TWO NEW HYPERBOLIC INTEGRAL TRANSFORMS APPLIED IN THE
HEAT-DIFFUSION PROBLEMS

by

Xiao-Jun YANG *"*, Jian-Gen LIU®, Yi-Ying FENG", Ping CUI¢, Feng XU', Xiao-Ji SHANG?,
Chun-Hui HEY, Lu-Lu GENG"

& State Key Laboratory of Intelligent Construction and Healthy Operation and Maintenance of
Deep Underground Engineering, and School of Mathematics, China University of Mining and
Technology, Xuzhou, China
® Qin Institute of Mathematics, Shanghai Hanjing Center of Science and Technology, Yexie Town,
Songjiang District, Shanghai, China
¢ School of Mathematics and Statistics, Suzhou University of Technology, Changshu, China
¢ School of Mathematics and Statistics, Suzhou University, Suzhou, Anhui, China
¢ School of Mathematics and Statistics, Qujing Normal University, Qujing, Yunnan, China
"School of Business, Suzhou Polytechnic University, Suzhou, China
9 School of Civil Engineering & Transportation, Foshan University, Foshan, China
" School of Mathematics and Physics, Nanjing Institute of Technology, Nanjing, China

In this article we propose the hyperbolic sine integral transform for the first
time. We also show the special case of the hyperbolic cosine integral
transform by Jan Stochel and Jerzy Stochel. We give the inverse formulas of
the hyperbolic sine and cosine integral transforms. Finally, we investigate
the exact solutions for the heat-diffusion equation with open problems in
number theory.
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Introduction

The integral transforms have the important role in solving the differential equations in
real-world problems [1-3], representing special functions [4,5] and connecting with number theory [6].
Let R, R, , N and C be the sets of all real, nonnegative real, and natural numbers, respectively.
In this article, we study the following special integral transforms

H (s)= [h(x)sinh (xs)dx (xeR.), ®
and O

Q(s)= [(x)cosh (xs)dx (xet.) @
where [7.8] 0
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cosh (3a)
n:O
is the hyperbolic sine function, and
0 X2n+l
sinh (x 3b
HZ:;‘ 2n +1 (30)

is the hyperbolic cosine function, where ne N.

Here, eq. (1) is called the hyperbolic sine integral transform. Eq. (2) is called the hyperbolic
cosine integral transform, which is the special case of the hyperbolic cosine integral transform by Jan
Stochel and Jerzy Stochel [9]. We also plan to investigate their applications for the heat-diffusion
equation.

The rest structure of the article is given as follows. In Section 2, we suggest the hyperbolic
sine integral transform with the conjecture of Yang, Abdel-Aty and Geng. In Section 3, we discuss the
hyperbolic cosine integral transform with the Jensen conjecture. In Section 4, we consider the exact
solutions for the heat-diffusion equations by using the hyperbolic sine and cosine integrals. Finally, we
draw our conclusions in Section 5.

A New Hyperbolic Sine Integral Transform
In this article we set S={9/3=iw,weR,}(i.e, R, =[0,+w)), where i= J-1.
Theorem 1. If S= {.9 /9 =iw,we €R+} , then there exists the integral

—%g[h(x)sinh(xs)dx]sinh(xs)ds. 4

Proof. We now consider the Fourier sine integral transform [10]

o0

A(y):ja(x)sin(xy)dx (5)
0
and inverse formula [10]
2% .
a(x)_ng(y)sm(xy)dy, (6)
which leads to [10]
2% 7 . .
a(x)—;l‘h‘a(x)sm(xy)dx}sm(xy)dy. 7
By using [7]
sinh (ix) =isin(x), (8)
we can structure
iA(y):iTa(x)sin(xy)dx:Ta(x)sinh(ixy)dx 9)

and



o0

a(x)= 2 IA(y)sin(xy)dy:—Z;i]iA(y)[isin(xy)]dy=—%T[iA(y)]sinh(ixy)dy. (10)

7[0 0

Taking s=1iy with ds=idy and using eqgs.(9) and (10), we have

o0

iA(y)=iA(-is) = [ e(x)sinh(xs)dx (11)
and 0
x):—%T[iA(y)]sinh(ixy)dy:%T[iA(—is)Jsinh(xs)ds (12)
such that 0 Io
a(x :%j{ja smh(xs)dx}smh(xs)d ;Da smh(xs)dx}smh(xs)d. (13)
Taking h(x)=a/(x), we have
h(6) =2 1| Tn(x)sion 1) i ) n
which implies

h(x)= —i”[h(x)sinh(xs)dx]sinh(xs)ds .

