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Fractal modifications of Fick’s laws are discussed by taking into account the elec-
trode’s porous structure, and a fractal derivative model for diffusion-reaction pro-
cess in a thin film of an amperometric enzymatic reaction is established. Particular 
attention is paid to giving an intuitive grasp for its fractal variational principle and 
its solution procedure. Extremely fast or extremely slow diffusion process can be 
achieved by suitable control of the electrode’s surface morphology, a sponge-like 
surface leads to an extremely fast diffusion, while a lotus-leaf-like uneven surface 
predicts an extremely slow process. This paper sheds a bright light on an optimal 
design of an electrode’s surface morphology. 
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Introduction 

A non-linear problem arising in an amperometric enzymatic reaction is generally 
modelled by a differential equation [1-6], its variational model was rarely studied though it has 
obvious advantages over its differential partner. Due to the difficulty in the establishment of a 
needed variational formulation, the variational approach has not yet widely adopted in chemis-
try community, now the condition is completely changed, we can use the semi-inverse method 
[7-13] to find easily a variational principle for the studied problem. 

Additionally the differential model cannot describe the effect of electrode’s porous 
structure on the diffusion-reaction process, and this paper is to establish a fractal derivative 
model to study the process using a fractal variational principle. 

Diffusion-reaction equation

Fick’s laws are widely used to describe various diffusion process [14], the First law 
implies that the diffusion flux can be expressed:

D s= ∇J (1)
where s is the concentration, D – the diffusion coefficient, J – the flux. The Second law:

s
t
∂

= ∇
∂

J (2)
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So we have the following diffusion equation:

( s)s D
t
∂

= ∇ ∇
∂

(3)

For 1-D diffusion process, we have:
s sD
t x x
∂ ∂ ∂ =  ∂ ∂ ∂ 

(4)

The reaction-diffusion equation [14-17]:

( s) ( , , , )s D v t x y z
t
∂

= ∇ ∇ −
∂

(5)

where v is the reaction velocity, which can be described by the Michaelis-Menton equation:

( , , , )=
1

M

Msv t x y z
s

K
+ (6)

where K and KM are constants. The 1-D diffusion-reaction equation:

1
M

s s MsD
st x x

K

∂ ∂ ∂ = − ∂ ∂ ∂  + (7)

Fractal Fick’s law

The Fick’s laws cannot describe the effect of porous structure on the diffusion process. 
In Fick’s laws, the concentration is a function of time and co-ordinatess s(t, x, y, z), howev-
er, the diffusion might be anomalous, it is not differentiable with respect to time and space, 
but it is differentiable with respect to tδ, xα, yβ, zγ, where δ, α, β, and γ can be explained as 
fractal dimensions which will be discussed later. That means the concentration is a function  
s(tδ, xα, yβ, zγ) instead of s(t, x, y, z). 

Experiment also reveals that the concentration change across Δt or Δx or Δy or Δz can 
be expressed [18-23]:

( )s t δ∆ ∝ ∆ (8)

( )s x α∆ ∝ ∆ (9)

( )s y β∆ ∝ ∆ (10)

( z)s γ∆ ∝ ∆ (11)
where Δt, Δx, Δy, and Δz are the smallest scales in space and time, respectively, any phenomena 
measured on a scale smaller than Δt, Δx, Δy, or Δz are ignored. In fractal calculus, we always 
assume that Δx ≠ 0, Δy ≠ 0, Δz ≠ 0, and Δt ≠ 0, so Δx, Δy, and Δz can be explained as the smallest 
porous sizes in x-, y- and z-directions, respectively, Δt can be explained as the smallest time 
scale for the concentration change across Δx, Δy, or Δz, and δ, α, β, and γ can be understood as 
the fractal dimensions in time and space, respectively. 

To understand the scaling laws given in eqs. (8)-(11), we consider an animal work-
ing along a coastline with a stride of Δx. Any discontinuity within Δx is completely ignored. 
If there is a river along the coastline, and its width is smaller than Δx, then the river can be 
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ignored. However, if Δx is smaller than the river width, the animal has to go along the river to 
the opposite of the river, so the average velocity of the animal follows an allometric scaling law  
ū ∝ (Δx)α, where α is the fractal dimension of the coastline. 

