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Velocity slip boundary condition for all Knudsen number values in microbearing
gas-flow is modeled by fractional derivative. For this purpose, a variant of Caputo
derivative with the variable order o. which depends on the local value of Knudsen
number is applied. Such a universal boundary condition is implemented in the solv-
ing procedures of continuity and momentum equations, which leads to the general
corrected Reynolds lubrication equation for all rarefaction degrees. An appropri-
ate transformation of the variables enabled obtaining an analytical solution for
mass-flow rate and pressure distribution in the microbearing. The presented solu-
tion is in an excellent agreement with the solutions based on the kinetic theory for
all regimes: continuum, slip, transition, and free molecular flow.
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Introduction

Gas-flow in slider microbearings deviate from the continuum condition even at the
atmospheric pressure. The level of deviation from the continuum, i.e. the level of rarefaction is
estimated by the Knudsen number value, which is defined as the ratio of the mean free path of
the molecules and the characteristic length. A gas-flow is commonly classified according to the
rarefaction as: continuum (Kn < 0.01), slip (0.0 < Kn < 0.1), transition (0.1 < Kn < 10), or free-
molecular flow regime (Kn > 10). Solutions for the slip flow regime are usually obtained by
continuum equations with slip and temperature jump boundary conditions at the wall, while for
the transition and free-molecular flow regimes the continuum approach breaks down. Gener-
ally, for modeling of a gas-flow in the transition regime, an extended continuum equation with
a range of various modified boundary conditions have been used, along with the direct simula-
tion Monte Carlo (DSMC). Free-molecular flow obeys the laws of kinetic gas theory and has
been solved numerically by the microscopic approach.

Deriving from the continuity and Navier-Stokes equations, together with the no-
slip boundary condition, the classical compressible Reynolds lubrication equation deter-
mines the pressure generated in the bearing. In order to expand its application on the rarefied
gas-flow in microbearings, several Reynolds lubrication equations for the slip boundary
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conditions have been derived so far. This allows a simpler way for obtaining solutions, instead
of solving the Kinetic theory equations.

Burgdorfer [1] revises a Reynolds lubrication equation with the Maxwells first-order
slip conditions at the wall. Mitsuya [2] used a 1.5-order slip boundary condition, while Hsia
and Domoto [3] set up the second-order boundary condition model. These conditions, in-
cluded in the continuity and momentum equations, lead to the 1.5-order and second-order
Reynolds lubrication model, respectively. Lockerby et al. [4] and Barbar and Emerson [5]
presented the reviews of the second-order boundary conditions that are appropriate for slip
and early transition rarefaction regimes. Different slip models, which predicted different slip
conditions at the slider surfaces were cited by Chen and Bogy [6]. Bahukudumbi and Beskok
[7] derived a semi-analytical model for gas lubricated microbearings for a wide range of
Knudsen number (Kn < 12) using a modification of the viscosity coefficient by the rarefaction
correction parameter. Sun et al. [8] obtained a modified Reynolds equation which could be
applied regardless of the rarefaction degree by defining expressions for the effective viscosity,
effective mean free path, and effective Knudsen number.

A way of extending the application of the continuum equations on the slip and transi-
tion flows is to apply the moment approximations derived from the Boltzmann equation, such
as Grad’s 13 moment equations (G13) [8] and the set of regularized 13 moment equations (R13)
[9]. Also, a set of wall boundary conditions for the 13 moment equations based on the Maxwell
wall-boundary model are derived by Gu and Emerson [10], which were later improved by Tor-
rilhon and Struchtrup [11] and Gu and Emerson [12]. According to these extended continuum
equations and boundary conditions defined from the regularized 13 moment equations, a mod-
ified Reynolds equation for the microbearing gas-flow was established by Yang et al. [13].
Moreover, a Reynolds equation for slider microbearing gas-flow also based on the R13 equa-
tions is derived from the kinetic theory by Gu et al. [14].

Furthermore, for the study of gas-flow in transitional regime, the DSMC has been
exploited by Alexander et al. [15], Liu and Ng [16], and John and Damodaran [17]. The DSMC
achieves reliable and accurate results, but it is computationally quite demanding.

Fukui and Kaneko [18, 19] obtained a solution for the slider bearings for the entire
Knudsen number range based on the linearized Boltzmann equation and Bhatnager-Gross-
Krook approach. This solution is used for checking other models for microbearing gas-flow,
but the process of getting results requires significant effort.

