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Introduction 

The integral transforms have the important role in solving the differential equations in 
real-world problems [1-3], representing special functions [4,5] and connecting with number theory [6]. 
Let ℜ , +ℜ  ,   and   be the sets of all real, nonnegative real, and natural numbers, respectively. 
In this article, we study the following special integral transforms 

( ) ( ) ( ) ( )
0

sinh   H s h x xs dx x
∞

+= ∈ℜ∫ ,                   (1) 

and 

( ) ( ) ( ) ( )
0

cosh   s x xs dx xω
∞

+Ω = ∈ℜ∫                    (2) 

where [7,8] 
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is the hyperbolic sine function, and 
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is the hyperbolic cosine function, where n∈ .  
Here, eq. (1) is called the hyperbolic sine integral transform. Eq. (2) is called the hyperbolic 

cosine integral transform, which is the special case of the hyperbolic cosine integral transform by Jan 
Stochel and Jerzy Stochel [9]. We also plan to investigate their applications for the heat-diffusion 
equation.  

The rest structure of the article is given as follows. In Section 2, we suggest the hyperbolic 
sine integral transform with the conjecture of Yang, Abdel-Aty and Geng. In Section 3, we discuss the 
hyperbolic cosine integral transform with the Jensen conjecture. In Section 4, we consider the exact 
solutions for the heat-diffusion equations by using the hyperbolic sine and cosine integrals. Finally, we 
draw our conclusions in Section 5.   
A New Hyperbolic Sine Integral Transform 

In this article we set { }/ ,iw wϑ ϑ += = ∈ℜ (i.e., [ )0,+ℜ = +∞ ), where 1i = − .  
Theorem 1. If { }/ ,iw wϑ ϑ += = ∈ℜ , then there exists the integral 

( ) ( ) ( ) ( )
0

2 sinh sinhh x h x xs dx xs ds
iπ

∞

= −   ∫ ∫


.             (4) 

Proof. We now consider the Fourier sine integral transform [10] 

( ) ( ) ( )
0

siny x xy dxα
∞

Α = ∫                        (5) 

and inverse formula [10] 

( ) ( ) ( )
0

2 sinx y xy dyα
π

∞

= Α∫ ,                     (6) 

which leads to [10] 

( ) ( ) ( ) ( )
0 0

2 sin sinx x xy dx xy dyα α
π

∞ ∞ 
=  

 
∫ ∫ .              (7) 

By using [7] 

( ) ( )sinh sinix i x= ,                         (8) 

we can structure  

( ) ( ) ( ) ( ) ( )
0 0

sin sinhi y i x xy dx x ixy dxα α
∞ ∞

Α = =∫ ∫               (9) 

and 
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( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0

2 2 2sin sin sinh .ix y xy dy y i xy dy i y ixy dyα
π π π

∞ ∞ ∞

= Α = − Α = − Α      ∫ ∫ ∫  (10) 

Taking s iy=  with ds idy= and using eqs.(9) and (10), we have  

( ) ( ) ( ) ( )
0

sinhi y i is x xs dxα
∞

Α = Α − = ∫                 (11) 

and 

( ) ( ) ( ) ( ) ( )
0 0

2 2sinh sinh
i

i

ix i y ixy dy i is xs dsα
π π

∞ ∞

= − Α = Α −      ∫ ∫      (12) 

such that 

( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0 0

2 2sinh sinh sinh sinh
i i

i i

ix x xs dx xs ds x xs dx xs ds
i

α α α
π π

∞ ∞ ∞ ∞   
= = −   

   
∫ ∫ ∫ ∫ .   (13) 

Taking ( ) ( )h x xα= , we have 

( ) ( ) ( ) ( )
0 0

2 sinh sinh
i

i

h x h x xs dx xs ds
iπ

∞ ∞ 
= −  

 
∫ ∫             (14) 

which implies  

( ) ( ) ( ) ( )
0

2 sinh sinhh x h x xs dx xs ds
iπ

∞

= −   ∫ ∫


. 

