1/K) 21 1.67 085 0.9 

 

Using the boundary layer approximation and introducing the Eq (8) and the Boussinesq 

approximation. From Eqs (1 – 4) we obtain: 
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The scale analysis has shown that the following transformation of variables is optimal [32]. 
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 is the stream function defined as  u y     v x    . Equations (9 – 10) can be 

simplified to a set of ordinary differential equations by using the similarity variables defined above. 
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In the aforementioned equations, dCEr ff    is Ergun parameter representing the inertia 

effect at pore scale where d is pore diameter, 
fd dUPe   is Peclet number depends on pore 

diameter,  2
xx PeRaM  is mixed convection parameter and Ds is the thermal dispersion parameter 

f
dUDs   . r is a constant, which represents the effect of variable viscosity of the fluid.  represent 

the exponent of surface heat flux 
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The corresponding boundary conditions becomes  
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The physical quantities of interest for this problem are the local Nusselt number Nux is defined as  

 


TTk

xq

k

hx
Nu

wf

w

f

x
                                                                  (14) 

In dimensionless form, Nux can be expressed as 
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3. Results and discussions  

The coupled ordinary differential equations (11, 12) exhibit nonlinearity, making analytical 

solutions unattainable. Incorporating boundary conditions (13) transforms the problem into a two-point 

boundary value problem, solvable through numerical methods. We employ an efficient and iterative 

finite difference approach facilitated by the bvp4c package in MATLAB. This package utilizes the 3-

stage Lobatto collocation formula, ensuring a continuous solution with fourth-order accuracy. Mesh 

selection and error control are determined based on the residual of the continuous solution. This method 

has proven successful in numerous research endeavors as [33] and [34]. For further insights, refer to 

[35]. In order to verify the accuracy of our present technique, we have compared obtained numerical 

solutions with analytical data of Guedda et al. [36], through the Nusselt number where no thermal 

dispersion effects and for forced convection. The comparison is in very good agreement, as shown in 

Figure 1. 

 

Figure 1. Variation of Nusselt with . 

Various kinds of nanoparticles, such as Cu, Al2O3, TiO2, and others, could be included in the 

model treated in Section 2. In order to save space, the dynamic and thermal behavior is studied in the 

case where the nanoliquid contains copper Cu nanoparticles. Further, here water has been considered as 

the base fluid. 

The variation of non-dimensional velocity distribution against the similarity variable  is shown 

respectively in figures 2, 3 and 4 for a few sets of values of r, Er, ,  and M. 
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The interaction between mixed convection and Ergun parameters is illustrated in figure (2). 

Analysis of this figure reveals that increasing the mixed convection parameter enhances the longitudinal 

velocity component, subsequently resulting in an improvement in the thickness of the momentum 

boundary layer. However, the presence of the inertia effect, as expressed by the Ergun parameter, results 

in a reduction of flow velocity near the surface, consequently causing a decrease in the boundary layer 

thickness. Figure (3) represent the impact of combined effect of thermal dispersion and viscosity 

parameter on the velocity field. From this figure, the increasing of viscosity parameter leads to increase 

the velocity near the plate, which implies the amplification of the momentum boundary layer thickness. 

This effect is due maybe to the significant difference between the surface temperature and nanofluid 

ambient temperature (T).  The same tendency is observed for the thermal dispersion parameter when it 

becomes important. The influence of the parameter  and the presence of nanoparticles in the base fluid 

on the velocity are shown in figure 4. Here  take two values, ( = 0) which means that the surface heat 

flux is constant and ( = 1) which means that the surface heat flux varies linearly with the x-axis along 

the plate. From this figure, for the both cases the augmentation of nanoparticles volume fraction leads 

to decrease the dimensionless velocity, which automatically reduces the thickness of the dynamic 

boundary layer. Physically, this effect is due may be to the increasing in the viscosity and thermal 

conductivity of the nanofluid.  

 
Figure 2. Velocity profile for varying Er and M 

(= 0.5, m = 1.0, Ped = 0.5, r = - 3, Ds = 1.0,  = 0.1). 

 

 
Figure 3. Velocity profile for varying Ds and r 

(M = 1.5, = 0.5, m = 1.0, Er = 1.0, Ped = 0.5,  = 0.1). 
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Figure 4. Velocity profile for varying Ds and r 

 (M=1.5, m = 0.0, Er = 1.0, Ped = 0.5, r = - 3, Ds = 1.0). 

 
 

Figures 5, 6, and 7 illustrate the temperature distributions with respect to the spatial variable η, 

under different sets of control parameters. A consistent observation across these figures is that the 

thermal behavior asymptotically approaches zero as the distance from the boundary increases, in 

conjunction with changes in physical parameters. From figure (5), it can be seen that the thermal 

boundary layer thickness decreases with the increase of the mixed convection parameter M for the both 

cases of . This phenomenon occurs due to the flow is assisting. The influence of thermal dispersion 

parameter on thermal comportment for the assisting flow (m = 0) and for stagnation point flow (m =1) 

is depict in figure (6). From this figure, the presence of the thermal dispersion can amplify the 

temperature field near the surface, which implies an enhancing in the thermal boundary layer thickness. 