All previously mentioned Reynolds lubrication equations are finally solved numeri-
cally. Stevanovic and Djordjevic [20, 21] obtained the analytical solution for the extended
Reynolds lubrication equation based on second-order boundary conditions. That solution is ap-
propriate for slip and early transition flow regimes.

In this paper, the slip boundary conditions for all Knudsen number values are defined
by applying the fractional derivative. Using these slip boundary conditions together with
continuity and Navier-Stokes equations, a new corrected Reynolds lubrication equation for
all rarefaction degrees is obtained. It is solved analytically according to the approach pre-
viously presented [20, 21] and the new solution holds for the entire Knudsen number range.

Problem description and mathematical formulation

In this paper a steady isothermal compressible gas-flow in slider microbearing is an-
alyzed, fig. 1. The bottom plate is moving in the x-direction with velocity uw, while the upper
plate is stationary. It is assumed that the distance between plates h(x) is slowly varying, thus all
variables also change very slowly in the x-direction. Correspondingly, the velocity component
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in the y-direction is much smaller than the stream-wise component. Moreover, the gas-flow is
slow, with low Mach number, so the inertia effect is neglected. Based on these assumptions,
the continuity and momentum equations could be simplified [22]:
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vl where x, ¥, p, p, T, R, u, and m are stream-wise

and cross-wise coordinates, pressure, density,
temperature, gas constant, velocity component
in the x-direction, and the mass-flow rate per unit
width, respectively. Since the flow is isothermal,
it is assumed that the dynamic viscosity u is con-
stant.

The fractional calculus has proven to be a
useful mathematical tool and a natural frame-
work for many phenomena. Thus, the fractional
» 2 derivative in Caputo sense is applied for model-

ling the partial differential equations that enables

Figure 1. Schematic view of microbearing solving problems in different fields: diffusion or

dispersion problems [23], heat transfer problems

[24], for analyzing rheological properties of cells [25], etc. In this paper, the gas velocity is

modeled at the wall with a fractional derivative, in order to expand the application of the con-
tinuum theory to the entire Knudsen number range. We use a form of Caputo derivative [26]:
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and a(x) is the variable order of the derivative. Hence, the slip velocities at the bottom and top
walls are modelled as:
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where 7 = h(x) — y, ov — the tangential momentum accommodation coefficient, while ug(x) and
ui(x) are the gas slip velocities at the lower and upper plates.
The molecular mean-free path

P UA|7RT /2
p

for isothermal flow depends on pressure, i.e. according to eg. (3), only on the co-ordinate Xx.
That is why the local Knudsen number Kn(x) = A(x)/h(x) depends on x only. Hence, the order
of the derivative a(x) could be expressed via the local value of Knudsen number, a(Kn). More-
over, a = 0 for the continuum flow regime (Kn = 0), while a — 1 for the free molecular flow
(Kn — o). From now on, A(x), Kn(x), h(x), u(x), uo(x), us(x), p(x), and a(Kn) will be denoted
as 4, Kn, h, u, U, u1, p, and «, respectively.

The momentum eq. (2) and boundary conditions (6) and (7) lead to the solution for
the velocity field in the slider microbearing:

2 2
u=y—d—p—(h—d—p+uo—uljl+u0 8)

according to this solution for velocity, boundary conditions (6) and (7) become:
1+K, h*dp

=0:u=u,=u +——(2K, -K 9
y ¢ V142K, 2,udx( :7K) ®©)
y=h: u=u =y, ——w (10)
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where K3 and K depend on Knudsen number:
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by applying the solution for the stream-vice velocity (8) to the continuity eq. (1), where the
variable gas density is expressed by the equation of state (4), the differential equation for the
pressure along the microbearing is obtained:

P S R P (11)
124RT dx 2RT
eg. (11) in the non-dimensional form is:
1dP
m:—Z&H3P+(UO+Ul)HP (12)

where X, H, P, Ug, and U; are non-dimensional stream-wise co-ordinate, height, pressure, and
slip velocities at the walls, scaled by microbearing length, I, the microbearing height at the exit
he, the pressure at the microbearing exit pe and the velocity of the lower bearing wall uw, re-
spectively. Moreover, in the non-dimensional eg. (12) two non-dimensional parameters appear:
the bearing number A =6.m,l/ p.h? and parameter m = rin/rirc, where riic = peheUn/2RT is the
Couette mass-flow rate for continuum expressed by the gas-flow properties at the bearing exit.
For a microbearing whose cross section changes linearly, fig. 1, its dimensionless height is de-
fined as H = H;— (H; —1) X, where H;= h; / he is the dimensionless inlet microbearing height.
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The dimensionless gas velocities at the walls Up and Uz and their sum Ug + U follow
from the dimensional forms (9) and (10):

