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In this work, we study a truncation method to solve a time fractional diffusion
equation on the sphere of an inverse source problem which is ill-posed in the sense
of Hadamard. Through some priori assumption, we present the error estimates
between the regularized and exact solutions.
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Introduction

The PDE on the sphere has many applications in various fields, for example, potential
theory, physical geodesy, meteorology, and oceanography. The direct problem for heat equation
on the sphere and numerical approximation of it has been considered by many authors, such as
Le Gia Quoc Thong [1, 2]. However, in the case inverse problem of PDE on the sphere, to the
best of authors’s knowledge, there are limited results on this area. In the sense of Hadamard,
the inverse problem is ill-posed. According to the definition of Hadamard, a problem is called
well-posed if it satisfies three conditions:

Condition 1. Existence: There exists a solution of the problem.

Condition 2. Uniqueness: If there exists a solution, it is unique.

Condition 3. Stability: The solution’s behaviour changes continuously with the input
conditions.

A problem is called ill-posed if it is not well-posed. In this article, we study the problem:

ol p—s" . ~ .
H=— -([?a)A u(s)ds =y (¢)f(x), xeS8", 0<1<T (1)

with the following conditions

u(x,O):O, xeS”, and u(x,T):h(x), xeS"
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Here, the Riemann-Liouville fractinal integral of w of order « is given:
[ _ a1
I CoD L (s)ds
(@)
0

In the area fractional calculus which has a long history and it keeps an important
situation in the physical model or real-life, for example, porous media [3], the predator-prey
dynamic [4] and references therein.

A suitable fractional operator which is selected depending on the physical system
is really necessary. Most selected models are the fractional diffusion equation using the Rie-
mann-Liouville or Cauputo derivatives. Many applications of these models in fields of science
such as [3, 5-18]. In recent times, the mathematical model of time-fractional diffusion equation
is a class of important physical phenomena. Such equations describe relaxation phenomena in
complex viscoelastic materials, subdiffusion processes diffusion, and some other processes.

In recent years, many regularization methods have been introduced to consider the
inverse source problem for time-fractional diffusion equation, for example [19, 20] and we can
see more in the references therein. Based on our best search results, there no results on inverse
source problem for the time fractional diffusion equations on the sphere. This work may be the
first study on this topic. Our main goal in this work is to establish a Fourier regularized method
for finding approximate solution.

Preliminaries

We introduce a function of the Mittag-Leffler type:

o "
Ea’ﬂ((l)):; m, weC (2)

which is an important role in the time-fractional equations in PDE. Here, f € R and o > 0 are given
constants. Some discussion in [21] about properties of the Mittag-Leffler function which can be found.

Lemma 1 Let 0 < ay < a; < 1. Then there exits A-, A*, B-, B* > 0 which are constants
depending only on y satisfies:

- +
A <E,, (Z)SA—eZ”a, for all z>0
a a
B 1 B* 1
—_— <E {——————,forall z<0
F(l—a)l—z< “’l(z)<r(1—a)1—z’ orat ==

for all a € [ay, o4].
Lemma 2. Assume that 0 < a < 1, the Mittag-Leffler function have asymptotics:

1 e 1 1
Ea,1(2)=;e 1/ _ero(z—zj, 0<z— 40
1 1
Eabl(Z)Z—m-l-O(z—zj, -0« z<0

E,o (Z) = lzl/‘lezmZ —;a)+0[ij, 0<z—> 4w

a ZF(— z?
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1 1
Ea,O (Z)=—m+0(z—2j, —w«z<0

For A" is the Laplacian operator in R*"!. On the surface of the Euclidean sphere S”,
spherical harmonics are in form a polynomial which satisfy A*Y(x) are restricted.
We have the eigenfunctions are the spherical harmonics Y,(x) of order / satisfies:

A (x) = =41, (x)
where /=0, 1, 2,..., we have the eigenvalues for —A™:
A =1(l+n-1)
Denote by V), the space of all spherical harmonics of degree / on S” has an orthonor-

mal basis:
{¥y (x)}, for k=1,2,3,...N(n.1)

here
N(n )= (2 +r"(:)3¥(;;_1), 1=1,2.3..
Especially, N(n, 0) =1 for all n. Let:
Ji [ 1%

and the surface measure of the unit sphere is dS, we can be expanded in terms of spherical har-

monics of the function /'€ L*(S") :
N

o~
=

D
ﬁk Ylk
1

M

f=

/

Il
(=}
bl

1l

Authentically, we have the fllowing norm stems from an inner product in the Sobolev
space H°(S"):

w N(nl) .
<fag>Hw(Sn) = Z (1+/11)Uﬁk§lk
=0 k=1

where the real parameter o consists of all distributions f'satisfies:

w N(nl)
1S (s = 20 2 A 207 i oo
1=0 k=1

Regularization and error estimate

Let us recall that A" is the Laplace-Beltrami on the sphere S”. The inverse prob-
lem is for construction the initial value data u(x, 0) = f{x) from the known final data value
u(x, T) = g(x). Now, we find an explicit fomula of the mild solution of Problem (1). We assume
that dS is the surface measure of the unit sphere and u# € L*(S") which can be expanded in terms
of the following spherical harmonics:
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let

