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The physical behavior of the combined effect of temperature dependent viscosi-
ty and thermophoretic motion on mixed convection flow around the surface of a
sphere is investigated. The set of non-linear coupled PDE is formulated and then
non-dimensionalized by using an appropriate set of dimensionless variables. The
dimensionless model is then transformed to convenient form for integration by
employing a suitable set of primitive variables formulation and then discretized by
using an efficient implicate finite difference scheme for numerical simulation. The
effect of controlling parameters on velocity profile, temperature profile, and mass
concentration as well as skin friction, rate of heat transfer, and mass transfer rate
are analyzed. The obtained numerical results for different values of controlling
parameters indicate that, velocity profile gains its largest magnitude at position
X = 1.5 radian and slows down at postion X = & radian. It is also predicted that
the temperature distribution and mass concentration are diluted at position X =
1.5 radian due to rapid motion of fluid. The numerical results are highlighted in
graphical as well as in tabular form.
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Introduction

The thermophoretic transportation is the phenomenon in which submicron particles
move away or come towards the surface due to temperature gradient. The force through
which these particles gain momentum is known as thermophoretic force. Several applica-
tions of the thermophoretic motion are seen in industry and engineering like cleaning of air,
microelectronic manufacturing processes, scale formation on the surfaces of heat exchangers
and nuclear reactors safety. Sphere shaped metals and alloys are major requirements of in-
dustry. The study of mixed convection flow and thermophoretic transportation due to their
wide range of applications received the attention of many scientist and researchers. Potter
and Riley [1] studied the phenomenon of eruption of fluid from boundary-layer into the
plume above the sphere. Epstein er al. [2] analyzed the effect of thermophoretic force on
convective heat transfer due to deposition of thermophoretic particles on a vertical cold sur-
face numerically. Attia [3] discussed the phenomenon of unsteady flow of dusty fluid through
an electrically conducting fluid along an infinite flat plate in the presence of magnetic field
with the inclusion of temperature dependent viscosity and thermal conductivity. She con-
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cluded that as the values of thermal conductivity parameter are increased by taking the posi-
tive values of temperature dependent viscosity parameter, the velocities of the fluid and dust
particles increased and vice versa. Chin et al. [4] reported the study of steady mixed convec-
tion flow over a vertical porous plate embedded in porous media influenced by variable vis-
cosity. They came to the conclusion that boundary-layer separation slows down when param-
eter defining the effect of variable viscosity 6, >0 than that 8, <0 . El-Hakiem and Rashad
[5] investigated numerically the combined effects of radiation and non-linear Forchheimer
terms on free convection flow along a cylinder embedded in fluid saturated porous medium.
Enzo [6] focused on the phenomenon of laminar mixed convection flow in a vertical annular
duct comprising on a constant temperature under the effect of variable viscosity analytically.
He came to the conclusion that the buoyancy forces and temperature dependent viscosity
have significant effects on fanning friction. An analysis on the continuous problem of the
uncoupled steady momentum and energy equations by taking the effect of the temperature
dependent viscosity into account has been performed by Perez et al. [7]. Perez et al. [8] ex-
amined the discrete problem of steady momentum and energy equations and performed some
numerical simulations for both steady and unsteady cases. Aziz and Rania [9] discussed the
effect of temperature dependent viscosity on heat- and fluid-flow mechanism over a perme-
able stretched surface. They concluded that the increasing value of viscosity variation param-
eter leads to the reduction in velocity distribution, and suction of surface leads to increase in
Nusselt number while injection showed opposite effect with the increasing value of Prandtl
number. Chamkha et al. [10] proposed the study of heat and mass transfer around the vertical
cylinder by considering the effect of radiation and chemical reaction with temperature depen-
dent viscosity. They predicted that local Nusselt number decreased as conduction radiation
parameter and Lewis number are increased, while the local Nusselt number decreased and
local Sheward number increased for higher values of chemical reaction parameter. On the
other hand, they found that the fluid motion accelerated by increasing the values of variable
viscosity. Rashad et al. [11] discussed the phenomenon of heat- and fluid-flow around a
sphere in a saturated porous medium. They encountered the influence of chemical reaction
and solved the governing model by using implicit finite difference method.