So, it is the required result. 
Definition 1. The hyperbolic sine integral transform of the function ( )h x  is defined as 

( ) ( ) ( )
0

sinhH s h x xs dx
∞

= ∫ .                     (15) 

Definition 2. The inverse hyperbolic sine integral transform of the function ( )H s  is 
defined as 

( ) ( ) ( )2 sinhh x H s xs ds
iπ

= − ∫


,                  (16) 

where s∈ . 
As a direct result, we have the following: 
If eqs.(15) and (16) hold, then there exists  

( ) ( ) ( ) ( )
0 0

2 sinh sinh
i

i

H s H s xs ds xs dx
iπ

∞ ∞ 
= −  

 
∫ ∫ .               (17) 

Putting  

( ) ( ) 2 2
9 5

2 4 22 2

1
: 4 2 3

x
x x

k e

k
h x x k e k e e πφ π π

∞
−

=

  
= = −  

   
∑             (18) 

into eq.(15), Yang, Abdel-Aty and Geng guessed that [6,11] 
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( ) ( ) ( )

( )2 2

0

9 5
2 4 22 2

10

sin

        4 2 3 sin
x

x x
k e

k

y x xy dx

k e k e e xy d xπ

φ

π π

∞

∞ ∞
−

=

Τ =

    = −   
     

∫

∑∫
       (19) 

has only purely real zeros for y∈ . 

Substituting eq.(18) into eq.(15), we show that  

( ) ( ) ( )

( )2 2

0

9 5
2 4 22 2

10

sinh

        4 2 3 sinh
x

x x
k e

k

H s x xs dx

k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

=

    = −   
     

∫

∑∫
         (20) 

for s∈ . 
Open problem 1. Eq. (20) has only purely imaginary zeros in the complex plane s∈  

except for 0s = . 
A New Hyperbolic Cosine Integral Transform 

Theorem 2. If { }/ ,iw wϑ ϑ += = ∈ℜ , then there exists the positive integral 

( ) ( ) ( ) ( )
0

2 cosh coshih x h x xs dx xs ds
π

∞ 
=  

 
∫ ∫


.           (21) 

Proof. We now consider the Fourier cosine integral transform [10] 

( ) ( ) ( )
0

cosy x xy dxβ
∞

Β = ∫                       (22) 

and inverse formula [10] 

( ) ( ) ( )
0

2 cosx y xy dyβ
π

∞

= Β∫ ,                   (23) 

which leads to [10] 

( ) ( ) ( ) ( )
0 0

2 cos cosx x xy dx xy dyβ β
π

∞ ∞ 
=  

 
∫ ∫ .            (24) 

By using [7] 

( ) ( )cosh cosix x= ,                   (25) 

we can structure  

( ) ( ) ( ) ( ) ( )
0 0

cos coshy x xy dx x ixy dxβ β
∞ ∞

Β = =∫ ∫               (26) 

and 
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( ) ( ) ( ) ( ) ( )
0 0

2 2cos coshx y xy dy y ixy dyβ
π π

∞ ∞

= Β = Β∫ ∫          (27) 

Taking s iy=  with ds idy= and using eqs.(26) and (27), we have 

( ) ( ) ( ) ( ) ( ) ( )
0 0

cosh coshy is x ixy dx x xs dxβ β
∞ ∞

Β = Β − = =∫ ∫        (28) 

and 

( ) ( ) ( ) ( ) ( )
0 0

2 2cosh cosh
i

i

x y ixy dy is xs ds
i

β
π π

∞ ∞

= Β = Β −∫ ∫            (29) 

such that 

( ) ( ) ( ) ( )
0 0

2 cosh cosh
i

i

x x xs dx xs ds
i

β β
π

∞ ∞ 
=  

 
∫ ∫ .          (30) 

Taking ( ) ( )x xβ ω= , we have 

( ) ( ) ( ) ( )
0 0

2 cosh cosh
i

i

x x xs dx xs ds
i

ω ω
π

∞ ∞ 
=  

 
∫ ∫ ,          (31) 

which is equal to  

( ) ( ) ( ) ( )
0

2 cosh coshx x xs dx xs ds
i

ω ω
π

∞ 
=  

 
∫ ∫


. 