S = I f(x)Zk (x)dS
Sn
by taking the inner product of Yy:

dA P t _ el R ~ n ~
ﬂ+/115u%”lk (S)ds]:V’(t)flk’ i (T) = &

dr
we get
o N(nl)
u(x,t)= z E,; (—lzfa )ﬁozk Yy (x)+
=0 k=1
o Nl [t R 3)
+Z z {J.l//(S)Ea] [—/1, (1-5) }f,,{ds}Y,k (x)
=0 k=1 |

Letting = T in previous expression and noting that u, = 0, which yields:

o Nl [T A
u(x.T) ZZ{I ,l[—z,(T—s)“]ds}ﬁmk(x) @

1=0 k=1

Due to the unique of Fourier expansion of the function on L*(S"), we deduce:

hy = {}‘/I(S)Ea,l [—ﬂz (T_s)a}ds}f/k (5)

Hence, we obtain:

. h
ﬁk == 1k
[y () Eua [-10 0 n-1)(7-5)" s ©)
0
So, we have the equation:
=N };llek (x)

:z Z T
Oy () By | A (e m=1)(T=5)" fis @

Lemma 3. Let 0 <o <1 and 4;> 0. Then:

a1 I i[Hen- 1(T_S)Q}M17(1152—1) ®

where _ DT - D.T-P
D, = : L D=2

1
Proof. Since the bound of the function E,, we derive:
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T T
anl[—z(Hn—l)(r—s)“]dssDzj ds <
0 o 1+1(1+n-1)(T-s)" o)
. D JT- & _ pr D
l(l—i—n—l)O(T_s)"’ (l—a)l(l—i—n—l) l(l+n—1)
noting that
l(l+n—1)(li2+T“]21+l(l+n—1)(T—s)”’
we also get
¢ D [ ds D
[ B -1 n=1)(T =) Jas =2 | S
0 : llz+Ta01(l+n—l) l(l+n—1) (10)
where
51_IDJ
l—2+T“

Now, we give the following Theorem which show the converence rate between the
exact and regularized solutions. In Part 1 of Theorem 1, we give the convergence rate in L*(S")
and Part 2 of Theorem I, we show the convergence rate in higher space H?(S") for p > 0.
Theorem 1. Let gs € LA(S"):

Vs =l o) + Vs =W llpm(o 1)< & an
Let us assume that
my < maX(II Vs ||L°°(0,T)’|| 1 ||Lm(0’T)) <mj.

Let us construct a regularized solution:

ISMsN(n,l) ilé,lky;k (x)

Sas (x)= z Z

=0 k=1

T‘//(S(S)Ea,l[—l(l+n—1)(T_s)“}ds (12)

— Let us assume that '€ H°(S") for any ¢ > 0. Let us choose M; = 0*~"2 forany 0 <k < 1:
| fms —f ”LZ(S”)S Cmax[gkj(l—k)a] .

where C depends on || f'||z7sn and independent of 6.
— Let us assume that /' € H°(S") for any o > 0. Let us choose M; = 0"~ V@ *» for any
O0<r<lI:

_ (1=r)(o=p)
|| fM,5 _f ”H”(S”)S Cmax 5",5 p+2 (14)

for any 0 < p < g, where C is independent of § and depends on || f]|;7s.
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Proof. Let us show Part I of Theorem I:

I=Ms N(n.l) hy
bl,é' (X) = T e (X) 15
T [y () B 1+ n=1)(T =) Jas (15)
and ’
I=Mjs N(n,l) hy
ha()=3, > - i ()
ST [y () By [+ 1) () Jas (16)
Step 1. Estimate || fis — b1 5 |12 In order to treat this term, we first note:
T T
(s (5) B |11 m=1)(T =s)" [ ds 2 my [ B, | ~1(14n=1)(T=s)" |as =
0 0
> moD\T (17)
(112+T“jl(l+n—l)
Therefore, we find:
2
<M N(ml) Pk
I fa1s =015 oy = - e B <
=0 k=1 a
[ () [ 11 n-1)(T=5)" Jas
0
1 2
1< My N () (2+T“j PP(l+n-1)° (1+Ta )2
< ! PPy (ﬁs,zk _/';lk)z Sﬁ(w\/ﬁs ? (M +”—1)2)'
=0 o mo DT mo DT
w N(n,l) 5 (1+T“ )2
: (h§,lk _hlk) = ﬁ@ M [P (M +”—1)2] Il s —h ||zz(sn)3
=0 k=1 oD
2
MDM > (Ms+n-1) 6 (18)
T mipiri Ll ’
therefore
(1+T“)
I frns —bus ||L2(Sn)s wDT [|Ms|(Ms +n-1)]5 (19)
Step 2. Estimate || by 5 — by s ||12sn:
ISMsNGd)
b5 —bys ”ZZ(Sn): |hzk|2 :
=0 k=1
1 3 1 (20)
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it is obvious
[T ()= ()] Ean | 11+ n=1)(T =5)" Jas <