Chinyoka and Makinde [12] focused on heat transfer and fluid-flow of electrically
conducting third-grade fluid under the influence of variable viscosity and transverse mag-
netic field. They illustrated that fluid velocity and temperature profiles increased transiently
as viscous heating, fluid viscosity, and reaction strength improved. Hayat ez al. [13] gave the
idea of the problem of mixed convection peristaltic flow of an electrically conducting fluid
on inclined channel under the influence of temperature dependent viscosity and thermal
conductivity. They computed, pressure gradient, velocity, rate of heat transfer, and stream-
lines by using some numerical technique. Crosby and Lister [14] extended the idea of Olsun
to study the steady axisymmetric thermal plumes erupting form a very viscous fluid consid-
ering the effect of temperature dependent viscosity of the form u oc exp(—y7T). They con-
cluded that temperature decreased exponentially and decay was faster than that existing in
previous literature. Dhiman and Sharma [15] analyzed the effect of temperature dependent
viscosity on thermal convection in nanofluids. They obtained the expression of Raleigh
number for the cases of linear and exponential viscosity parameter by using weighted re-
sidual method. They computed and presented the numerical results in tabular form for the
different values of wave number, viscosity variation parameter and fixed values of Lewis
number and concentration Rayleigh number. The effect of wall heating on thermal boundary
over isothermally heated wall have been discussed by Lee ef al. [16] by using direct numer-
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ical simulation technique. They predicted that mean wall normal velocity and normal scalar
flux leads to increase the heat transfer coefficient. Umavathi and Ojjela [17] investigated
that the temperature contours remains linear for all values of viscosity variation parameter.
The effect of variable viscosity and thermal conductivity along magnetized surface have
been explored by Ashraf ez al [18]. They illustrated that velocity boundary-layer is increased
and there was no change noted in thermal and magnetic boundary-layers for higher values
of viscosity variation parameter. Thoray and Michaut [19] investigated numerically the be-
havior of cooling elastic gravity currents for influx conditions incorporating the effect of
temperature dependent viscosity. Makinde et al. [20] carried out the analysis on MHD con-
vective heat and mass transfer taking the effect of thermophoresis radiation and temperature
dependent viscosity and predicted that skin friction decreases and Nusselt number increases
for increasing values of temperature dependent viscosity. Malikarjuna et al. [21] studied
theoretically the combined effect of thermophoresis, thermal radiation and transpiration on
convective flow through rotating cone. A comprehensive analysis on periodic mixed con-
vection flow along the surface of a sphere under the influence of viscous dissipation has
been carried out by Ashraf e/ al. [22], and governing equations have been solved by using
implicit finite difference scheme. Ashraf and Fatima [23] also presented the numerical sim-
ulation based on finite difference method to study the effect of shear stress and rate of heat
transfer around different positions of sphere associated with the fluid dissipation. They paid
a special attention on the behavior of transient shear stress and heat transfer rate under the
influence of dimensionless parameters appeared in the flow model. Later, Ashraf e/ al. [24],
extended the work of Potter [ 1] for nanofluid heat transfer around different stations of sphere
and into plume above the sphere.

To our knowledge, there exists no literature on the analysis of the combined effects
of variable viscosity and thermophoretic transportation on mixed convection flow around the
surface of a sphere. In this paper, this combined effect on thermal transport phenomena for
higher values of Prandtl number along with other parametres involved in flow model is ex-
plored. In particular, we contribute, how the physical behavior of velocity profile, temperature
distribution, mass concentration, skin friction, heat transfer, and mass flux is behaved around
the surface of sphere at different positions.

