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In this article the non-Darcy law for the scaling law flow in porous medium asso-
ciated with the scaling law calculus with respect to the Mandelbrots scaling law
is suggested for the first time.
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Introduction

The Darcy law, discovered in 1856 by a French engineer Henry Philibert Gaspard
Darcy [1], is an equation that describes the transport processes for the flow of the fluid in
the porous medium [2, 3]. The different forms for the Darcy law was considered in [4-6] and
considered in the study of the ground-water motion (laminar flow) [7]. The theoretical deriva-
tion of Darcy's law for the porous media was investigated in the different works [8-10]. The
Darcy law for the single-phase fluid flow in a porous medium can be written [4]:

A y.2b) =—EW(X, y.2.1) W)

where w (X, Y, z,t) is the hydraulic head, q(x,Y,z,t) — the Darcy velocity vector (specific dis-
charge), k — the permeability tensor, and p — the dynamic viscosity of the fluid. In many prac-
tical case, the Darcy law for the flow of fluids in porous media reads [4, 11]:

a(xy.2.t) =—E[w<x,y,z,t)—pgl @)

where p denotes the mass density and g represents the gravity vector.

Since the scaling law behaviors in the porous media [12, 13], the classical theory of
the flow of fluids in porous media are invalid. Based on the scaling law behaviors in the po-
rous media, we suggested the Darcy-like law for the scaling law flow of the fluid in porous
medium, given [14]:
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X

where ¢ = k/u is the hydraulic conductivity, x — the normalization constant, and D — the scal-
ing exponent.

The fractal scaling law calculus associated with the Mandelbrots scaling law was
proposed by Yang [15] to describe the telegraph equation. The fractal scaling law vector cal-
culus associated with the Mandelbrots scaling law was developed by Yang et al. [16] to mod-
el the fractal scaling law elasticity. The fractal scaling law flow with the Mandelbrots scaling
law was considered in [17]. The scaling law heat conduction process was suggested in [18].
The main aim of the paper is to develop the non-Darcy law for the scaling law flow in porous
medium with the aid of the fractal scaling law calculus.

Theory of the fractal scaling law calculus
The Mandelbrot scaling law is defined [19]:

7(x) =P (4)

where £>0, x>0, and 0 <D < 1 is the fractional dimension.
Let:
D(X) = (D o 7)(X) = [D o ((x"P)](x) = D(¢x" )
where £>0, x>0, and 0 <D <1 is the fractional dimension.

The scaling law derlvatlve of @(x) of order n associated with the Mandelbrot scal-
ing law (4), denoted by MS-D(M®(x), is defined [15]:

MSLDM @ (x) = (SXD (f—xjn O(x) (5)

where ne N, and I=[(1- D)™
The scaling law integral of the function ¢(x) associated with the Mandelbrot scaling
law, denoted by MSL1®Mg(x), is defined [15, 16]:

1080 =mf¢(x)dex (6)

where ne N, and R =[(1- D)/].
The scaling law partial derivatives of the function ®(x, y, z, t) associated with the
Mandelbrot scaling law reads [15-18]:

NG o00(x,y,1,t)

MSLoMe(x,y, z,t) = 7
OX

MSL 5( l)(E)(x y,z,t) = D M )
oy

MSL a0, y, 2,t) = Fy2> 00(x,Y,7,t) )

oz
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b, 99(X, Y, 7,t)
ot

in which 3, =[(1-Dy)(e] ™3 =[1-D) ]S, =[A-Dy) 0,17 and Iy = [(1- D) (5],
where ¢, {1, {2, and ¢3 are the positive constants, and 0 < Do, D1, D2, D3 < 1 are the fractional
dimensions.

The total scaling law differential form of the Mandelbrot scaling law scalar field
E=2(x,Y,2) is defined [15-18]:

MSLoWe(x,y, z,t) = Jt (10)

A= =[ £,a-D)x > M- oPE [+
+[£2(1— D,)y MSLa<y1>5]dy +

+[ 430-Dy)z > M= |dz =

= 3x 2 Mt oW=dx + 3,y P M oPEdy + F,270 M 0P Edz (11)

The scaling law gradient operator with respect to the Mandelbrot scaling law in a
Cartesian co-ordinate system is given by [15-18]:

(DI,DZ,D3J
00,0 ) s D, . b,
AAS - I[(l(l— Dy)X D J MSLﬁ(xl) +j[€2(1— D,)y D :|MSLa(y1) 4
+k[ 5(1-Dy)z % | Mta =
= i3 x DML 5,y D MSLa(yl) + KT,z 0 ML (12)
where i, j, and Kk are unite vectors in a Cartesian co-ordinate system.

