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This paper addresses the entire functions via theory of the tempered xi function.
The zeros of the entire functions by the Fourier sine and cosine integrals are stud-
ied in detail. The method for the heat-diffusion equation is proposed to structure
the connection between Fourier analysis and heat-diffusion equation show the
open problems in analytic number theory.

Key words: tempered xi function, Fourier analysis, heat-diffusion equation,
open problems, analytic number theory

Introduction

The theory of the tempered xi (TX) function represents one of the newest develop-
ments in mathematics [1, 2]. It has a deep connection with the number theory, complex analysis,
Fourier analysis, and partial differential equations in mathematical physics [3, 4]. It has become
one of important branches of analytic number theory.

The TX function, first proposed in 2022 by Yang [1], is an entire function of complex
variable in analytic number theory. Let s be a complex variable. The TX function ®(s) is de-
fined by the integral [1]

(I)(s):4Igo(l)sinh{%(s—%jlnl}dl, (1)
where

| d(&
N=/+ 2| pr L e—nzné
0= 552
is the Riemann function [4].

In order to study the zeros of (1), we consider two entire function of complex variable
as follows. The entire functions A(s) is defined by the integral [1]

A(s)= 2Tgo(l)l”2(“’”2)dl. 3)
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The entire functions B(s) is defined by the integral [1]

B(s)=2 j @ (1)l 4)
1
We also write egs. (3) and (4) as
A(S) _ sz(l)el/2(s—1/2)lnldl (5)
1
and
B(S) _ sz(l)e—l/z(s—l/z)lnldl’ (6)
1
respectively.
By egs. (5) and (6), eq. (1) can be expressed as [1]
@ (5)=A(s)B(s). ™

The distribution of the zeros of the TX function is one of the important and interesting
topics in theory of the TX function. Let R(s) be the real part of the complex variable s. There is
a new challenge in the field of mathematics [1, 2].

Conjecture 1. All zeros of the function ®(s) lie on the critical line R(s) = 1/2,
see [1, 2].

The target of this paper is to study the new representation for the tempered xi function
and to suggest two open problems.

Entire functions in analytic number theory

At first, we rewrite eq. (3) as [1]

T d d‘//(l) 1/2(s-1/2
A(s)=2 1”4—{13/2— 113721, 8
! d dl ®)

where

50(1) = 171/4i P2 —dw(l) 2211/4 d!//(l) LV dz‘//z(l)
dl d/ 2 d/ dl

is the Riemann function [5], and

is the Jacobi function [5].
By eq. (3) and eq. (8), we present [1]

- T e d| 2dy(l) )
A -2 / 11/2(s 1/2)dl —of vt L2 11/2(3 l/z)dl.
“ !&0( ) ! d/ di 9

In a similar manner, we rewrite eq. (4) as [1]

T d d'//(l) —1/2(s-1/2
B(s)=2 1“4_{13/3—1 21, (10
! di di
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So, there is [1]

- l
=2 j ()" dr =2 j e 4 {13/2 d";l( )}1”2(“/2)&. (11)
1

In order to investigate the new representations for A(s) and B(s), we now suggest two

entire functions as follows.
The entire function A(s) is defined as
s(1-s)% p dl
As)=- (2 )J'z//(l)l‘”?. (12)

1

The entire function Q(s) is defined as

o(s) =y 0y

2 1

Following Edwards [6], we show
1
f(s) =5+(A(s)+Q(s)),

where £(s) is the Riemann entire zeta function [7].
One of authors [1] suggested that

f(s) = A(s)+]B(s).
We now set up the connections with the entire functions A(s) and A(s).
Making use of the integral

Jur () il {dy;l(l)(sl“zjdx=T%(EW(X)I”Z)M (14)

1 1 s

dl

- (13)

eq.(12) can be expressed as

A(s)z—@j;(zyx(z)f”jdz (1= ST ()(slmj . (15)

1
The second term of eq.(15) is equal to

s(1-5)% d 5
_ (2 )J‘dl(i_l/,(l)ls jdl:(l—s)(//(l), (16)
where

Td(2 K 2
—| = 1”2 dl = l’/2 dl =——w(1).
'!‘dl(s j I sl//()

1
With egs. (15) and (16), we may get
s(1-s)%d T dy(l
A(s)=(1-s)w (1)+ (2 )i l/(lil()(SZS/zjdl (1- )y/(1)+(1—s).[l”2#dl. (17
1 1
The second term of eq. (17) is equal to

0 o 0 s—1
(1 _S)‘[V/(l) (l)ls/Zdl _ j(l —S)Q{/(l) (Z)ls/Zdl — ‘[13/21//(1) (Z)%[_zlzjdl (18)
1 1

1
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We now consider the integral

Td| e @ ( “H T o d [ Slj w[ d ( 2 (1) ]:I =
Ly 202 ||di= [P ()] 202 |are2[| L] 2y (1) | ]2 ar
4 e P IFERU

The second term of eq. (19) is equal to

rd 3/2 2 Tz _

L T e
Combining egs. (19) and (20), we obtain

Tﬁ”://“’(z)sl[zz 2 jd1+2j[ % (1))}1S21d1=—2y/“)(1).

By eq .(21), we rewrite eq.(18) as

s—1

_ K (1) s/2 __00 3/2,, (1) i ol _ 1) T i 32, (1) —
asww(m m_jlw(Umejw_va+4hxzw(m}2d

1

Thus, we have from egs. (17) and (22) that

Als)=(1-s)w (1)+ 20" (1 +2j[ (7w )(I))}ls;dl.
By using the relation
Jl o {1 d"’(”}z” Pl =2f [ (P (l))}lszldl,
we have from eq. (23) that
A(s)=(1=s)y (1) +20" (1) + A(s).

