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In this work, we study a truncation method to solve a time fractional diffusion 
equation on the sphere of an inverse source problem which is ill-posed in the sense 
of Hadamard. Through some priori assumption, we present the error estimates 
between the regularized and exact solutions. 
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Introduction

The PDE on the sphere has many applications in various fields, for example, potential 
theory, physical geodesy, meteorology, and oceanography. The direct problem for heat equation 
on the sphere and numerical approximation of it has been considered by many authors, such as 
Le Gia Quoc Thong [1, 2]. However, in the case inverse problem of PDE on the sphere, to the 
best of authors’s knowledge, there are limited results on this area. In the sense of Hadamard, 
the inverse problem is ill-posed. According to the definition of Hadamard, a problem is called 
well-posed if it satisfies three conditions:

Condition 1. Existence: There exists a solution of the problem.
Condition 2. Uniqueness: If there exists a solution, it is unique.
Condition 3. Stability: The solution’s behaviour changes continuously with the input 

conditions.
A problem is called ill-posed if it is not well-posed. In this article, we study the problem: 
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Here, the Riemann-Liouville fractinal integral of w of order α is given:
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In the area fractional calculus which has a long history and it keeps an important 
situation in the physical model or real-life, for example, porous media [3], the predator-prey 
dynamic [4] and references therein.

A suitable fractional operator which is selected depending on the physical system 
is really necessary. Most selected models are the fractional diffusion equation using the Rie-
mann-Liouville or Cauputo derivatives. Many applications of these models in fields of science 
such as [3, 5-18]. In recent times, the mathematical model of time-fractional diffusion equation 
is a class of important physical phenomena. Such equations describe relaxation phenomena in 
complex viscoelastic materials, subdiffusion processes diffusion, and some other processes.

In recent years, many regularization methods have been introduced to consider the 
inverse source problem for time-fractional diffusion equation, for example [19, 20] and we can 
see more in the references therein. Based on our best search results, there no results on inverse 
source problem for the time fractional diffusion equations on the sphere. This work may be the 
first study on this topic. Our main goal in this work is to establish a Fourier regularized method 
for finding approximate solution.

Preliminaries

We introduce a function of the Mittag-Leffler type:
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which is an important role in the time-fractional equations in PDE. Here, β ∈ R and α > 0 are given 
constants. Some discussion in [21] about properties of the Mittag-Leffler function which can be found.

Lemma 1 Let 0 < α0 < α1 < 1. Then there exits A–, A+, B–, B+ > 0 which are constants 
depending only on γ satisfies:
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for all α ∈ [α0, α1]. 
Lemma 2. Assume that 0 < α < 1, the Mittag-Leffler function have asymptotics:
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For Δ* is the Laplacian operator in Rn+1. On the surface of the Euclidean sphere S n, 
spherical harmonics are in form a polynomial which satisfy Δ*Y(x) are restricted.

We have the eigenfunctions are the spherical harmonics Yl(x) of order l satisfies:
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where l = 0, 1, 2,..., we have the eigenvalues for –Δ*:
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Denote by Vl, the space of all spherical harmonics of degree l on S n has an orthonor-
mal basis:
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Especially, N(n, 0) = 1 for all n. Let:
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and the surface measure of the unit sphere is dS, we can be expanded in terms of spherical har-
monics of the function f ∈ L2(Sn) :
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Authentically, we have the fllowing norm stems from an inner product in the Sobolev 

space H σ(S n):
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Regularization and error estimate

Let us recall that Δ* is the Laplace-Beltrami on the sphere S n. The inverse prob-
lem is for construction the initial value data u(x, 0) = f(x) from the known final data value  
u(x, T) = g(x). Now, we find an explicit fomula of the mild solution of Problem (1). We assume 
that dS is the surface measure of the unit sphere and u ∈ L2(S n) which can be expanded in terms 
of the following spherical harmonics:
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let
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by taking the inner product of Ylk:
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Letting t = T in previous expression and noting that u0 = 0, which yields:
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Due to the unique of Fourier expansion of the function on L2(Sn), we deduce:
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So, we have the equation:
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Lemma 3. Let 0 < α < 1 and λj > 0. Then:
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Proof. Since the bound of the function Eα1 we derive:
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Now, we give the following Theorem which show the converence rate between the 
exact and regularized solutions. In Part 1 of Theorem 1, we give the convergence rate in L2(Sn) 
and Part 2 of Theorem 1, we show the convergence rate in higher space H p(Sn) for p > 0. 

Theorem 1. Let gδ ∈ L2(Sn):
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Let us construct a regularized solution:	
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–– Let us assume that f ∈ Hσ(Sn) for any σ > 0. Let us choose Mδ = δ(k – 1)/2 for any 0 < k < 1:
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where C depends on || f ||Hσ(Sn) and independent of δ.
–– Let us assume that f ∈ Hσ(Sn) for any σ > 0. Let us choose Mδ = δ(r – 1)/(2 + p) for any  

0 < r < 1:
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for any 0 < p < σ, where C ̄ is independent of δ and depends on || f ||Hσ(Sn).
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Proof. Let us show Part I of Theorem 1:
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Step 1. Estimate || fM,δ – b1,δ ||L2(Sn). In order to treat this term, we first note:
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Step 2. Estimate || b1,δ – b2,δ ||L2(Sn):
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it is obvious
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This latter inequality together with eq. (17) implies:
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Combining eqs. (20) and (22), we find:
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Step 3. Estimate || f – b2,δ ||L2(Sn) Indeed, since λl = l (l + n – 1), we get:

( )
( ) ( )( )

( )
( ) ( )

( ) ( )

2

2

,2
2,

1
,1

0

,
2 2

1

2

)( ,

1 d

(1 ) (1 ) | |

1

ˆ

ˆ 1 1

1

1

n

n

n

lk
TL S

l k

N n l

l l lk H S
l

n l

k

H S

N h
f b

s E l l n T s s

f l l n f

f
n

δ

σ

δ

σ

δ
δ

α
δ α

σσ σ

σ
δ δ

ψ

λ λ

> =

−−

> =

 
 
 

− =  
 

− + − −  
 

 = + + ≤ + + − ≤ 

≤
 + + − 

=
 
  

∑ ∑
∫

∑ ∑

 

 

 

M

M

M M
(25)



Phuong, N. D., et al.: Determination of Source Term for Fractional Heat Equation ... 
S368	 THERMAL SCIENCE: Year 2020, Vol. 24, Suppl. 1, pp. S361-S370

From three aforementioned steps:
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Next, we continue to show Part II of Theorem 1.
Step 4. Estimate || fM,δ – b1,δ ||H p(Sn) . By a similar argument as Step 1:
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therefore
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Step 5. Estimate || b1,δ – b2,δ ||H p(Sn). Indeed, we get:
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This latter inequality together with (21) and (22) implies:
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which allows:
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Step 6. Estimate || f – b2,δ ||Hp(Sn). Indeed, since λl = l (l + n – 1), we get:
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for p < σ. From Steps 4-6, previously mentioned, we deduce:
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By chooseMδ = δ(r – 1)/(2 + p) and after some simple caculation, we follow from (33):
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where C ¯ is independent of δ and depends on || f ||H p(Sn).
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