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The paper deals with a non-linear barotropic vorticity equation in a shear flow,
the model is applied to get the non-linear Rossby solitary wave with the effects of
topography and other external forcing. Basing on the perturbation method, the
variable coefficient KdV equation is derived for Rossby waves. The periodic-like
solution for the equation is obtained with the help of Jacobi elliptic functions, the
solitary solutions can also be obtained in the limit case. The analysis indicates
that the wave amplitude and velocity will be related to the topography effect. It is
also shown that the external forcing plays an important role in evolution of the
waves.
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Introduction

The theoretical analysis of non-linear Rossby waves has attracted much attention in
the rotational fluid in the evolution of the large scale atmospheric and ocean dynamic. The
variable coefficient non-linear models would be suit for explaining some non-linear problems
in the atmosphere and the ocean, the extended variable coefficient (VC), KdV (VC-KdV)
equation under an external forcing was derived for large amplitude equatorial Rossby solitary
wave in a shear flow [1], Tang et al. [2] derived the variable coefficient non-linear systems
including VC-KdV, VC-mKdV, and VC-NLS equations.

It is generally believed that the models include topography, friction, dissipation, and
exogenous factors in real ocean and atmosphere [3-5], so many models are difficult to solve
due to the non-linearity. Therefore, it is desired to get the exact solutions of non-linear equa-
tions. Up to now, people have obtained several sorts of solutions for various evolution equa-
tions, including the solitary and periodic solutions [6-8], M-lump solution, and N-soliton
[9, 10]. In fact, some solutions to the VVC equations are obtained with the help of Jacobi ellip-
tic functions for the non-linear Rossby solitary waves [11, 12]. In this paper, we prepare to de-
rive VC non-linear systems basing on quasi-geostrophic barotropic model, and find the theo-
retical solutions which might be applied to explain some phenomena that occur in ocean and
atmosphere.
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The derivation of the governing equations

Based on the quasi-geostrophic barotropic model in the paper of Pedlosky [13], it is
given the vorticity equation including the topography, and external source is:

0 a‘f'i_@_‘}’i ) h _
((’ﬁ X oy oy ox )[f +ViY H hy (Y)]=Q(y,t) (1)

where f = ? + By is the Coriolis parameter, 4, — a constant, ¥ — the stream function,
V2 = 5% 1ox? + 6% /oy? — the Laplace operator, h,(y) — the topography which is taken to be a
function of y, and Q — the external source.

We make non-dimensionalization on eq. (1)
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where 4 is a small number.
Substituting eq. (2) into eqg. (1), and omit the asterisk, then the non-dimensional
equation is:

0 o Yo
—_——— +V2¥ +h t 3
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The side boundary condition of non-dimensional form is:
v
=0,y=0,1 4
vt (4)

We assume that the stream function form is:
y
W(x,y,t) =—[Tu(y) —coldy + p (x, 1) (5)
0

where u(y) is the shearing zonal flow, c, is equals to the phase speed of linear long wave in
the shearing flow, w(x,y,t) — the disturbed stream function, and ¢ <1 — a small magnitude
parameter. Substituting eq. (5) into eq. (3), we derive the equation regarding the disturbed
stream function:
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where J[a,b]= @a—b—@a—b

We introduce the following stretching transformation:

1 3
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If the external forcing is weak:
My, 1) =£"2Q(y,T) 8)
substituting egs. (7) and (8) into eq. (6):
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where J[a,b]= @a—b—%a—b.
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The disturbed stream function has small parameter expansion formula:
v =y, Y. T) +epn (X, y,T) + e, (X, Y, )+ (10)
substituting eq. (10) into eq. (9) leads to:
€% order
oy 8‘//o
fu(y) - CO]ayZ X +[hy(y)+ B -u (y)] (11)
oYy
— =0, =01 12
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Equation (11) has the following variable-separation solution:
wo = AX, T)dy(y,T) (13)
applying eqg. (13) to egs. (11) and (12) leads to:
+p-u
L)+ A-u"(y) 4 (y,T) =0 (14)
dy u(y)—co
o | y=01 =0 (15)
in order to discuss the amplitude A(X,T), itis need high order equation to solve.
et order
62
Lolyi] = _{Ll['//o] +J {l//o , VVQO}} +Q (16)
oy
— 05 = 051 17
o y A7)
where
Lo =[09) ~co o+ I )+ AU (D] (18)
" oy?ox ox



Zhao, B.-J., et al.: Variable Coefficient KdV System for the Non-Linear Rossby Waves

1126 THERMAL SCIENCE: Year 2022, Vol. 26, No. 2A, pp. 1123-1130
63

L =[u(y) - ] 19
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The solution to y; can be written:
w1 =B(X,T)4(y.T) (20)
according to egs. (16)-(20), it can be seen:

1 1 2
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The identical equation is:
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according to egs. (15), (22) and (23):
h(y,T)
oy’
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substituting egs. (14), (24) into eq. (21) yields:
1
J¢o(y T bolya] dy =0 (25)
u(y)—co
according to egs. (16) and (25), we have:
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¢0(va) 0 Yo
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}—Ql}dy=0 (26)
In order to get the function of A(X,T), to simplify the eq. (26), The final form is:

j¢ £ AMA Xw(r) - M) (27)

where
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Equation (27) is a variable-coefficient non-linear evolution equation with an external
source, which is called VC-KdV equation with the external forcing, it can be seen from the
coefficients y,(T), z,(T). the wave amplitude and velocity will be related to the topography
effect.

Solutions to the VC-KdV equation

Based on the Jacobi elliptic function expansion method [1], we consider the travel-
ing wave solution, in order to solve eq. (27), A(X,T) can be expanded as the following form:

AX,T)=V(X,T)+I(T) (32)
with
T
(M= {26 @)dr (33)
0
Then, substituting egs. (32) and (33) into eq. (27) yields:
3V
S M + NSt M) =0 (34)
The form of the solution is:
V=V(), &=f(M)X+g(T) (35)

where f(T) and g(T) are functions of time, T, in order to balance the derivative term of the
highest order and the non-linear term in (34). The solution of eq. (34) is:

V =gy(T)+a(T)sn&+a,(T)sn’ & (36)
substituting egs. (35) and (36) into eq. (34) yields:
3 (T)=a/(T) =8, (T) =0
a(MIF'MX +g'M]+a (M) F (M) (1) 10(T) +
+2y (T3 (T) f (T) 10 (T) — 2y (T)(L+m*) £3(T) ;4 (T) =0
2a,(MIF'(M)X +g'(M)]+2a,(T) F(T)1°(T) 1o (T) +
+f (T)[ay” (T) + 286 (T)a, (T 2o (T) —8(L+m?)a, (T) f *(T) 24(T) =0
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f(May (T (T) o (T) + 2m’ f Z(T)Zl(T)] =0
f(T)ay, (T)[ay(T) 7o (T) +12m° £ 2(T) 1,(T)] =0

Thus, the coefficients can be determined:

fM) =k, ayM)=C+ak>L+m’)C;, ay(T)=0, a,(T)=-12k’m’C,
T T
9(T) = k| 2 (@) 1 (x) dr =Ck|[ 1 (r) d= (37)
0 0

with the constraint [y1(z)]/[xo(z)] = C1, where k, C, and C; are all none-zero constants, so the
exact periodic solution of eq. (27) is:

.
AX,T) =C +4k (1+m?)C, + [ 2(r)Q, (r)d 7 ~12k*m’C; sn” & (38)
0
or
:
A(X,T)=C—4k?(2m? —-1)C, + j 2,(0)Q, (r)d 7 +12k*m*Cien? & (39)
0
with
T T T T
&= k{x -] [ 22()Q ()7 1d ~C[ 0(») dr} (40)
0 0 0

that is the solitary wave solution of VC-KdV equation.
When m — 1, eq. (39) can be written as:

.
A(X,T)=C -4k’C, + j 7,(0)Q, (r)dz +12k?Cysech?& (41)
0

T T T
£= k{x ~ [Lo )| 22 (1) () dy1dz ~C[ 0 () dr} (42)
0 0 0

which is the solitary wave solution.
If we ignore the external source, that is:

Q,=0 (43)
Equation (27) degrades to:
oA oA A
—+ yo(T)A—+ —=0 44
T Z0(T) = Zl(r)ax3 (44)
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From egs. (39) and (40), it is easy to find the solution of eq. (44):

A(X,T)=C +4k’C, (1+m?) —12k’m’C, sn? & (45)
with
20 ¢ fzk{X—C}Zo(r)dr} (46)
Zo(7) 0
The degenerate solution of eq. (44) is the same with the previous study [14].
Conclusions

In the barotropic fluids, a VC-KdV equation is derived for the Rossby waves with
influence of topography and external source, from the model, it is shown that the topography
plays an important role in the shape of Rosshy wave, including the wave amplitude, velocity
and width.

We have extended the Jacobi elliptic function method with symbolic computation to
non-linear equations and successfully constructed for them a series of exact solutions, some
periodic-like structures and solitary wave solution for the VC-KdV equations are obtained. If
we ignore external source and topography, the solution degenerates into the previous studies.
What’s more, the purpose of the analytical solution of the equation is to help us to explain the
dynamic phenomenon in the atmosphere and ocean, so more real applications of our solutions
will be discussed in our research work.
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Nomenclature

t — time co-ordinate, [s] X, Y — space co-ordinates, [m]
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