Mathematical formulation

A sphere of radius, a, is held at temperature,
T, mass concentarion, C,, and immersed in a vis-
cous incompressible fluid with ambient tempera-
ture, 7,,, ambient mass concentration C, and free
stream velocity U, by assuming 7, >7, and
C,, > C,. To analyses the boundary-layer behavior
of heat- and fluid-flow with the inclusion of ther-
mophoretic transportation around the surface of g
sphere no slip condition that is ¥ =0 and v=0 is
applied. Co-ordinate system and flow configura-
tion is given in fig. 1. In keeping view the charac-
teristics of fluid and fluid-flow domain the mathe-
matical model represents the fluid-flow behavior in Figure 1. Co-ordinate system and
terms of dimensionless non-linear PDE are given: flow confuguration
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where the dimensionless variables are defined in below:
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Here, € = y*AT is viscosity variation parameter and 7/* is constant. The dimensionless
parameters A = Gr,/Re®, A, =Gr./Re*, Gr, =g (I —-T,)a’/v’, Gr,=gB.(C—-C,)a’IV?,
Re=U_alv,Pr=v/a,and Sc =v/D,, are mixed convection parameter, modified mixed convec-
tion parameter, Grashof number, modified Grashof number, Reynolds number, Prandtl number,
and Schmidt number, respectively. In boundary-layer flow, the temperature along the y-co-or-
dinate is much larger than that in the x-co-ordinate, and that is why, the thermophoretic velocity
in y-direction is considered. As a consequence, the thermophoretic velocity, which is appearing
in eq. (4) can be expressed in the form:

k00

v
" O+Ntoy

here @ is dimensionless temperature, £ — the thermophoretic coefficient, and Nt = AT/T, — the
thermophoresis parameter. Corresponding boundary conditions satisfied by the previous system
of PDE are given:

u=0, v=0, =1, ¢=1, at y=0
u—>1, 650, ¢—>0, as y—o o

(6)

Solution methodology

To transform the system of eqgs. (1)-(5) along with their boundary conditions (6) into
convenient form for integration, we use the idea of primitive variable formulation. The group
of primitive variable formulation of the dependent and independent variables as studied in [18-
20] are given:

u(x,y)=UX,Y), v(x,y)= x_l/zV(X, Y)
Y=x"y, X=x, vxy)=x"V(X.Y) 7
0(x,»)=X"0(X,Y), $(x,y)=X"§(X.Y)
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By using eq. (7) into egs. (1)-(5) along with corresponding boundary conditions (6),
we obtain the following transformed system of coupled PDE:

XUcos X + XE)_U_X@_U+6_V sin X =0 (®)
oX 20Y oY
2
XUa—U+( —&ja—Uz X OU_ X OU08, sinX0+isinX¢ (9)
ox 2 )oY (X +e0)oy (X +£0)° 0Y 8Y
2
PTLLN 9 CALUSPTIR i) 10
ox 2 )oY Pr oy?
2
ox 2 Joy Scoy* oY
where
yo_k_a0
6+ XNt oY
Corresponding transformed boundary conditions are:
U=0, V=0, =1, ¢=1, at Y=0
(12)

U->1, 650, ¢—>0, as Yoo

Computational technique

The transformed system of eqgs. (8)-(12) are discretized by using the finite difference
scheme, central difference along y-axis and back difference along x-axis. The discretization-
process in detailed is given:

oU _ Yy~

13
oX AX (13)
oUu _ Uiin,j =Y, (14)
oY 2AY
2 Ui n—2U; y+U_
0 (i Bd CoR B (V) R (2N (15)
oY AY
Putting egs. (13)-(15) in egs. (8)-(12), we obtain the following system of algebraic
equations:
— form of continuity equation:
AY Y,
Virp =V =27 X [Uip~Ug o+ Y [Uip Uiy ] -
(16)
2avx, SNy
smX,

— form of momentum equation:

AUy +BU jy + CU G ) = D (17)
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The discretized form of thermophoretic velocity is:

v k Oy = -1,y
DTG+ XN, 2AY

Corresponding boundary conditions are:
Uiy =0 Vip=0 0ip=L ¢i,=L as ¥;=0

(20)
U(i’j)—>1, 0(1.’/.)—>0, ¢(i,j)_)0’ as Yj—>oo

The previous system of algebraic equations is solved by using Gaussian elimination
technique. Here the variables U, V', 6 and ¢ are unknown variables. We find the values of these
variables at each mesh point by solving coefficient matrix. The values of these variables repre-
sent velocity profile, temperature distribution and mass concentration against normal distance Y,
further the derivatives of these variables represent skin friction, heat transfer, and mass flux
around the surface of a sphere. The matrix form of the system of algebraic equations is simulated
by using computer software Lahy Fortran-95 and the obtained data is plotted with the help graph-
ical software Tecplot-360. Further, the accuracy of the obtained numerical results can be ob-
served from figs. 2-8. In these figures the obtained numericalcal results are satisfied by the given
boundary conditions. Moreover, a remarkable asymptotic behavior in each figure has calculated
which indicates that we have captured skin friction, heat transfer and mass flux accurately.