14K, 3H?dP

=—" 14 — (2K, -K 13
142K, 4 dX( 2 =K (13)
1
U, =U,— 14
U0 142K, (14)
6 ,dP
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o+U, =1 HE 2 (K- 2K,) (15)

Now, eg. (12) finally gets the form of the general corrected Reynolds lubrication equa-
tion for the entire Knudsen number range:

-1dP
:ZR[1+6(K1—2K2)]H3P+HP (16)

For continuum flow conditions, i.e. for Kn = 0, as expected, eq. (16) naturally come
down to the classical form of the Reynolds lubrication equation for the no-slip compressible
flow in the bearing.

Since the molecular mean-free path is inversely proportional to the pressure, the cor-
relation between local Knudsen number (Kn=A/h) and reference Knudsen number
(Kne = Je/ he) for isothermal gas-flow in microbearing is:

Kn _1 (17)
Kn, HP

In order to obtain the analytical solution, we transform differential eq. (16) using cor-

relation between pressure and Knudsen number (17):

Kn? H dkn) Kn
m= ¢ 11+6(K, —-2K 1-H +——M [+ —¢ 18
Aan[ (K 2)]( ' Kn dxj Kn (18)

where F(Kn) = 6(K1 — 2K>). Values of the Knudsen number at the microbearing inlet and exit
are defined by the following boundary conditions:

X =0: H=Hi,P=1:>Kn=|T_Te (19)
X=1: H=1P=1= Kn=Kn, (20)

Separation of variables Kn and X in eq. (18) gives the separable differential equation:
dX KnZ[1+F (Kn)]dKn
H, —(H,-1)X  AmKn®-AKn,Kn® +(H, -1)[ 1+ F (Kn) ]KnZKn
which solution can be obtained by quadrature. The integral of eq. (21) from the inlet to the
outlet cross-section, by applying the boundary conditions (19, 20):
InH, "¢ KnZ[1+F (k) ]dk
H -1 an Amk® = AKn K +(H, —1)[1+ F (k) [Knk

e/Hi

(21)

(22)
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enables obtaining the value of the parameter m. Here k is the dummy variable. To calculate the
value of the parameter m, apart from three non-dimensional parameters (Hi, 4, and Kne) that
define a gas-flow in microbearing, the function F(Kn) should be defined also. In order to deter-
mine F(Kn), it is necessary to know the correlation between the Knudsen number and the order
of the derivative a. By comparing the generalized Reynolds lubrication eq. (16) with the corre-
sponding one based on the Boltzmann equation [18], it:

Q, =1+6(K,-2K,) ie. Q, =1+ F(Kn) (23)

where Q, is the normalised flow rate coefficient of Poiseuille flow. We defined the values of
Q, for the specified Knudsen numbers by applying the numerical solution of the Boltzmann
equation presented by the power series expressions with errors less than 1% [19]. For so deter-
mined Q, for certain Knudsen number values, o is found from eq. (23). Moreover, we created
by fitting the analytical relations between « and Kn for the three Knudsen number domains:
Kn<0l a=-— 0.092207 3 0.25;681 B 0.4;3223 3 0.18;534 (24)

01<Kn<10, « =0.462839tanh[1.86821(¢& +0.184743)]+0.518343 (25)

 0.00999168 0.0697065 0.145592 N 0.061911

Kn>10, a=1 Tl . =
S 4 4 4

(26)

where & =logioKn

Now, for certain Hi, 4, Kne, and appropriate relation between a and Kn, the parameter

m can be found from eq. (22) numerically. After calculating the parameter m, the Knudsen

number distribution can be obtained by integrating eq. (21) from arbitrary to the outlet cross
section of the microbearing:

In[H, —(H, -1) X | Kfe KnZ[1+F (k)]dk

1-H, o AMK® = AKn K +(H, ~1)[ 1+ F (k) ] KnZk

Finally, the pressure distribution along the microbearing follows from the Knudsen
number distribution (27) and correlation (17).

