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In this paper we study relations for the covariant derivative of O’Neill’s tensor
fields, Riemannian curvature, Ricci curvature and scalar curvature of the Rie-
mannian submersion from a Riemannian manifold with respect to a new type of
semi-symmetric non-metric connection to a Riemannian manifold, respectively,
and demonstrate the relationship between them.
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Introduction

Defining smooth mappings from one manifold to another is a common method of
comparing two manifolds. Submersion is one such map, with a rank equal to the target mani-
fold dimension. The concept of submersion has enabled many important geometric studies.
O’Neill [1] and Gray [2] introduced Riemannian submersion between Riemannian submani-
folds. Also, for other studies on Riemannian submersion, [3-8].

On the other hand, the concept of semi-symmetric linear connection on a manifold M
was introduced by Friedman and Schouten [9]. Also, the semi-symmetric metric connection
was defined and studied by Hayden [10]. Later, Yano [11] researched a Riemannian manifold
with a new connection, known as a semi-symmetric metric connection. Also, in 1992, Agashe
and Chafle [12] introduced a new class of the semi-symmetric connection, called the semi-
symmetric non-metric connection, on a Riemannian manifold and studied some of its geomet-
ric properties. After, Sengupta et al. [13] defined a new type of semi-symmetric non- metric
connection on Riemannian manifold. Using these studies, Chaubey and Yildiz [14] have de-
fined and demonstrated the existence of a new type of semi-symmetric non-metric connection
on a Riemannian manifold. Many author have studied this type of connection [15-19].

Motivated by this studies in the present paper we consider Riemannian submersions
from a Riemanian manifold with respect to a new type of semi-symmetric non-metric connec-
tion to a Riemannian manifold.

Preliminaries

Let (M, gm) and (N, gny be C* — Riemannian manifolds of dimension m and n, re-
spectively, Riemannian manifolds. A Riemannian submersion f : M — N is a mapping of M
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on N satisfies axioms: i. f has maximal rank and ii. f. preserves the lengths of horizontal vec-
tors. If a surjective C*— manifold f: M — N has maximal rank at any point M, it is a C* —
submersion. We obtain an integrable distribution v that corresponds to the foliation of M by
putting v, = ker fx, for any p € M. Each v, is defined the vertical space at p, v is the vertical
distribution, the sections of v are the known vertical vector fields and determine a Lie subal-
gebra

2" (M) of y»(M). Let H represent, the complementary distribution of v that Riemannian metric g
produces. Therefore, the orthogonal decomposition T,M = v,@ Hp at any p € M is called the
horizontal space at p. The sections of the horizontal distribution 7 are the horizontal vector
fields. They establish a subspace »"(M) of y(M). The oE and hE stand for the vertical and
horizontal components of E, respectively, for any E € »(M) [20]. A horizontal vector field X
on M is said to be basic if X is f — related to a vector field X’ on N. A Riemannian submersion
determines O’Neill tensor fields with the type (1, 2). For any E, F € (M), the fundamental
tensor fields are:

where v: (M) — 2'(M) and h: (M) — #"(M) are vertical and horizontal projections, respec-
tively.
Forany X, Y € (M) and U, V € »'(M), from eq. (1), we can obtain:

VoV =TV +W,V, VX =T X +hv X, T,V =T,U @

So, if X is basic vector field then, hV; X =hV,U = A,U. Also, forany E, F, H €
7(M) the covariant derivatives of A and T are given by [4]:

(VE-A)FH=VE(AFH)—AVEF(H)—AF(VEH) (4)
(VeT)eH =Ve(Z¢ H)_TVEF(H)_TF (VeH) ()

Lemma 1. Let f: M — N be Riemannian submersion and X, Y basic vector fields on
M, f - related to X" and Y’ on N, then we have the following properties:
i.  h[X, Y]isabasic vector field and f.h[X, Y] = [X’, Y] - f,
ii.  h(VxY) is a basic vector field f — related to (V'x'Y’), where V and V' are the Levi-Civita
connection on M and N respectively,
iil. For vU € »'(M) and VE € »(M), [E, U] € T'(v) [20].
Definition 1. Let (M, g) be a Riemannian manifold, p € M and K, sectional curvature
at p. Then the function K, given by:

_gMIR(X, Y)Y, X]
IXIFIVIZ = gy (X, Y)?

p

is called the sectional curvature at p. This curvature is usually used in the in the form of K(X,
Y) for K (spanr{X, Y}).The Ricci curvature:

