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In this paper, the initial boundary value problem of the dissipative symmetric
regularized long wave equation with a damping term is studied numerically, and
a decoupled linearized difference scheme with a theoretical accuracy of
O(z% +h*) is proposed. Because the scheme removes the coupling between the
variables in the original equation, the linearized difference scheme and the ex-
plicit difference scheme can be used to solve the two variables in parallel, which
greatly improves the efficiency of numerical solutions. To obtain the maximum
norm estimation of numerical solutions, the mathematical induction and the dis-
crete functional analysis methods are introduced directly to prove the conver-
gence and the stability of the scheme. Numerical experiments have also verified
the reliability of the proposed scheme.
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Introduction

In many physical problems, viscous damping is inevitable, and the dissipation term
should be considered during the propagation of non-linear waves. In this paper, we focus on
the finite difference scheme for the following dissipative symmetric regularized long wave
(SRLW) equation with a damping term:

Ugt —Ug +OUy = oy +UUy, (th)e(XL'XR)X(O!T] (1)

p+U+yp =0, (Xt) e (X, Xg)x(0,T] 2

where v > 0, y > 0 [1]. Some researchers discussed the well-posedness of the solutions of the
periodic boundary value problems and initial boundary value problems (1) and (2), such as the
global existence and the uniqueness, and the long-term behavior of the solutions [2-5]. Here
we mainly consider the following initial and boundary value problems of egs. (1) and (2):

u(x,0)=ug(x), p(x,0)=py(x), xelx  xg] 3)
u(x, ) =u(xg,1) =0, p(x.,t) = p(xz,1) =0, te[0,T] (4)
in which uo(x), po(x) are known functions.
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There have been related works of numerical investigations for the SRLW model
(2)-(4), for example, the finite element method [6], the finite difference method [7, 8]. More-
over, the finite difference method also is extended for the generalized SRLW equation with
damping term [9]. However, aforementioned methods only have second-order accuracy in
space, and often lead to a coupled non-linear system, with a large amount of iterations. As far
as the numerical dispersion is concerned, the coupled relationship between variables u and p
in (1) and (2) could be removed by the extrapolation technique [8] and an uncoupled linear
difference scheme with second-order theoretical accuracy is proposed for the initial boundary
value problem (1)-(4). Therefore, a linear difference scheme with theoretical accuracy of
O(z? + h*) is proposed for the initial boundary value problem (1)-(4) based on the decoupled
variables u and p by using the Richardson extrapolation in the spatial direction, which would
further improve the efficiency of numerical solutions. On the other hand, the maximum norm
estimation of the numerical solutions, the convergence and the stability of the scheme are
proved directly by the mathematical induction and the discrete functional analysis method.
Finally, we carry out some numerical experiments to confirm the robustness and accuracy of
the proposed scheme.

The finite difference scheme

For the domain[x, ,xg]x[0,T], let h=(xg —x_)/J be the step size for the spatial
grid, and z be the step size for the temporal direction such that x; =x_+ jh(0< j<J),
t,=nz(n=012,---,N,N =[T/7])..

Denote: Ul =u(x;,t,), p7 = p(x;,ty), UT =u(x; ty), 4 = p(x;.t,). Let{U?}and
{V J-”} be the grid function. Define the following notations:

ut., —y" uil—-gy" no_y"

n _ T+ J n _ j-1 ny _ —J+l j-1

(Uj)x_Ta (Uj)Y_T’ (Uj)i_T
n n n+1 n 1 1

(U_n).:@ um :i U_”*EZM
17 4h A P 2

no\/n\ _ = m/n npyny _lpyn 2 n|| _ n

"V =hYUN, U"U >_“u , “u - max \Uj
a o 1<j<d-1

Zp={U=(Uj)|U 4 =Uy=U; =U,,,;=0,j=-101--,3-13,] +1}

Consider the following finite difference scheme for the initial boundary value prob-
lem (1)-(4):