’ 1)

D,5

T
Nys -yl *(0.7) _[Ea,l |:_l(l"'”_1)(71_‘9)0!:|dsS l(l+n—l)
0

This latter inequality together with eq. (17) implies:

‘ 1 1
- <
T

T.,,(S)Em[_z(”n_l)(r_s)“}ds (Vs (5) B | 1+ m=1)(T =5)" Jas

0

Dy B ’
1(1+n-1) (1+7) Dt (14 n-1) (22)

2 272 2
myT "Dy

myD,T
(112+T“jl(l+n—l)

Combining egs. (20) and (22), we find:

1+77) D,

272 2
myT*D;

2
by s —by 5 “ZZ(SH)S {( ] [\ M P (M5 +n—1)2}§2 (23)

which allows:
(1+7%)D,
” bl,E _b2,5 ”LZ(S")S W |M5|(M§ +l/l—1)5 (24)

Step 3. Estimate || f— by s ||12s7 Indeed, since 4, =1 (/ + n— 1), we get:

2

N(n,0)

Il f=bys ||22(Sn): Z Z T

>Ms k=1 J'% (5)Eo. [—l(l+n—1)(T—s)a}ds

hé',lk

N(n,l)

= 2, 2 WA T ) |y P11 (e n =) ] oy

I>Ms k=1
1

T My (My +1-1)]

— ||f||2¢(sn> (25)
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From three aforementioned steps:

Il fons —f||Lz(Sn)§||fM,5 —bs ”LZ(Sn) +bs—bys ||L2(Sn) +f=bys ||Lz(Sn>S

| 1 J7)Dy
_\/[1+M5(M5+n—1)]0 1/ () { myT*D}
(1+T”’)

moD,\T

}|M5|(M5 +n-1)6+

+ |M;|(Ms +n-1)5 (26)

Next, we continue to show Part II of Theorem 1.
Step 4. Estimate || fis — b1 s ||upsn - By a similar argument as Step I:

I<Ms N(n,l)

1 fais = o= D, D [1+1@+n=D]" | 5
o [ () B[ 104017 @ =) ]ds

0

h&,lk B hlk

IN

2
1
IM;N(nl)( T“j P(l+n-1)7

< 2272
my Dy T

11+ n=D)" (s = )2 <

~

=0 k=l

8]

N(nl)

[|M5 ? (M5+n—1)2][1+/\/15 (Ms +n- 1]”i (hg,k—h,k) <
1=0 k=1

(1+T“)
- miDT?
(1+T“) ) ,
SWDMH (Ms +n-1) J[1+M5(M5+n—lﬂ 1y =R G2 50, <
(1+T0’)2

- mlDMT?

[I M [ (/\/l(;+n—1)2}[1+M5(M5+n—1)Jp 5 @7

therefore

1+T¢
||fM,5—b1,5|Lz(S”)S—(m DT) [ My | (Ms +n=1)][1+ My (My +n-1)]" 5 (28)
0~1

Step 5. Estimate || b s— by ;s ||usn. Indeed, we get:

ISMs N(nl)

b6 = b2 [ s, = Z >[I+ n=D) | By [

=0 k=1

T 1 T l (29)
J.l//(s)EaJ [—1+n=1y (T =5)" Jds ng (5) Eua[ 10+ n =17 (T =5)" Jds
0

0
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This latter inequality together with (21) and (22) implies:
_ 2
(1+7%)D,

bs—b ===
1615 2’5HH"<S" myT> D}

[| My [ (M +n—1)2}[1+./\/15 (My+n-1)]"8>  (30)
which allows:

1Bus =bsl, S| s [ M |(Ms +n-1)][1+ My (Ms +n-1)]"" 6 31

Step 6. Estimate || f— by s ||me(sn- Indeed, since 4, =1(/+n—1), we get:

N(nl) ;
I f=bys ||§,p(sn)= Z Z [1+l(l+n—l)]p - 5,1k

1>My k=l I Vs (5) Euy [~ +n=1)T —5)* |ds
0

N(n,
-y Z V1 +n=D] [1+10+n=D] T [1+10+n=D]" | by P <
I>Ms k=1

1

<
|:1+M§(M5 +I’l—1)

H} 1S W sy (32)

for p < g. From Steps 4-6, previously mentioned, we deduce:
Il fars — f||Hp(Sn)<|| Jms —bis ||Hp(sn) b s—bys ||Hp( ) +f=bys ||Hp(sn)<

1 (1+T“)

< p ||f||Hp(Sn) + oD\

[ Ms | (M5 +n=1)]
[1+ M; (Mg +n-1)] 2

1+7%)D,
[14 My (My +n-1)]” 5+%[|Mé| (My+n=1)[1+ My (M +n-1)]"" 5 (33)

By choose M ; = 0"~ V@ *» and after some simple caculation, we follow from (33):
_ (-r)o-p
17145 = lgo(50) < Cmax)| &7, pe2 (34)

where C is independent of 6 and depends on || f'||7(s".
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