According to the aforementioned analysis, Fick’s First law and second law can be 
modified:

( , , )D sα β γ= ∇J (12)

( , , ) ( , , )[ ]s D s
t

α β γ α β γ
δ

∂
= ∇ ∇

∂
(13)

where the gradient operator in a fractal space is defined:
( , , ) = s s ss

x y z
α β γ

α β γ

∂ ∂ ∂
∇ + +

∂ ∂ ∂
i j k (14)

where ∂s/∂xα, ∂s/∂yβ, ∂s/∂zγ, and ∂s/∂tδ are fractal derivatives defined:

0

0
0

00

( , , , ) ( , , , )
( , , , ) (1 ) lim

( )x x x
x

s t x y z s t x y zs t x y z
x x x

δ α β δ δ α β δ
δ α β δ

α αα
− →∆

∆ ≠

−∂
= Γ +

∂ − (15)

0

0
0

00

( , , , ) ( , , , )
( , , , ) (1 ) lim

( )y y y
y

s t x y z s t x y zs t x y z
y y y

δ α β δ δ α β δ
δ α β δ

β ββ
− →∆

∆ ≠

−∂
= Γ +

∂ − (16)

0

0
0

00

( , , , ) ( , , , )
( , , , ) (1 ) lim

( )z z z
z

s t x y z s t x y zs t x y z
z z z

δ α β δ δ α β δ
δ α β δ

γ γγ
− →∆
∆ ≠

−∂
= Γ +

∂ − (17)

0

0
0

00

( , , , ) ( , , , )
( , , , ) (1 ) lim

( )z z z
z

s t x y z s t x y zs t x y z
t t t

δ α β δ δ α β δ
δ α β δ

δ δδ
− →∆
∆ ≠

−∂
= Γ +

∂ − (18)

The diffusion-reaction equation becomes:
( , , ) ( , , )[ ] ( , , , )s D s v t x y z

t
α β γ α β γ δ α β γ

δ

∂
= ∇ ∇ −

∂
(19)

Michaelis-Menton equation should be modified:

( , , , )=
1

n

n

M

Msv t x y z
s

K

δ α β γ

+
(20)

where n is a constant. 
Its 1-D model:

1

n

n

M

s s MsD
t x x s

K

δ α α

∂ ∂ ∂ = − ∂ ∂ ∂  + (21)

The steady diffusion-reaction equation:

=0
1

n

n

M

s MsD
x x s

K

α α

∂ ∂  − ∂ ∂  + (22)
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Fractal variational principle 

In this paper we study the steady diffusion-reaction process happened in a thin film of 
an amperometric enzyme electrode [1-3]. The governing equation:

=0
1

n

n

s ks
x x sα α σ
∂ ∂  − ∂ ∂ + 

(23)

with the boundary conditions

(0) 0, ( )s s L ksα
∞′ = = (24)

where k = M/D, σ = 1/KM, L – the film thickness, ks∞ – the substrate’s surface concentration in 
the film, and α – the fractal dimension describing the porous structure of the electrode. A na-
noscale porosity on the surface has a high geometric potential [24-27], which can greatly affect 
the diffusion-reaction process. The value of α plays an important role in the process, and can be 
used to optimize the process. 

In order to elucidate the solution properties of the fractal diffusion-reaction process, 
we want to establish a fractal variational formulation [12,13, 28, 29]. In order to make the paper 
concise, we consider a traditional case for n = 1, the fractal variational formulation for eq. (23) 
can be established by the semi-inverse method [7-13]:

2

0

1 d 1( ) ln(1 ) d
2 d

L s kJ s s s x
x

α

α
α σ

σ σ

     = + − +         
∫ (25)

Proof. In the fractal variational principle given in eq. (25), the fractal Lagrange func-
tion:

21 d 1 ln(1 )
2 d

s kH s s
xα

σ
σ σ

   = + − +      
(26)

The fractal Euler-Lagrange equation of eq. (25):

d 0
dd

d

H H
ss x

x

α

α

 
 ∂ ∂

− = 
∂  ∂ 

 