Vd e

So, it is the required result.
Definition 1. The hyperbolic sine integral transform of the function h(x) is defined as

J'h smh xs (15)
0

Definition 2. The inverse hyperbolic sine integral transform of the function H (s) is
defined as

h(x):—i_ H (s)sinh(xs)ds, (16)

i g

where seS.
As a direct result, we have the following:
If egs.(15) and (16) hold, then there exists

UH s)sinh(xs ds}smh(xs)dx (17)

Putting

k=1

9x 5x
h(x)=¢( :42{(% k‘e2 —37k%e? Je”k ¢ } (18)

into eq.(15), Yang, Abdel-Aty and Geng guessed that [6,11]



T(y):j(/ﬁ(x)sin(xy)dx
o . s (19
= {Q‘,Kznzk“ez —3ﬁk2e2]e”kze“ }}sin (xy)d
0 k=1
has only purely real zeros for y e C.
Substituting eq.(18) into eq.(15), we show that
(20)

H (s) :Iqﬁ(x)sinh(xs)dx
g

{42{(2%% e? —3rk ezl ‘”kzezx}}sinh(xs)d )
for seC.

Open problem 1. Eq. (20) has only purely imaginary zeros in the complex plane seC
except for s=0.
A New Hyperbolic Cosine Integral Transform

Theorem 2. If S={9/9=iw,we R}, then there exists the positive integral

Dh x)cosh(xs dx}cosh(xs)d (21)

Proof. We now consider the Fourier cosine integral transform [10]

o0

B(y)=j,8(x)cos(xy)dx (22)
and inverse formula [10]
5
ﬂ(x):;IB(y)cos(xy)dy, (23)
which leads to [10]
:ET[T,B cos(xy) dx} cos(xy)dy. (24)
4 0LO
By using [7]
cosh (ix) =cos(x), (25)
we can structure
B(y):Tﬂ(x)cos(xy)dx:T,B(x)cosh(ixy)dx (26)
0 0

and



0

2 2 :

ﬂ(x)z—jB(y)cos(xy)dy:—J.B(y)cosh(lxy)dy (27)
4 0 4 0

Taking s =1y with ds=idy and using egs.(26) and (27), we have

0 o0

B(y)=B(-is)= J'ﬂ(x)cosh(ixy)dx = J'ﬂ(x)cosh(xs)dx (28)

0 0
and
ﬂ(x):ETB(y)cosh(ixy)dy:A_MB(—is)cosh(xs)ds (29)
T 0 7l 0
such that
ﬂ(x)ziilfﬁﬂ(x)cosh(xs)dx cosh(xs)ds . (30)
ZThiol o ]
Taking S(X)=(X), we have
2 'l |
a)(x)—Eﬂ!a)(x)cosh(xs)dx_cosh(xs)ds, (31)
which is equal to
w(x)= 2| ﬁw cosh(xs)dx}cosh(xs)ds
7z 0

So, it implies the required result.
Definition 3. The hyperbolic cosine integral transform of the function h (x) is defined as

Q(s)zia)(x)cosh(xs)dx. (32)

Definition 4. The inverse hyperbolic cosine integral transform of the function Q(s) is
defined as

a)(x):i_J'Q(s)cosh(xs)ds. (33)

i %

As a direct result, we have the following:
If gs.(32) and (33) hold, then there exists

I{ IJ.Q s)cosh xs)ds}cosh(xs)dx (34)
0 T
When we put
e & 5x 2,20
o(X)=¢(x):= 42‘:(272’2k482 —3rk%e?2 Je”“ } (35)

into eq.(32), Jensen conjecture [12,13] states that



[1]

()

#(x)cos(xy)dx

Il
O sy 8

0 0 9x 5x (36)
- f{4ZH2n2k e? —3rk’e? J kle’” }}cos(xy)d )
0 k=1
has only purely real zeros for y e C.
When we put eq.(35) into eq.(32), we show that
M(s)= '[¢5(x)cosh(xs)dx
° (37)

“ °° x 5x 2,2x
=I{42K2ﬂ2k4e2 —3rk’e? ]e‘”k ¢ }}cosh(xs)d )
0 k=1

for seC.