Figures 7 show the effect of the viscosity parameter r for (Er = 0.1) and (Er = 3.0) on dimensionless 

thermal profiles. From this figure, it is clearly remarkable that the temperature decreases when r 

approach to zero for liquids. 

 

 

Figure 5. Effect of M and  on dimensionless temperature 

(Ds= 1.0, m = 0.0, Er = 1.0, Ped = 0.5, r = - 3,  = 0.1). 
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Figure 6. Effects of m and Ds on dimensionless temperature.  

(= 1.0, M = 1.0, Er = 1.0, Ped = 0.5, r = - 3,  = 0.1). 

 

 
Figure 7. Effect of Er and r on dimensionless temperature.  

(= 0.5, M = 1.0,  = 0.15, Ped = 1.0, Ds = 1.0, m = 0.0). 

 

To illustrate how the key governing parameters impact the heat transfer rate, as expressed through 

the local Nusselt number (Nux), a series of numerical simulations were performed. The outcomes of 

these simulations are outlined in figures (8 and 9). Figure (8) displays how the heat transfer rate changes 

with varying values of θr, considering different Ds values and for the presence or absence of 

nanoparticles. It is evident that the inclusion of nanoparticles notably improves heat exchange between 

the plate and the porous medium. However, when the dispersion increases lead to deterioration of the 

heat transfer rate. In addition, it is observed that the variation in viscosity can amplify the Nusselt 

number considerably where r is between (-2 and 0). Figure (9) illustrate the combined effects of mixed 

convection parameter M, Ergun parameter and variation of surface heat flux exponent . It is observed 

that when thermal buoyancy augment leads to enhance the heat transfer rate. The same tendency for .  
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Figure 8. Variation of Nusselt with Ds, r _and . 

(= 0.5, M = 1.0, Er = 1.0, Ped = 0.5, m = 0.0). 

 

 

 
 

Figure 9. Variation of Nusselt with M,   and Er 

(r = - 2, Ds = 0.5,  = 0.1, Ped = 0.5, m = 0.0).  

4. Concluding remarks 

This investigation devoted to analyze the mixed convection of Cu/water nanoliquid along a static 

horizontal plate in a non-Darcy porous medium with variation of viscosity under presence of thermal 

dispersion. The conclusions are as follows: 

 The variation of viscosity with the temperature plays an important role in the modification of 

momentum, heat and mass transport. 

 The presence of inertial force in pore scale leads to enhance of temperature profiles and leads to 

decrease the velocity near the surface. 

 The presence of the thermal dispersion can enhance the both of dynamic and thermal profiles in 

the boundary layer. 

 The effect of thermal dispersion on the heat convective transfer is more pronounced when 

working in a non-Darcy porous medium in the presence of nanoparticles with intensive mixed 

convection.  
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Nomenclature 

C    Inertial coefficient of the Ergun equation   

Cp    Specific heat at constant temperature [Jkg-1 K-1]  

d     Mean particle diameter 

Ds   Thermal dispersion parameter[m] 

F    Dimensionless Stream function [-] 
g  Acceleration due to gravity[ms-1] 

K  Permeability of the porous medium [m2] 

kf  Thermal conductivity of the base fluid [Wm-1 K-1] 

knf  Thermal conductivity of the nanofluid [Wm-1 K-1] 

ks  Thermal conductivity of the solid nanoparticles [Wm-1 K-1] 

M  mixed convection/thermal buoyancy parameter 

Nux  Local Nusselt number 

Pex  Local Péclet number  

qw  Heat flux from the surface of the plate [Wm-2]  

T  Fluid temperature [K] 

U  Free stream velocity [ms-1] 

u,v  Velocity components in the x and y directions [ms-1] 

x,y  Cartesian coordinates [m] 

Greek symbols 

αd   Dispersion diffusivity [m2s-1] 

αeff  Effective thermal diffusivity [m2s-1]  

αnf  Molecular diffusivity of nanofluid [m2s-1] 

 f Thermal expansion coefficient of base fluid [K-1] 

 nf Thermal expansion coefficient of base nanofluid [K-1] 

 s Thermal expansion coefficient of nanoparticles [K-1] 

γ  Dispersion coefficient of the porous medium 

 Similarity variable  

 Expansion of the thermal boundary condition 

nf  Dynamic viscosity of the nanofluid [Pas] 

f  Dynamic viscosity of the base fluid [Pas] 

  Dimensionless temperature  

r Viscosity parameter 

 Density [kgm-3] 

  Stream function. 
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