(27)

Results and discussion

Solutions for the pressure distribution obtained from the general corrected Reynolds
lubrication equation presented in this paper are compared with the numerical solution of the
Boltzmann equation proposed by Fukui and Kaneko [18]. Figures 2 and 3 show those results
for the dimensionless inlet height of microbearing Hi = 2 and tangential momentum accom-
modation coefficient o, = 1. Figure 2 presents the pressure distribution for the bearing number
A =1, while fig. 3 corresponds to the bearing number 4 = 10. Both figures comprise results for
the whole Knudsen number range. In figs. 2(a) and 3(a) the diagrams present the results for the
slip flow regime (Kn<0.1), in figs. 2(b) and 3(b) results for the transitional flow regime
(0.1 < Kn <10), while in figs. 2(c) and 3(c) the results correspond to the free molecular flow
(Kn > 10). The results for the slip regime, figs. 2(a) and 3(a), are obtained using « dependence
on Knudsen number defined by eq. (24), for the transition regime, figs. 2(b) and 3(b), results
are obtained using o dependence on Knudsen number defined by eq. (25) and for the free
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molecular flow, figs. 2(c) and 3(c), the results are obtained using « dependence on Knudsen
number defined by eq. (26).
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1.040 P = 1.00020
e S e roosf 17! Kng=i1 At Kn, = 20

> h=2 h=2 h=2 S
1040 Kn, = 0.08 1.004 1.00015
1.025 ey

ne =0. Kn. =2
1.003 n
1.020 1.00010 18]
1.015 1.002 — Presented analytical solution
1.010 o [18] o [18] o 1.00005 Kn, = 50
1.005 — Presented analytical solution 1.001 — Presented analytical solutio ,
= Kn, =100
1.000 1.000 Kng =8 1.00000 e
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

(a) < (b) X (c) X

Figure 2. Pressure along the microbearing: the presented solution and the solution obtained by
Boltzmann equation [18] for 4 =1 and Hi = 2; (a) Kn<0.1, (b) 0.1 < Kn <10, and (¢) Kn > 10
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Figure 3. Pressure along the microbearing: the presented solution and the solution obtained by
Boltzmann equation [18] for 4 = 10 and Hi=2; (a) Kn<0.1, (b) 0.1 < Kn <10, and (c) Kn> 10

Higher values of Knudsen number (higher rarefaction) correspond to lower pressure
along the microbearing and lower load carrying capacity. Moreover, the pressure in the microbear-
ing and therefore load carrying capacity increase with the increase of the bearing number A.

Figure 4 presents the pressure distributions for different ratios of the inlet and outlet
microbearing heights Hi = 1.2, 1.6, 2, and 2.6, i.e. different pitching angles & = 0.002, 0.006, 0.01,
and 0.016 rad. It shows the comparison between the presented solution of the general corrected
Reynolds lubrication equation for all Knudsen number values with the DSMC data obtained
by Liu and Ng [16] and the results derived from the extended Reynolds equation based on
regularized 13 moment equations obtained by Gu et al. [14]. The results correspond to the tran-
sition regime (Kne = 1.24) and bearing number 4 = 61.6. Our results reproduce the DSMC
data of Liu and Ng [16] with good accuracy, even better than the results of Gu et al. [14] whose
discrepancy from the DSMC data [16] is up to 1.5%. Moreover, fig. 4 indicates that the position
of the pressure maximum slightly moves towards the microbearing exit as the ratios of the inlet
and outlet microbearing height H; increases.

Figure 5 shows the influence of the bearing number on the pressure in microbearing
along with the comparison with the results of Gu et al. [14] and Alexander et al. [15]. The
results are presented for the ratio of inlet and outlet microbearing heights Hi = 2, Knudsen num-
ber Kne = 1.24, and three values of bearing numbers 4 = 61.6, 123.2, and 221.8. The predicted
pressure distribution from our model are in a very good agreement with both researches [14,
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15]. Moreover, fig. 5 indicates that the position of the load center moves towards the micro
bearing exit with the increase of the bearing number.