So, it implies the required result. 
Definition 3. The hyperbolic cosine integral transform of the function ( )h x  is defined as 

( ) ( ) ( )
0

coshs x xs dxω
∞

Ω = ∫ .                       (32) 

Definition 4. The inverse hyperbolic cosine integral transform of the function ( )sΩ  is 
defined as 

( ) ( ) ( )2 coshx s xs ds
i

ω
π

= Ω∫


.                     (33) 

As a direct result, we have the following: 
If eqs.(32) and (33) hold, then there exists  

( ) ( ) ( ) ( )
0 0

2 cosh cosh
i

i

s s xs ds xs dx
iπ

∞ ∞ 
Ω = Ω 

 
∫ ∫ .                (34) 

When we put  

( ) ( ) 2 2
9 5

2 4 22 2

1
: 4 2 3

x
x x

k e

k
x x k e k e e πω φ π π

∞
−

=

  
= = −  

   
∑             (35) 

into eq.(32), Jensen conjecture [12,13] states that  
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( ) ( ) ( )

( )2 2

0

9 5
2 4 22 2

10

cos

        4 2 3 cos
x

x x
k e

k

y x xy dx

k e k e e xy d xπ

φ

π π

∞

∞ ∞
−

=

Ξ =

    = −   
     

∫

∑∫
      (36) 

has only purely real zeros for y∈ . 

When we put eq.(35) into eq.(32), we show that  

( ) ( ) ( )

( )2 2

0

9 5
2 4 22 2

10

cosh

        4 2 3 cosh
x

x x
k e

k

s x xs dx

k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

Μ =

    = −   
     

∫

∑∫
        (37) 

for s∈ . 
Open problem 2. Eq. (3.15) has only purely imaginary zeros for s∈ .  
By the result of Dave Platt and Tim Trudgian [14], we indeed obtain the purely imaginary 

zeros of eq.(37).  
Applications in the Heat-Diffusion Problems 

In order to connect with the heat-diffusion equations, we now structure the following 
hyperbolic sine and cosine integrals in the complex plane.  

The hyperbolic sine integral ( ), :H s t →   for t∈ℜ  and s∈  is defined as 

( ) ( ) ( )

( )

2

2 2 2

0

9 5
2 4 22 2

10

, sinh

         4 2 3 sinh .
x

tx

x x
tx k e

k

H s t e x xs dx

e k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

=

    = −   
     

∫

∑∫
       (38) 

The hyperbolic cosine integral ( ), :s tΜ →   for t∈ℜ  and s∈  is defined as 

( ) ( ) ( )

( )

2

2 2 2

0

9 5
2 4 22 2

10

, cosh

           4 2 3 cosh .
x

tx

x x
tx k e

k

s t e x xs dx

e k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

Μ =

    = −   
     

∫

∑∫
       (39) 

Remark 1. When 0t = , (38) and (39) become (20) and (37), respectively.  
We now consider the special cases of s∈ℜ . 
Finding the partial derivatives of (38) and (39) with respect to t  implies that  

( ) ( ) ( )

( )

2

2 2 2

2

0

9 5
2 2 4 22 2

10

,
sinh

            4 2 3 sinh
x

tx

x x
tx k e

k

H s t
x e x xs dx

t

x e k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

∂
=

∂

    = −   
     

∫

∑∫
  (40) 
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and 

( ) ( ) ( )

( )

2

2 2 2

2

0

9 5
2 2 4 22 2

10

,
cosh

             4 2 3 cosh .
x

tx

x x
tx k e

k

s t
x e x xs dx

t

x e k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

∂Μ
=

∂

    = −   
     

∫

∑∫
 (41) 