Ric:CY(TM) —>CZ(TM) by Ric(X,Y) = igM [R(X,e)e.Y]
i=1
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Also scalar curvature r € C*(M) by:

m m m
TzzRi (ej.€;) zzng[R(eivej)ej'ei]
i—1 j=1i=1
where {e1, €2, ..., em} is any local orthonormal frame for the tangent bundle. We denote Ric(X,
Y) by S(X, Y) in this paper [21].
Definition 2. Let (M, gm) be Riemannian manifold. We call f — adapted a local or-

tical [20.
Lemma 2. Let f: (M, gm) — (N, gn) be a Riemannian submersion between Riemanni-
an manifolds (M, gm) and (N, gn). Then we get:

ZQM(%XVZ/XJ‘):ZQM(%Uj:Z/Uj) (6)
i-1 j=1
n r
ZgM(Axxi'AYxi)zng(AXUj’AYUj) )
i-1 =1
DO (A X, TG X)) = g (AU, TpU)) )
i-1 =1

where X, Y € #'(M), U, V € #'(M), and {Xi, U;} is f — adaptable frame on (M, gwm) [20].
Definition 3. Let (M, gm) be a Riemannian manifold and V be the local orthonormal
frame of the vertical distribution. Then we define horizontal vector field A/ on (M, gw) [20]:

.
j=1
Lemma 3. Let f: (M, gm) — (N, gn) be a Riemannian submersion between Riemann-
ian manifolds (M, gm) and (N, gn). Let {Uj}1 <j<r be a local orthonormal frame of V. In this
case for any E € »(M), we obtain [20]:

r
Iu (VeN, X) = ng [(VET)UjijX]
j=1
Chaubey and Yildiz [14] introduce a new type of semi-symmetric non-metric con-
nection on a Riemannian manifold as:

VY =V, Y +%[77(Y)X (VY] ©)

for arbitrary vector fields X and Y on M and # is a 1 — form.

Now, we construct an example for Riemannian submersion.

Example 1. Let R® and R*be Riemannian manifolds endowed with_gw and gn stand-
ard inner product metrics, where X1, Xz, X3, X4, Xs and y1, y», ys canonical coordinates on R® and
R4 respectively f : (R%, gm) — (R4, gn) be submersion defined by:

Xy + X
2 5
f(X11X21X31X41X5) :(Xl’—'x3’x4j

N
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Then the Jacobian matrix of f is:

1 0 00 O
0 VN2 0 0 U2
0 0 10 O
0 0 01 O

A straight computations gives:

ker f. =span {Zl =—ai+i},

0
ker f.)t =span{T,=—+—T,=—,To=— T, =—
()p{laxzaxfszaxl3ax34ax4

Also by direct computations yields:

0 0 0
M =V2 o RM)=on 0= R =

3 4

f is a Riemannian submersion from the following equations:

Ov (M T) =gn [ (), £(T)], g (T2, Tp) = gn [« (T,), £(TL)1
v (T3, T3) = gn [F(T3), £(T3)], 9w (T4, Ty) = gn [F(Ty), £(T4)]

Riemannian submersions endowed with a new type
of semi-symmetric non-metric connection

Let M be a Riemannian manifold with metric gm, f be a Riemannian submersion
from M onto a Riemannian manifold N with metric gn and E, F € y(M). Then we have:

TF =hV gVF +W chF = ToF + %n(hF)vE (10)

AcF =WV, chF + hV,oVF = AF +%77(VF)hE (12)

where 7 and A are tensor fields on M admitting to a new type of semi-symmetric non-
metric connection V.

Proposition 1 Let f: (M, gv) — (N, gn) be a Riemannian submersion between Rie-
mannian manifolds (M, gm) and (N, gn). Then, 7 is symmetric on the vertical distribution
and A - is antisymmetric on the horizontal distribution.

Proof 1. Since TV oV forU,V e X¥(M)and 7 _is symmetric on the vertical
distribution in Rlemannlan submer3|on we get 7,V = T V. Similarly, because of
ALY =AY for X,Y e X"(M) and Ais anti- symmetrlc on the horizontal distribution in
Rimannian submersion, we obtain Ay, Y =AY +2.A4,Y.