Results and discussion

In the present study, computational analysis for velocity profile, temperature distri-
bution,mass concentration, skin friction as well as rate of heat transfer, mass flux has been
carried out under the combined effects of temperature dependent viscosity and thermophoretic
transportation. The behavior of the main physical quantities under the influence of governing
parameters is displayed graphically as well as in tabular form. The effect of viscosity varia-
tion parameter, mixed convection parameter, modified mixed convection parameter, Prandtl
number, Schmidt number, thermophoretic coefficient, and thermophoresis parameter are taken
into account to glean at the behavior of aforementioned physical quantities. The detailed in-
terpretation of the governing quantities is presented in tables and the graphs plotted as below.

The effect of various values of viscosity variation parameter & upon the velocity pro-
file, temperature profile, and mass concentration as well as skin friction, rate of heat transfer,
and mass flux, at different circumferential positions of a sphere are displayed in figs. 2(a)-2(c).
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Figure 2. Graphical results of; (a) velocity profile (b) temperature profile, and (c) mass concentration
against Y for different values of ¢ = 0.1, 1.0, when other parameters 4,= 10.0, 2, = 10.0, Pr = 7.0,
Sc =10.0, £ =1.0, and Nz =10.0 are constant (for color image see journal web site)
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It is noted from the figs. 2(a)-2(c), that velocity profile increases owing to increase in viscosity
variation parameter but the opposite behavior is seen in temperature distribution and mass con-
centration. The velocity of the fluid is maximum at position X =1.5 radian, but temperature
distribution and mass concentration attain maximum momentum at position X = nt radian, re-
spectively. It is of interest to note that enhancement in the viscosity variation parameter increase
the temperature difference which accelerates the fluid motion at the center while the mass con-
centration and temperature are prominent at lower region.

The results in figs. 3(a)-3(c) illustrate the effect of thermophoresis parameter, Nz, on
velocity profile, temperature distribution and mass concentration, respectively. It is revealed
from figs. 3(a)-3(c) that the fluid velocity is increased significantly for higher values of thermo-
phoresis parameter Nt by keeping the other parameters constant. On the other hand, opposite
behavior can be seen in temperature profile and mass concentration. It is important to note that
no significant change in temperature is found at position X == radian, but mass concentration
substantially increases at the same position. This is due to the fact that the increase in thermo-
phoresis parameter decreases the ambient temperature and surface loses its more temperature to
ambient region around the sphere.
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Figure 3. Graphical results of; (a) velocity profile (b) temperature profile, and (¢) mass concentration
against Y for different values of Nz = 1.0, 10.0, when other parameters ¢ = 0.8, 4,=10.0, .= 1.0, Pr =
7.0, Sc = 10.0, and & = 1.0 are kept constant (for color image see journal web site)

Figures 4(a)-4(c) compute the effect of Prandtl number over velocity profile, tempera-
ture distribution and mass concentration around a sphere at different three positions. From these
figures it is noted that velocity of the fluid is increased at position X =1.5 and gains its max-
imum value for Pr = 0.71, while the temperature and mass concentration are reduced at the
same position. It is also fair to note that temperature at position X =1.5 radian is maximum for
Pr=10.71. It is also observed that temperature distribution is decreased and mass concentration
is increased for increasing values of Prandtl number at position X = & radian. It is obvious be-
cause fluids with lower Prandtl number are good heat conductor. The increase in Schmidt
number tends to increase the velocity profile at position X =1.5 radian and reverse phenomena
at same position for the case of temperature distribution and mass concentration is noted in
figs. 5(a)-5(c). It is also noted that temperature distribution is reduced and mass concentration
is enhanced for increasing values of Schmidt number. Further, it is observed that no change is
recorded in temperature distribution at position X = 1 radian, but on the other side, the mass
concentarion very prominently increased for increasing values of Schmidt number at the same
postion X =& radian of the sphere. This is due to the reason that the higher range of Schmidt
number leads to reduce the viscosity of the fluid and produced maximum inertial force which
supports the above said mechanism.
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Figure 4. Graphical results of; (a) velocity profile (b) temperature profile, and (c) mass concentration
against Y for different values of Pr =0.71, 7.0, when other parameters Nt =10.0, ¢ = 1.0, 4,= 10.0,
4.,=1.0, Sc¢ =10.0, and & = 1.0 are kept constant (for color image see journal web site)
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Figure 5. Graphical results of; (a) velocity profile (b) temperature profile, and (c) mass concentration
against Y for different values of Sc = 1.0, 10.0, when other parameters Pr = 7.0, Nt =10.0, ¢ = 2.0,
4,=10.0, .= 10.0 and k = 1.0 are constant (for color image see journal web site)