We now show the connections with the entire functions B(s) and Q(s).
By egs. (12) and (13), we show

A(s)=Q(1-5)
and
Q(s) = A(l—s).
By egs. (5) and (6), we have
A(s)=B(1-s)
and
B(s)=A(1-s).

With the aid of eq. (24), we may get
A(l=s)=sy (1)+2p" (1) +A(1-5).
It implies from eqs. (26) and (28) that

Q(s) = sy (1)+2p" (1)+ B(s).

(19)

(20)

21

(22)

(23)

24

(25)

(26)

27

(28)

(29)

(30)
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There exists the functional equation
1
<I>(s)=(A(s)—ﬂ(s))+2(s—5jvx(1)- (31)

New entire functions in analytic number theory

The entire function A(s) is defined as

1-5) ~
A=A ()-() =5 ) &)
where
© 1-s
A(s)= j lll//(z)tz”2 —12}11. (33)
1
It is easy to see that
A(s)= 2.][1’3/41//(1)sinh B(S_%) lnl}dl. (34)
Substituting s =1/2+ix into eq. (34), we present
&ij = 2i.l[l3/41//(l)sin(xgllel. (35)
The entire function X(s) is defined as
1—-5)~
N(s)=A(S)+Q(s)=—S(2 N (36)
where
0 1-s
N(s)= j l-ly/(z)(z“” +12]dl. (37)
1
In view of eq. (37), we can get
a K 1 1
R(s)=2|1""w(I h| —| s——|In/ |dl.
(9)=2[17"y (1)eos L[ zjn} (38)
Substituting s = 1/2 + ix into eq. (38), we have
&[%H’x) = 2!1'3/4w(1)cos(§lnljdl. (39)

New entire functions in fourier analysis

To study the entire functions in analytic number theory, we give the following results.
Set

a)(x):: —ig[%ﬂ'xj:2Tl'3/4(//(l)sin(xglljdl (40)

and

0(x)=§(%+ixj =2Tr“w(l)cos(§lnl)dl~ @1
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Taking £ = ¢* into eqs. (40) and (41), we present

o(x) = [S(u)sin(xu)dp (42)
0
and
a(x):IS(y)cos(xy)dy, (43)
0
where
S(p) =43 " (44)
n=1
Thus, we obtain
@(%H’x]=2ixw(l)—i(%+x2)a)(x) 45)
and
§[l+ixj:l+[l+x2Ja(x) 46
2 2 \4 ' (46)
We now study the special value of the entire function
(I)[%+ix)—2ixy/(1) =0. 47

In this case, we obtain the following result:

Conjecture 2. All zeros of the entire function w(x) are purely real.

It is easy to see that x = 0 is a zero of the entire function w(x). We also investigate the
special value of the entire function

g&mj—%:o. (48)

Similarly, we show the following result:
Conjecture 3. All zeros of the entire function o(x) are purely real.
Remark. The Fourier cosine integral of eq. (46) was presented by Jensen [8] in 1913.

The method of the heat-diffusion equation

We now structure two entire functions w(z, x) and (¢, x) by the integrals
o(z,t) =Ie_K’“ZS(y)sin(zy)dy (49)
0

and

©

o-(z,t):Ie'K'”ZS(y)cos(zy)dy, (50)

0
where « is the thermal diffusivity.
Let us consider that

aa)(z,t)
ot

:—ij2S(y)sin(zy)dy, (51)
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D*w(z,t)
T(Z = —I 1S (u)sin(zu)du, (52)
oo (z,t <
(gt )=—ij28(y)cos(zu)d/4, (53)
0
62
6#2 = —I 1S (u)cos(zu)dp. (54)
From egs. (51) and (52) we have the heat-diffusion equation [9]
ow(z,t O’w(z,t
a)(z, )=K' a)(ZZ’ ), (55)
ot oz
subject to the initial value condition
a)(z,t:O):IS(y)sin(zy)dy (56)
0
and the boundary value conditions
o(z=0,0)=0, o(z=11)= Ie'”’”ZS(ﬂ)sin(y)dy. (57)
0
If the initial value condition for eq. (55) is given as
z t=0 J.S sin zy d,u 0, (58)
then it is Conjecture 1.
By egs. (53) and (54), we present the heat-diffusion equation [9]
oo (z,t 0’c(z,t
o) _ Jolzr) (59)
ot oz
subject to the initial value condition
0(2,tzO)=jS(,u)COS(z,u)d,u (60)
0
and the boundary value conditions
o(z=0,)= Ie”‘"’zS(y)dy, o(z=11t)= J.e”‘”’ZS(y)cos(y)dy. (61)
0 0
If the initial value condition for eq. (60) is given as
z t=0 J‘S cos z,u d,u 0, (62)

then it is Conjecture 2.

Conclusion

In the present work, we had proposed the entire functions by the Fourier sine and
cosine integrals. The method for the heat-diffusion equation had been proposed to structure the
connection between Fourier analysis and heat-diffusion equation. The open problems in analyt-

ic number theory had been considered in detail.
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Nomenclature

t - time co-ordinate, [second] z — space co-ordinate, [m]

Greek symbol

x — thermal diffusivity, [Wm'K™]
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