Thus, the proof is completed.
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Lemma 4. Let f: (M, gm) — (N, gn) be a Riemannian submersion between Riemann-
ian manifolds (M, gwm), (N, gn) and E, F, G € x (M). Then we obtain,

i. gy (7F.G) = gy (7G, F) + 20y (TEF,G)+§[n(hF)gM (VE,VG) - 7(hG) gy, (VE,VF)]
ii. gy (A:F,G) =gy (JtEG,F>+29M(AEF,G)+§[n(vF>gM(hE,hG)—n(vG)gM(hE,hF)]
Proof 2. i) Forany E, F, G € x (M), by using (10) we obtain:

~ 1
Ou (7eF.G) = gy (7cF,vG) +§77(hF)9M (VE,VG) + gy (7cF,VG)

~ 1
9m (TEF'G):gM(TEFiG)"'E’?(hF)gM (VE,hG) (12)
Similarly we get:
~ 1
Om (7eG, F) = gy (7eG, F)+§f7(hF)gM (VE,vG) (13)

If eq. (12) is subtracted from eq. (13), i. comes. By using same way, it can see easily
ii. Thus the proof is completed.

Lemma 5. Let f: (M, gum) — (N, gn) be a Riemannian submersion between Riemann-
ian manifolds (M, gm) and (N, gn).Then we obtain:

Vy X =7y X +hv, X +%77(X)V, VyW =Z,W +V,W (14)

ViV = AV +WWy V +%;7(v)x, VY =AY +hv, Y (15)

forV,We x'(M)and X, Y € x" (M), where V,W =vV,W.
Proof 3. Since V is a Levi-Civita connection, using eq. (9), we obtain:

Vy X =v{vvx +%[77(X)V —n(\/)x]}+ hvy X

Also, from (10), we obtain 7, X +VvV,, X. Thus, we can easily get the first eq. (14).
The other equations can be obtained similarly.

We define following expression by using eqgs. (4) and (5) for a new type semi-
symmetric non-metric connections.

Definition 4. Let f : M — N be a Riemannian submersion between Riemannian man-
ifolds (M, gm) and (N, gN). The covariant derivatives of 7and A are:

(6E7Z)FH :ﬁE(TFH)_TﬁEFH _TF(ﬁEH) (16)

(VeA)p H = Ve (AeH) - Ay H = Ae (VeH) 17)

where E, F, G arbitrary vector fields on y(M).
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Lemma 6. Let f: (M, gm) — (N, gn) be a Riemannian submersion between Riemann-
ian manifolds (M, gm) and (N, gn). Then we obtain,

VA =—A . WT)y =-T ,
(Vx A AXW%U(W)X W T)y TVY%U(Y)V

(6V~A)W = _ATVWv (ﬁx Ty = TAXY (18)

forany X, Y € x"(M) and V, W € y"(M).

Proof 4. Here, we will only give the proof of the first equation in (18). The proof of
other equations in (18) can be done in a similar way. Let F be an arbitrary vector field on M.
If eq. (4) is used for a new type of semi-symmetric non-metric connections, then we obtain:

(¥ Ah F = (AF) — Ay o F — Ay T F (19)

Since A is horizontal, we see that Aw = Anw = 0. Also, if we use the first eq. (15),
we get:

Vy Ay F=-A,  F=-A F=-A
VA Ay, AXW+V§XW+%77(\N)X .AXW+%r7(W)X

Thus the proof is completed.

Curvature relations with respect to a new type
of semi-symmetric non- metric connection

In this section, we will obtain the Riemannian curvatures of the Riemannian mani-
fold with respect to a new type of semi-symmetric non-metric connection according to the
O’Neill tensor fields and their covariant derivatives.

Theorem 1. Let f : (M, gu) — (N, gn) be a Riemannian submersion between Rie-
mannian manifolds (M, gm) and (N, gn). Riemannian curvatures of M with respect to a new
type of semi-symmetric non-metric connection V are given by:

ROX,Y)V = A AV +hV, AV + AWV W WV =TV -
—A AN —hVy AV — AW,V =Wy WV =V oV +

+%77(\/)[(,4X hY +h¥ hY) = (A hX +h¥y hX)] (20)
RUNVW =T, T,W +hVy TW =V W + TGV W +V VW =V, W —
T TGW RO TOW + (W)U — (W= T9W -V, 9w @)

R(X,Y)Z =V VyZ-VyVyZ+AAZ - A AZ - 24, ALY —
2Ty Z+ WY AZ Wy AZ+ ANV Z - AVYZ +

+%[77(AYZ)X ~ A2 —n(@Z)(XY)] (22)
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ROXGV)Y = Ay T Y +v¥y T, Y +%77(TVY)X + AS,Y +h¥, ho,Y +
+%n(v)[,4xv YR +%;7(V)hx —(X,V)}—Z,AXY _Gy ALY —
- - . 1 -~ -
where U, V, W € (M) and X, Y, Z € x"(M).
Proof 5. We will only give the proof of eq. (20). The proofs of egs. (21), (22), and

(23) can be obtained easily in a similar way. We define Rimannian curvature tensor of M with
respect to a new type of semi-symmetric non-metric connection v by:

From [X, Y] €x"(M), egs. (14), (15), and (24), we get:

ROX,Y)V =V AV + VWV =V AV -V, V V +
1 . 1 ~ .
+§77(V)Vx hy _EU(\/)VY hX = Zix vV = VixyV

If the necessary straightforward computation is made in the last equation, we obtain
eq. (20).