The influence of the wall velocity on the pressure distribution in microbearing is pre-
sented in fig. 6 for bearing length I = 0.1m, inlet height h; = 66 pum, exit height he = 10 pm, ambient

1.45 18
p Kn, = 1.24
e 0=0.016
14F A=616 (H = 2.6) P Wi 12 q=2i1.s
- Presented solution =2 ;
1.6
= Presented solution A=1232
...... (4]
o DSMC, [15]
1.4
\ =616
1.2
4 .
0 0.2 0.4 0.6 0.8 X 1
Figure 4. Pressure distribution Figure 5. Pressure distribution
(the presented model, [14] and [16]) (the presented model, [14] and [15])
for the reference Knudsen number Kne=1.24 for the reference Knudsen number Kne=1.24
and the bearing number A = 61.6 for and Hi= 2 (pitching angle 8 = 0.01)
different Hi=1.2, 1.6, 2, and 2.6 for different bearing numbers

(pitching angles & = 0.002, 0.006, 0.01, and 0.016 rad) 4 =61.6,123.2 and 221.8

pressure  p=101325 Pa, ambient density °
p=1.1853 kg/m3, and dynamic viscosity u =
18.46 - 1078 Pas. Our results agree very well with 2%
the numerical results obtained by Holey et al.

[27]. 3

u, =125 ms™!

p

= Presented solution

Conclusions o [27]

2.5
A new analytical solution for the com-

pressible isothermal 2-D and low Much number
gas-flows in slider microbearings for the whole
range of Knudsen number has been presented.
The ability of the obtained solution to cover the
slip, transition, and free-molecular flow has been
achieved by modeling velocity boundary condi- ' o35 - - -
tions by a fractional derivative. It has been found Figure 6. Pressure distribution
that the order of the fractional derivative a(x) that (the presented model, [27]) for different wall
varies along microbearing can be expressed as Velocities uw (5 m/s, 50 m/s, 125 m/s)
the function of the local Knudsen number value since it also changes only with the x axis value.
That correlation between o and Knudsen number is found based on the values of the normalized
flow rate coefficient of Poiseuille flow Q, for certain Knudsen number obtained from the

-1
u, =50ms
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numerical solution of the Boltzmann equation [19]. Three correlations among the order of the
fractional derivative « and the local Knudsen number value, for three different Knudsen number
ranges, are defined to achieve the best fit.

Here obtained general corrected Reynolds lubrication equation for all rarefaction de-
grees was analytically solved. Expressing the local pressure via Knudsen number enabled sep-
aration of variables and obtaining the mass-flow rate, the Knudsen number distribution, and
finally, the pressure distribution along microbearing.

The presented solution for pressure in slider microbearings, based on the continuum
equations and slip boundary conditions modeled by the fractional derivative, is much easier to
obtain than a numerical solution of the Boltzmann equation and DSMC. Even though our solu-
tion follows from the continuum equations, a very good agreement with the Boltzmann equation
and DSMC is achieved for all degrees of rarefaction. This comparative analysis has shown the
reliability of the obtained analytical solution for pressure distribution in slider microbearings in
the whole range of Knudsen numbers.

A similar approach could be applied for modeling the slip boundary conditions in
microchannels and microtubes with slowly varying cross-section. In this way, it would be pos-
sible to obtain solutions for gas-flow in those geometries, due to the pressure difference between
the inlet and outlet, with the aim of including all levels of rarefaction with a macroscopic ap-
proach.
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Nomenclature

h — microbearing height, [m] X — non-dimensional co-ordinate, [-]

H — non-dimensional microbearing height, [-]

I — microbearing length, [m] Greek symbols

Kn — local Knudsen number, [=A/h], [-] a — order of the derivative, [-]

7l — mass-flow rate per unit width, [kgm-s] A — mean free path, [m]

nc — Couette mass-flow rate per unit width for A — bearing number[ = 6xu,1/p.h? 1, []
continuum expressed by the properties at the u — dynamic viscosity, [Pa s]
bearing exit, [= peheuw/2RT] , [kgms] P — density, [kgm=2]

m — parameter, [= m/mc], [-] ov — momentum accommodation

Qp  —normalised flow rate coefficient of coefficient, [-]
Poiseuille flow, [-] o — pitching angle, [rad]

p — pressure, [Pa] .

P — non-dimensional pressure, [] Subscripts

R — gas constant, [Jkg—tK] e — exit parameter

T — temperature, [K] i — inlet parameter

u — velocity component in 0 — parameters at the lower wall
the x-direction, [ms™] 1 — parameters at the upper wall

U — non-dimensional velocity, [-] w —wall

X,y — co-ordinates, [m]
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