4 1 4(3 1 . 1(3 1 .-
Ui —E(U?)m +§(U?)m +§(E¢,n —E¢Jn l) —§(§¢,n —§¢E] 1) -
X

%

4 1 1 1 3 1 .14 1 1 1
_EU(U ) +§U(U ) J{EU? _EU? 1]{§(U?+2)>2 _E(Ujmz)s(} =0

j=12,,J-1 n=12N-1 )
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4(3 101 3 n_ n-1 n+3
@) +_(_u."—_u.“ j —_( ur-Lurt) gico
s\t 27 ) sl 27 )

j=12,J-1 n=12N-1 (6)

4 1 o%u o%u
=3 UM+ 5D = Uo() = —3 () + 70— () -

—Taaﬂ(x) ruo(x) °(x) j=12,+,3-1 @)
¢ = po(x)) -7 °(x) roo(X;), 1=12,-+,0 -1 ®)
U =up(x)), 4] = po(x;). j=1.2,, -1 ©
uhez? ¢"e€z? n=012---N (10)

The truncation error of the difference scheme (5)-(10) is defined:

4 1 4(3 1 .- 1(3 1 .-
7= =3O+ 3D+ 5 S0 00| -3(301 301 -
X X

3.2 2 302 2"
4 n+i 1 n+i 3 1 -1 4 n+i 1 n+i _
_EU(U]‘ )xY+§U(uj )>‘<>‘<+(Eu?_zu? j|:§(uj )i_g(uj )x}—o (11)
4(3 n 1 n-1 1(3 n 1 n-1 n+3 _
S —(p] )t (2 j —Euj ji—é EUJ —Euj X+}/pl =0 (12)

4 1 u o°u
_g(u%)xi +§(u%))”0”< =U0(Xj)—aTZO(Xj)+TU¥(Xj)—

—raaﬂ(x) ruo(x) 0(x)+r (13)
= po(Xj) — 2o (X) yioo(X;) +5§ (14)

According to Taylor expansion, when h,z — 0, r]' | +]s] |= O(z* + h*).

Convergence and stability of difference scheme

Lemma 1 [7] Assumes that u, € H', p, € L,, then there exists a constant C,, so
that the solution of the initial boundary value problem (1)-(4) satisfies:

lull, =Cu. ludl, <Cu.lloly, <Cu. full, <€ (15)

Lemma 2 [9] For VU e Z?, there has always [Uy| < |Uy|< U]
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Theorem 1 Suppose u, € H', and p, € L,, and the temporal step rand spatial step
h are sufficiently small, then the solutions U" and ¢" of the difference scheme (5)-(10) con-
verges to the solution of the initial boundary value problem (1)-(4) in terms of ||| and | re-
spectively, and the order of convergence is O(z2 +h* )

Proof Use mathematical induction. Denotee] =uf —U], 7] = p] —¢]. Subtracting
(5)-(8) from (11)-(14) , respectively, we get:

4 1 4(3 1 _ 1(3 1 -
TN PR IR W
X X

3l 2 2 Y 3\ 2 2!
4 n+ 1 n+3 P P 16
—gU(ej )xx +§U(ej Jix TP+ Py (16)
4(3 , 1 1(3 , 1
sT=(M), +—| = r.‘__er.‘_lj __(_e'."__e'_"_lj +yntE = 17
j (771)t 3(2 ] 2 ] . 3l 2 ] 2 ] . 777] ( )
4 1
3@+ 5 € =1 (18)
7 =5] (19)

where

4 s (3001 aa) 4.y (300 1o
Pj Zg(u?“)ﬁ(gu? —5uj 1j—§(U?+Z)X(§U? —5Yj lj

N g e DM EV B Ty

According to Lemma 1 and (15), there are constants C; and Cs, which are independ-
ent of z and h, such that:

n n

u s"| <C,(z%+h*), n=12,N (20)

<c,, || sc e+,

The following estimation can be obtained from the initial condition eq. (9):
-0 |- u°], <c. @)

Taking the inner products of (18) and (19) with e! and #*, respectively, and by (15)
and the Cauchy-Schwarz inequality, we can obtain the following estimation:

2 2 4
o] e+ <[ +5

where C; is a constant independent of z and h.
Suppose that:

e[ <cue +nty 22)

Je[+[ek] i <€ % %), 1=23-n (n<N -
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where C;(1=2,3,---,n) are constants independent of z and h. According to discrete Sobolev
inequality [10] and Cauchy-Schwarz inequality, we get:

'L, <o, e, <+ 5eie ety 1=12n 23)

Then taking the inner products of (16) and (17) with e"* and 77”*%, respectively,
and using the summation by part, we get:

1 2

L2
+Zv
3

<277x _%77 —1,en+ > <;77x _%n__—l,em- >_<F}-,en+;>_<P2,en+§> (24)

%“nn“j __ <Sn nm > <28 _%ex—l nn+ >+<%EQ _%eg—l,nn+§> (25)

From Lemma 1 and the mean value theorem, we get:

1
X

2l el gl = ey S

e

e

upts upts| <c, (26)
Then, taking h and z sufficiently small makes:

§C0(maxC,)(12+h4)sl 27)

2 1<I<n

Thus, according to (23), (26), (27), Lemma 2 and Cauchy-Schwarz inequality, we
have:

J

-1
—<P1,e”+%> = —hz{(u?*z)ﬁ (Ze? ‘%e?_lj + (ZU? - %u ?‘ﬂ(e?*z)ﬁ}e?*z <

j=1

2 2 2 2 2 2 2
glCU(Z et N et ) Z(c, +1)( el + el + " +|le" j (28)
3
2
<2nx—§f7x‘1, "+> %(3 2+l + 2| + 2 ) (29)
Similarly, we have:
2 2
—<P2 ><EC [2 et n-1 )+
2 2 2 2 (30)
+6(C +1)( el +|lel | + e +He”“)
1 n 1 n-1 n+3 1 n|2 n-1|]2 n+1|f? n|[2
<§nx_gnx e >353“n P + 2 +2fe; 31)
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1 2 2 2 2
—<2€2—§e2‘1,nn+2>£§(3 el + el + 2™ +2[n" j (32)
1 2 2 2 2
<%e2—%e2‘1,n”+2>sé(3 ef| +1lep | +2n" +2[n" ) (33)
and
no_n+i Ly a2, 1 n+12 n||? n ,n+3 _1 nf2 1 n+1||2 nl|?
(" )<l g b+l ). e ) =3Il (T [T ) @
The combination of (24), (25), (28)-(35) yields:
2 2 2 2 2 2
1en +g ey 1 2 +l n" sl r +1 s" +
2 t 3 t 6 t 2 t 2 2
2 2 2 2 2 2 2 2
+%(3 e™” +3lle"|” +10[el*t| +25(ef | +5|lef Y| +10|p" | +25|n"| +5[n"* )+
2 2 2 2 2 2 2
+%Cu(2 e™ " +5[e"| +[e"? j+ g(Cu +1)( e +[el | + [t +|le" js
2 2 2 2 2
s% r" +% s"|” +3(C, +1)( e+l + [ +
2 2 2 2 2 2
+lel el + el + ™ + [ + |l ) (35)

LetB" =|le" || +4/3] el | 13|l e} || +]|»" |]* - Multiplying both sides of (36) by
27, and then recursively summing from 1 to z, we have:

00 4 5 o B . LBV X3 (Y 51 e
k=1 k=1 k=0
It follows from (20) that:
TKZ;” I < nr@g”r"”z <T(C, )2 (2 +h*)? 37)
[ <nemax]st [ <TG ey 39)

Suppose that the temporal step 7 is sufficiently small to satisfy 7 <1/[36(C, +1)].
Substituting (22), (37), (38) into (36), and using the discrete Gronwall inequality [10], we get:

2 2

n+1 n+1

X

n+l

2
<[T(C,)? +T(C,)? +C,](r2 +h*)e?T18(C. ] <

e

+

e

+

n
<(C,)*(z2 +h*)? n=1,2,---,N -1



Fu, Z., et al.: A Decoupled High Accuracy Linear Difference Scheme for ...
THERMAL SCIENCE: Year 2022, Vol. 26, No. 2A, pp. 1061-1068 1067

in which C,,; = [VT (C, +C,) ++/C, ]e"*"©*!. Thus by the induction hypothesis:
"|<0 +h*), [ef| <O +h*), [n"| <O +h*), n=1.2,---,N

Finally, according to the discrete Sobolev inequality [10], it can be obtained:

en

<0O(z?+h*, n=1,2,---,N

Theorem 2 Supposeu, € H', p, € L,. If the temporal step rand spatial step h are
sufficiently small, the solution of the difference scheme (5)-(10) satisfies:

| 7|,
where C,, C , are constant independent of z and h.
Proof For sufficiently small z and h, according to Theorem 1:
| "I<]
Numerical experiments

In the numerical experiment, the initial value function in problems (1)-(4) is taken as
the initial value function of the SRLW equation, [7]:

—sech2 f

sép, n=12,---,N

. <
<C,,
o0

n n

P

o
<
<C,

<

+

o0

e 1

<C,,
o0

*|

O sech? Y2 f
3

We take x, =-20, Xz =40, and T =5.0. Since the exact solutions of the eq. (1) and
(2) are unknown, the error estimation method in [7] can be used to estimate the error using the
numerical solution on the fine grid (r =h =1/160) as the exact solution. Regarding the differ-
ent values of v =y =0.5, 7 and h, the errors of the difference scheme (5)-(10) at several dif-
ferent times are shown in tab. 1, and the tests of theoretical accuracy are shown in tab. 2, re-
spectively.

Ug(X) = X, po(X)=

Table 1. The error of numerical solutions at various time (v = y = 0.5)

t=02,h=04 7=0.05h=0.2 7=0.0125,h=0.1

[-1 Il I Il I-1 1o

7.18652-10°% | 4.39422-10° | 5.55924-10“ | 3.37368:10* | 2.76672-10° | 1.66711-10°

—
1

2.14526-102 | 1.21955-102 | 1.35470-10°% | 7.52078-10“ | 6.45305-105 | 3.54269-10°5

<
—
1

2.07351-102 | 1.13921-1072 | 1.29487-10°° | 6.97498-10* | 6.15934-10°5 | 3.29078-10°

—
1

1.73411-102 | 1.08242-102 | 1.12492-10°% | 7.10448-10“ | 5.36563-105 | 3.36449-10°

—
1

121412102 | 6.83985-10% | 6.92738-10* | 3.85509-10“ | 3.19317-10° | 1.75585-10°°

A
—
1

GOl wWw|kFk, | 0|Ww|kF

t 1.27553-102 | 6.40001-103 | 7.50992-10* | 3.62651-10“ | 3.53210-105 | 1.65474-10°5

Conclusion

In this paper, from the numerical results, the proposed dlfference schemes (5)-(10)
for SRLW egs. (1)-(4) is effective and has the accuracy of O(z + h*), obviously. Meanwhile,
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Table 2. Numerical verifications of the theoretical accuracy under I+l (v = y = 0.5)

le"(h, o), /lle* (h/2,z14) |, 7" (o) I, Fll* (hr2,z14) I,
t=0.2 7=0.05 7=0.0125 7=0.2 7=0.05 7=0.0125
h=0.4 h=0.2 h=0.1 h=0.4 h=0.2 h=0.1

t=1 - 13.0250 20.2366 -- 15.2357 21.1161
t=3 - 16.2158 21.2290 -- 17.7424 21.9557
t=5 - 16.3329 21.1955 -- 17.6479 21.9158

it is clear that scheme (6) is explicit about {qﬁ}‘”}, which can be solved directly, so the differ-

ence scheme (5)-(10) is essentially a semi-explicit linear difference scheme. Compared to oth-
er coupled second-order precision difference schemes, the numerical efficiency of the pro-
posed scheme could be greatly improved.
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Nomenclature

u — fluid velocity, [ms] t—time, [s] p — electron charge density, [Cs™]
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