Corollary 1. Let f : (M, gu) — (N, gn) be a Riemannian submersion between Rie-
mannian manifolds (M, gm) and (N, gn). The R,R', and R denote the Rimannian curvatures of
M, N, and [f(x), gx] for x € N respectively. In this case, the following equations are ob-
tained:

0 [RU VW, F] = gy [RUVW, F1 - gy (7 F, W) + gy (T F, W) +
UGy U, F) = (T W)IM (Y, F)] (25)

Im [RU, VW, X]= Om [(6UT)VW’ X]1-9m [(6VT)UW1 X] (26)

gm [R(X,Y)Z,H]= gy [R'(X,Y)Z, H] - gy (AxH, A Z) + gy (AH, A Z) +
1201 (A H ALY+ 1A, 230 (X H) = 7(A2)gn (Y H)] (27)
om [R(X,Y)Z,V]1=-20 (T, Z, AY) + G (VX A ZV) =gy (Vy A Z,V) +
+0u (AxV'y ZV) = gy (A V' Z,V)—én(Z)gM [(X,Y).V] (28)
gw [R(X,Y)V, W] =%{9M [V A V)W = gy [(Vy A XV ), W=7V ) gy (A Y W)} +

+gum (VX VWV W) =gy (Vy WiV, W) =gy (ﬁ[X,Y]V’W) (29)
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9 [ROGY IV, HT = 03y (95 AXY V), HT = G [(Fy AY(X V), HT +
+20)Gw (FY H) = (F X, )T+ G (T HLIX YD (30)
90 [ROGYY W = gy (75 Ty Y W1 0y (9 A) Y W1+ Gy (AW, 0, X) +
9 (T Y V9 X) + 21709y (% X ) =767 ) g (VW) (31)

9m [R(X,V)Y,H]= v (TyH, AxY) =gy (AxH, Z,Y) +
+gm (WVxhVy Y, H) = gy (hVyhVy Y, H) - gy (hﬁ[X,V]Y’ H)+
1 1
+§{77(TVY)9M (X,H)+n(Y)[gw (AxV, H)+E770/)gm(X,H)]} (32)
where X, Y, Z, H€E€ £ (M) and U, V, W, F € 2'(M).
Proof 6. Here we will investigate eq. (31). The proof of other equations can be ob-

tained in a similar way. By using egs. (14), (15), and (23) with straightforward computations,
we have:

. . 1 .
Ium [ROX V)Y, H] =gy (Wi T, Y W) + gy (AxhVy Y W) +§77(Y)9M VWiV, W) -
. ~ 1
—gm (Vy AxY W) — gy (ZVhV Y W) _EU(Y)gM (X\viw)-
1 -~
10V V)G VW) = Gy (g Y W)+ G (g, Y W) (33)
where X, Y € #"(M), V, W € #'(M). On the other hand from eq. (16) we get:
Om [(ﬁx T)Y W]=gy (ﬁx%YvW) +0m (’T@XVY,W) —Owm (ZlﬁxY’W)
Additionally from eq. (15) we have:
~ ~ 1
Im[(Vx T Y W]=gy (ALY W) —gy (VxZ,Y W) +E77(7;/Y)9M (hX,W) -
1
—Om (T4 Y W) =g (Tvg, VY!W)_EU(V)QM (T Y. W) -
—gw (Ty AxY W) =gy (ZyhV Y, W)

Thus we obtain:

I (VxTh Y Wl=gy (Wi T, Y W) -gy (ZNXVY’W) — g (TyhVY W) (34)
Similarly from egs. (17) and (14) we have:

I [(Vy A)x Y WI= gy (Vy AxY W) = gy (Ayg, Y W) = gy (AxhVy Y W) (35)
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In that case, from egs. (33), (34), and (35) we obtain eq. (31). Thus the proof is
completed.