In a similar way, we have 

 

( ) ( ) ( )

( )

2

2 2 2

0

9 5
2 4 22 2

10

,
cosh

             4 2 3 cosh ,
x

tx

x x
tx k e

k

H s t
xe x xs dx

s

xe k e k e e xs dxπ

φ

π π

∞

∞ ∞
−

=

∂
=

∂

    = −   
     

∫

∑∫
 (42) 

( ) ( ) ( )

( )

2

2 2 2

0

9 5
2 4 22 2

10

,
sinh

             4 2 3 sinh ,
x

tx

x x
tx k e

k

s t
xe x xs dx

s

xe k e k e e xs dxπ

φ

π π

∞

∞ ∞
−

=

∂Μ
=

∂

    = −   
     

∫

∑∫
  (43) 

( ) ( ) ( )

( )

2

2 2 2

2
2

2
0

9 5
2 2 4 22 2

10

,
sinh

               4 2 3 sinh
x

tx

x x
tx k e

k

H s t
x e x xs dx

s

x e k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

∂
=

∂

    = −   
     

∫

∑∫
   (44) 

and 

( ) ( ) ( )

( )

2

2 2 2

2
2

2
0

9 5
2 2 4 22 2

10

,
cosh

               4 2 3 cosh .
x

tx

x x
tx k e

k

s t
x e x xs dx

s

x e k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

∂ Μ
=

∂

    = −   
     

∫

∑∫
 (45) 

Combining eqs.(40) and (44), we find the heat-diffusion equation [2,11] 

( ) ( )2

2

, ,H s t H s t
t s

∂ ∂
=

∂ ∂
,                           (46) 

where the initial value condition for eq. (46) is given as  

( ) ( ) ( )

( )2 2

0

9 5
2 4 22 2

10

, 0 sinh

               4 2 3 sinh .
x

x x
k e

k

H s t x xs dx

k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

= =

    = −   
     

∫

∑∫
       (47) 
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Similarly, by eqs.(41) and (45), we show the heat-diffusion equation [2,11] 

( ) ( )2

2

, ,s t s t
t s

∂Μ ∂ Μ
=

∂ ∂
,                        (48) 

where the initial value condition for eq. (48) reads  

( ) ( ) ( )

( )2 2

0

9 5
2 4 22 2

10

, 0 cosh

                 4 2 3 cosh .
x

x x
k e

k

s t x xs dx

k e k e e xs d xπ

φ

π π

∞

∞ ∞
−

=

Μ = =

    = −   
     

∫

∑∫
       (49) 

With help of the above results, we have the following open problems: 
Open problem 3. (A) Eqs. (38) , (40), (43) and (44) have only purely imaginary zeros in the 

complex plane s∈  except for 0s = . (B) Eqs. (39), (41), (42) and (45) have only purely 
imaginary zeros in the complex plane s∈ .  

Remark. From eq.(1), we obtain the hyperbolic cosine integral transform of the function 
( )h x  by Jan Stochel and Jerzy Stochel as follows [9]:  

( ) ( ) ( ) ( ) ( )
0

cosh   s x xs d x xω χ
∞

+Ω = ∈ℜ∫ .                   (50) 

Similarly, the hyperbolic sine integral transform of the function ( )h x  reads  

( ) ( ) ( ) ( ) ( )
0

sinh   H s h x xs d x xχ
∞

+= ∈ℜ∫ .                 (51) 

Conclusion 
In the work we studied the hyperbolic sine and cosine integral transforms. We also suggested 

the open problems for the hyperbolic sine and cosine integrals and their applications for the 
heat-diffusion equations. The obtained results have been used to establish the deep bridge among the 
integral transforms, real and complex analysis, heat-diffusion equation and number theory.  
 
Nomenclature  
t -time co-ordinate, [second]   s -space co-ordinate, [m]  
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