(27)

or 
d d 11 0

1d d
s k

sx xα α σ σ
   − + − =   +   

(28)

It is obvious that eq. (28) is equivalent to eq. (23) for n = 1. In order to study the fractal 
diffusion-reaction process, we introduce two variables T and E, defined, respectively:

21 d
2 d

sT
xα

 =  
 

(29)

1 ln(1 )kE s sσ
σ σ
 = + −  

(30)

where T and E are, respectively, the kinetic energy and potential energy of the diffusion-reaction 
process. 
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A higher value of E means a more active reaction. The real reaction process is taken 
by the system between x = 0 and x = L for which the action, eq. (25), is stationary to the first 
order. 

Considering the boundary conditions, s′(0)= 0 and s(Lα) = ks∞, we assume the solution 
has the form:

2 2( )s ks c x Lα α
∞= + − (31)

where c is an unknown constant. Substituting eq. (31) into eq. (25):

2 2 2 2 2 2

0

1( ) 2 ( ) ln(1 ( ) d
L kJ s c x ks c x L ks c x L x
α

α α α α α ασ σ
σ σ∞ ∞

  = + + − − + + −    
∫ (32)

The stationary condition of eq. (25) can be approximated:
2 2

2 2 2
2 2

0

d 4 d 0
d 1 ( )

LJ k x Lcx x L x
c ks c x L

α α α
α α α α

α ασ σ σ∞

  − = + − − =  + + −   
∫ (33)

or

3 3 3 1
2 2 2

14 1 1 tan 0
3 3 (1 ) (1 )

ksk k ccL L L
c ks cL ks cL

α α α
α α

σ σ
σ σ σ σ σ σ

−∞

∞ ∞

 + + − − − =   + − + −    
(34)

From eq. (34), the value of c can be determined, and finally we obtained the solution:
2 2( )s ks c x Lα α

∞= + − (35)
where c is solved from eq. (34). Now we discuss its solution properties. By differentiating  
eq. (35) with respect to x: 

2 1d 2
d

s cx
x

αα −= (36)

and the diffusion flux at x = 0 has the following property:
10,
2

d 1(0) (0) ,
d 2

1,
2

sJ D Dc
x

α

α

α

 >

= = =


∞ <

(37)

Equation (37) implies when α < 1/2, we predict an extremely fast diffusion process. 
To understand the threshold value of α = 1/2, we begin with a smooth and continuous elec-
trode, such a case predicts α = 1, and the traditional model works well. When the electrode 
has porous structure, and the porosity area takes up half of the surface area, we have α = 1/2  
[18, 19]. So α < 1/2 implies the porosity area is larger than 1/2 of the total surface area.

In case α > 3/2:
2 3

2 3

d d d(0) (0) (0) (0) 0
d d d
J J JJ
x x x

= = = = (38)

Equation (38) implies an extremely slow diffusion process at x = 0. As previously 
discussed α < 1 implies a porous surface, like the Menger sponge; and when α > 1, we have a 
lotus-leaf-like uneven surface. 
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Discussion and conclusions

If a higher order approximate solution is needed, we can assume:
2 2

2 ( ) ( )n n
ns ks a x L a x Lα α α α

∞= − − + + − (39)
where ai (i = 2, 3,...,n) are constants to be determined. 

Substituting eq. (38) into eq. (32):

0( 2,3, , )
i

J i n
a
∂

= =
∂

 (40)

we can determine ai (i = 2, 3,...,n). 
The fractal diffusion-reaction equation can be also solved by the homotopy perturba-

tion method, variational iteration method or Taylor series method [30-39]. 
This paper gives an ample evidence that the fractal variational approach to ampero-

metric enzymatic reactions is not only simple, but also rigorous. The extremely fast or extreme-
ly slow diffusion process is elucidated by different surface structure of the electrode, a Menger 
sponge-like surface leads to an extremely fast diffusion process, while a lotus-leaf-like surface 
results in an extremely slow diffusion process. These properties are extremely helpful for an 
optimal design of an electrode with suitable a surface morphology to control the diffusion-re-
action process. 
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