Figures 6(a)-6(c) show the corresponding change in the profiles of variables U, 6,
and ¢ for the increasing values of mixed convection parameter 4,. In these figures maximum
fluid motion is predicted at postion X =1.5 and having a meaningful peak for 4, = 5.0, while
the temperature distribution and mass concentarion is higher at position X =« radian with no
difference due to the increasing values of A,. Figure 6(a) is a reasonable answer to the question
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Figure 6. Graphical results of; (a) velocity profile (b) temperature profile, and (c) mass concentration
against Y for different values of 4, = 1.0, 5.0, when other prameters Pr = 7.0, N¢r=10.0, ¢ = 1.0, 1, = 1.0,
Sc¢ =10.0, and £ = 1.0 are constant (for color image see journal web site)



Abbas, A., et al.: Combined Effects of Variable Viscosity and Thermophoretic Transportation ...
4098 THERMAL SCIENCE: Year 2020, Vol. 24, No. 6B, pp. 4089-4101

why does this happen? It happens because the increase in mixed convection parameter leads to
enhance buoyancy force that acts like a pressure gradient which ensures the above explained
mechanism.

Figures 7(a)-7(c) represent the result plotted for variables U, € and ¢ for various
values of thermophoretic coefficient, k. For given values of parameter &, velocity profile is
overall maximum at point X =1.5 radian and is increased for increasing values of k. It is ob-
served that temperature distribution and mass concentration is maximum at point X = n radian
and mass concentration is enhanced at this point for increasing values of & . Table 1 presents the
result for skin friction, heat transfer, and mass flux for different values of viscosity parameter,
g, around different positions X =0.1,0.2,1.5,2.5 and = radians. We noticed from the analysis
that skin friction is increased in middle range at points X =1.5,2.5 radians and enhanced for
increasing value of & =10.0. Simlarly, the rate of heat transfer and mass concentrations are also
maximum at the same previously mentioned points. Table 2 demonstrates the numerical results
for the effects of various values of thermophoresis parameter Nt =1.0,10.0 around different
positions of a sphere as described in tab. 1. From this table we observe that skin friction, heat
transfer rate, and mass flux are maximum at positions X =1.5,2.5 radians, skin friction and rate
of heat transfer are increased while mass flux is reduced with the increasing values of thermo-
phoresis parameter.

2.5¢ k 1.0 k k
A Y—o1md Ol g X—oimd O ¢ 0.1
N R 0.9 s\ T 0.9 0.9
“k — 0.1 O — 0.1 0.1
3 ' fY.f.l.'S.r?'d. 0.9 _X___ 1.'5. r_ac_i 0.9 0.9
13 T.'/ Q m 0.1 06 X =nrad 0.1 0.1
| : ATDON. 009 X 0.9
1.0 ,- " ~= 0.4
0.5F 0.2
0'8 0 2'0 4'0 6.0 8.0 16 0 0‘8 0 .1” 0 2.0 3.0 ' 1'5
@ O . . . 0,100 ) 0. . 030 }

Figure 7. Graphical results of; (a) velocity profile (b) temperature profile, and (c) mass profile
against Y for different values of thermophoretic coefficient £ = 0.1, 10.0, when other parameters
2,=10.0, Pr="7.0, Nt =10.0, ¢ = 0.5, 2, = 10.0, and Sc = 10.0 are constant (for color image see
journal web site)

Table 1. Numerical results of skin friction, rate of heat transfer, and rate of mass transfer
for various values of ¢ at different circumferential positions of a sphere, when other
parameters 4, = 10.0, 4, = 10.0, V¢ =10.0, Sc =10, k =1.0, and Pr = 7.0 are constant