Open problem 2. Eqg. (3.15) has only purely imaginary zeros for s C.

By the result of Dave Platt and Tim Trudgian [14], we indeed obtain the purely imaginary
zeros of eq.(37).
Applications in the Heat-Diffusion Problems

In order to connect with the heat-diffusion equations, we now structure the following
hyperbolic sine and cosine integrals in the complex plane.

The hyperbolic sine integral H (s,t):C —C for te®R and seC isdefined as

0

H (s, t)—j tXZ¢5( x)sinh (xs)dx

L) 9x 5x
I {42{(27z2k4e2 —3rk?%?2 ) ”kzezx}}sinh(xs)d X
) —~

(38)

The hyperbolic cosine integral M(s,t) :C—>C for teR and seC isdefined as

M(s,t) —T tngzﬁ( x)cosh(xs)dx

= [e~ {42{[27&%2 ~ 3k ezl ”kzezx}}cosh(xs)d X
0

(39)

k=1

Remark 1. When t =0, (38) and (39) become (20) and (37), respectively.
We now consider the special cases of seR.
Finding the partial derivatives of (38) and (39) with respectto t implies that

w=£xze“2¢(x)sinh(xs)dx
9x 5x s
{42{(2#% e? —3rk eZJ e }}sinh(xs)d )
k=1

(40)

Il
O'—;S



and

In a similar way, we have

OH(s,t) T
- J;xe ¢(x)cosh (xs)dx

0 % g 2,2x
xe™ {42{(27&% 2 _3rk’e? je‘”k ) }}Cosh (xs)dx,
k=1

Il
O gy 8

6M(S,t)_°° 2 .
P _lxe ¢(x)sinh(xs)dx

“ o0 9 5 205
:J'xetX2 {42[[27z2k4e 2 _3rk%? ]e‘”k e ﬂsinh(xs)dx,
0 k=1

2 o)
0 I—(;szs,t) :!xze“zqﬁ(x)sinh(xs)dx
% 2 > % Sl 2,2x
= [x’e" {42{(27&%2 —3rk’e? je”ke }}sinh(xs)d )
0 k=1
and
2
o l\gs(zs,t) = [ x%™ ¢ (x)cosh (xs)dx

Combining egs.(40) and (44), we find the heat-diffusion equation [2,11]

6H(s,t)_82H(s,t)
ot os?

where the initial value condition for eq. (46) is given as

0
«< °° R 5x 2,2
:J'{42H2ﬂ2k4e 2 _3rk%?2 Je”k ¢ }}sinh(xs)d X
0

00 97X Q 2,2x
2™ {42[[2ﬂ2k4e 2 _3rk’e? ]e”k ¢ }}COSh(XS)d X
k=1

(41)

(42)

(43)

(44)

(45)

(46)

(47)



Similarly, by egs.(41) and (45), we show the heat-diffusion equation [2,11]
M(s,t) 0°M(s,t)

ot os* “9)
where the initial value condition for eq. (48) reads
M(s,t=0)= j¢(x)cosh (xs)dx
° (49)

% 2 % ﬂ 2,2x
I{4 thk“e 2 _37k’%e? Je‘”k e }}cosh(xs)d X
0 k=1

With help of the above results, we have the following open problems:

Open problem 3. (A) Egs. (38) , (40), (43) and (44) have only purely imaginary zeros in the
complex plane se€C except for s=0. (B) Egs. (39), (41), (42) and (45) have only purely
imaginary zeros in the complex plane se C.

Remark. From eq.(1), we obtain the hyperbolic cosine integral transform of the function
h (x) by Jan Stochel and Jerzy Stochel as follows [9]:

Q(s)zjw(x)cosh(xs)dg(x) (xeR,). (50)
0
Similarly, the hyperbolic sine integral transform of the function h (x) reads
H(s):jh(x)sinh(xs)d;((x) (xeR,). (51)
0

Conclusion

In the work we studied the hyperbolic sine and cosine integral transforms. We also suggested
the open problems for the hyperbolic sine and cosine integrals and their applications for the
heat-diffusion equations. The obtained results have been used to establish the deep bridge among the
integral transforms, real and complex analysis, heat-diffusion equation and number theory.

Nomenclature
t-time co-ordinate, [second] S -space co-ordinate, [m]
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