Therefore, eq. (11) may be rewritten as [15-18]:

[Dl,DZ,D3j [Dl,DZ,D3j
d= = v\ v mndr = v ol =g (13)
where n denotes the unit vector, dr — a distance measured along the normal direction, and
dr = ndr = idx + jdy + kdz with dr = ndr.

The scaling law volume integral of the fractal scaling law scalar field E=Z(x, Yy, z)
is defined by [15-18]:

V(=)= m EdV (14)

Q

where
dv = [31(1— D,)x > ][32(1— D,)y " ][63(1— Dy)z ™ ]dxdydz =

=3, x 23,y P2 3,2 P dxdydz (15)
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Therefore, we see that [15-18]:

v (=)= |[[=dv
Q
b, b,
=N z‘DSdzj y’DZdyIEx’Dldx
az a’l

b, b,
=N x’Dlde z‘DSdzI =y Pedy

8 D

b, b, b,
:Nj y’DZdij’Dldx_[Ez‘Dadz (16)
3, 2 a

D T D e T

where x e[a;,b ],y €[ay,b,],z e[ag,b;], and X = 3,3,3,.
For the more results on the scaling law calculus, see [20].

The non-Darcy law for the scaling law flow
in porous medium

With the aid of the scaling law gradient operator with respect to the Mandelbrot
scaling law in a Cartesian co-ordinate system, the non-Darcy law for the scaling law flow in
porous medium can be expressed by:

k [DI,DZ,Daj
acx, y,z,t)=—;v b gy, z,t) (17)

where w(x,Y,z,t) is the scaling law hydraulic head, §(x,Y,z,t) — the non-Darcy velocity
vector, k — the permeability tensor, and p — the dynamic viscosity.

When (4 =0, =(,=(3=1and D, =D, =D, =D; =1, eq. (14) implies eq. (1).

In 1-D case, the non-Darcy law for the single-phase scaling law flow in porous me-
dium can be suggested:

_ k y k. pd _
qext) = —— Mt aMiz(x,t) = —= 3, x° — 7 (x,1) (18)
H U dx

where y(x,t) is the scaling law hydraulic head, §(x,t) — the non-Darcy velocity, k — the
permeability, and 4 — the dynamic viscosity.

By using eq. (14), the mass density p for the scaling law flow in porous medium is
defined:

M = m pdV =N j ” 5x Py P 7 Pagixdydz (19)
Q Q

where M represents the mass, and p denotes the mass density.
If we now consider the gravity field, the non-Darcy law for the scaling law flow in
porous medium can be given:
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D,,D,.D,
(05,0

a(x,y,2.1) =—E lﬁ(x, y.2.t)~ g (20)

where w(x,Y,z,t) is the scaling law hydraulic head, §(x,Y,z,t) — the non-Darcy velocity
vector, k — the permeability tensor, and p — the dynamic viscosity, p — the mass density, and
g — the gravity vector.

In 1-D case, the non-Darcy law for the single-phase scaling law flow in porous me-
dium takes the form:

ax.t) =—5[MSL8<X%7(X,0—/39]=—5{sle’iv?(x,o—;ag} (21)
U JZ dx

where w(x,t) is the scaling law hydraulic head, §(x,t) — the non-Darcy velocity, k — the
permeability, x« — the dynamic viscosity, p —the mass density, and g — the gravity.

Conclusion

In the present work we suggested the non-Darcy law for the scaling law flow in po-
rous medium inolving the Mandelbrots scaling law. This is considered in the sense of the scal-
ing law calculus associated with the Mandelbrots scaling law. The obtained result maybe play
an important role in the study of the scaling law flow in porous medium involving the Man-
delbrots scaling law phenomena.
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Nomenclature

t —time, [s] q(x,t) —non-Darcy velocity, [ms]

X, Y, Z —space co-ordinates, [m] ¥ (x,t) —scaling law hydraulic head, [m]
P — density, [kgm~3]
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