(&) (&) (&)
Y ), oY ), Y ),y

X e=0.1 e=1.0 e=0.1 e=1.0 e=0.1 e=1.0
0.1 rad. 1.87045 9.24316 1.12700 1.47863 0.00122 0.00909
1.5 rad. 9.48961 41.44794 1.85770 2.50490 0.00168 0.02102
2.0 rad. 9.48961 39.04457 1.81739 2.45036 0.00169 0.02045
2.5 rad. 6.53429 29.78918 1.64793 2.21957 0.00168 0.00037

7 rad. 0.39002 0.36388 0.78004 0.79455 0.00053 0.00037
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Table 2. Numerical results of skin friction, rate of heat transfer, and rate of mass transfer
for various values of V¢ at different cirmcumferential positions of a sphere, when other
parameters 4, = 10.0, 2. = 50.0, ¢ = 0.8, Sc = 10.0, k = 1.0, and Pr = 7.0 are constant

(6_U) [%j [%j
oY ), oY), Y ),
X Nt=1.0 Nt=10.0 Nt=1.0 Nt=10.0 Nt=1.0 Nt=10.0

0.1 rad. 19.12283 19.62593 1.80628 1.96039 0.52203 0.01241
1.5 rad. 83.65838 88.07614 3.09419 3.40022 0.96959 0.03384
2.0 rad. 78.90581 82.96628 3.02651 3.32431 0.94573 0.02341
2.5 rad. 60.52075 63.26874 2.73965 3.00288 0.84550 0.01084
7 rad. 0.18301 0.15695 0.77540 0.76421 0.08388 -0.00012

Conclusion

The present study is focused on the combined effects of variable viscosity and ther-
mophoretic transportation on mixed convection flow. From the obtained results the following
conclusions may be drawn.

It is noted that velocity profile increases owing to increase in viscosity variation pa-
rameter but the opposite behavior is seen in temperature distribution and mass concentration. It
is revealed that the fluid velocity is increased significantly for higher values of thermophoresis
parameter by keeping the other parameters constant. On the other hand, opposite behavior can
be seen in temperature profile and mass concentration. It is noted that velocity of the fluid is
increased at position X =1.5 radian and gains its maximum value for Pr=0.71, while the tem-
perature and mass concentration are reduced at the same position. For given values of param-
eter k, velocity profile is overall maximum at point X =1.5 radian and is increased for in-
creasing values of k. It is observed that temperature distribution and mass concentration is
maximum at point X = n radian and mass concentration is enhanced at this point for increasing
values of k&. We noticed from the analysis that skin friction is increased in middle range at points
X =1.5,2.5 radians and enhanced for increasing value of & =10.0. Simlarly rate of heat transfer
and mass concentrations are also maximum at the same previous mentioned points. We observe
that skin friction, heat transfer and mass flux are maximum at positions X =1.5,2.5 radian, skin
friction and rate of heat transfer are increased while mass flux is reduced with the increasing
values of thermophoresis parameter.

Nomenclature

a - radius of a sphere, [m] V, — primitive variable for thermophoretic

C - mass concentration in boundary velocity
layer, [kgm=] v, — dimensionless thermophoretic velocity

D, — mass diffusion coefficient, [m?s] v — dimensionless velocity component in

g — gravitational acceleration, [ms2] y-direction

r  — dimensioned radial distance from the x,y — dimensionless axes along and normal to the
symmetric axis to the surface of surface of a sphere

a sphere, [m]

— fluid temperature in boundary-layer, [K] Greek symbols

U — primitive variable for velocity component a — thermal diffusivity, [ms™']

in X-direction p. — volumetric coefficient concentration
u  — dimensionless velocity component in expansion, [K™']

x-direction p, — volumetric coefficient thermal
V' — primitive variable for velocity component expansion, [K™]

in Y-direction Yy — constant
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&  — viscosity variation parameter ¢ — dimensionless mass concentration

¢ — dimensionless temperature .

x  — thermal conductivity, [Wm'K™'] Subscripts

u  — dynamic viscosity, [Pas] o — ambient conditions

v — kinematic viscosity, [m?s] w — wall conditions
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