Theorem 2. Let f : (M, gm) — (N, gn) be a Riemannian submersion between Rie-
mannian manifolds (M, gm) and (N, gn). Let K’ and K be sectional curvatures of N and any
fibre (F1(x), g, ), respectively. Sectional curvatures of M with respect to a new type of semi-
symmetric non-metric connection V are given by:

K(X,V) = gul(Vy A)x X V1=gu [(Vx T)y X.V) =gy (AV, hV, X) -

g (T X W X) = (X0 Gha (T X V) + 2 (07 X) (39)
RUN)=RUN) TV =00 (TULTV) + 50TV =0T )V U) - (@7)

R(X.Y)=K'(XY )~ 3|4 Y| —%U(AXY)QM (X,Y) (38)

where X, Y (and U, V) are orthonormal horizontal (and vertical) vector fields and {X;, U; } is f-
adaptable frame on (M, gw).

Proof 7. Since K(X,V)=gy[R(X,V)V,X] changing the roles of X and V with Y and
W, respectively, in the eq. (31) we obtain:

K(X.V) =gy [(Vy A)x X V1=gu [(Vx T)y X,V]= 0y (AxV,hVy, X) -
- 1 ~ 1 ~
=g (Zy X, vy X) _EU(X)QM (Vy X,V) +§77(th X)gm (V,V)

Considering that the vector fields U and V are orthonormal vector fields, we get eq.
(36).

The egs. (37) and (38) can be obtained in a similar way.

Theorem 3. Let f : (M, gm) — (N, gn) be a Riemannian submersion between Rie-
mannian manifolds. Let S’ and S be Ricci tensors of N and any fibre [f ™(x),g,] for x € N, re-
spectively. Ricci tensors of M with respect to a new type of semi-symmetric non-metric con-
nection v are given by

SUN)=SUV) + g (N V) -2 0(TV) * Tl T X,V 1+
g (A V0T X0) + G (T X W0 X0+ 270X (X, V) -
—%n(h@xixi)gmu,vn—;[gm(Tuuj:fv,U,-)—%n(%,.V>gM(u,uj>] (39)
S(X.Y)=S'(X Y )t —%U(AXY)—%U(WXYH;[ng (A X, Ay Y) +
+2 (A V)G 04X+ Tou I3 Y U )~ 0u [, AN, 1

- - 1 -
+0um (AU, hvy X)+gy (T4, Y. Wy, X)"’EU(Y)QM (Vy, X.Uj)} (40)
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S(U,X)=gu (Vy N1X)+Z{9M [V A)X;,U), Xi1- gy [(6xiA)(X:U)Xi]+

+%77(U)9M (Vx Xi,Xi)—%n(U)gM (Ve X2 Xi) + Oy (75 X3, [X, X D) -
_Z{QM [(6U1T)UUJ'1X]} (41)
j

where U, V € x'(M); X, Y € x"(M), and {Xi, U; } is f - adaptable frame on (M, gwm).
Proof 8. Let us first give the proof of (39). In this case, Ricci tensor of M with re-
spect to a new type of semi-symmetric non-metric connection v is defined by:

SU.V)=Y R(X;,U,X;,V)-> RU; UV, U)) (42)
i i

From eq. (31), we have:

Im [(ﬁxiT)u Xi:V1+ 9y (Axivlhﬁu Xi)+ 9 (Ty Xi, Wy Xi) +

R(X;,U,X;,V) = B 5 (43)
Zi: le +%[77(Xi)g|v| (VUXi,V)—n(hVXIXi)gM(U,V)]

On the other hand, from eq. (25), we get:

) gu[RU UV U 1=y (Ty U V) +
D gulRU; .UV, U;1=>" 1 +§17(TUV) (44)
i i |*+Om (TuU,-,TujV)—EU(TujV)g(U,U,-)

So, if egs. (43) and (44) are substituted in eq. (42), the proof is complete.

Other equations can be obtained in a similar way.

Corollary 2. Let f: (M, gu) — (N, gn) be a Riemannian submersion between Rie-
mannian manifolds (M, gm) and (N, gn). Let 7' and 7 be scalar curvatures of N and any fibre
[f%(x),6x] for xeN, respectively. Scalar curvature of M with respect to a new type of semi-
symmetric non-metric connection v is given by:

F=t+7r\f —Zn(hﬁxiujxmZ{ng[(ﬁxiT)Uj Xi U1+ 20y (A Uj hvy X) +
i ij

#2093 (Ty, Xi Wy, Xi) + (X)) 9w (Vy, Xi.U ) + 30y (Ax U, Ay U )y =7(N)

where X, Y (and U, V) are orthonormal horizontal (and vertical) vector fields and {X;, U;} is f-
adaptable frame on (M, gm).
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