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Boundary-layer flow of upper-convected Maxwell fluid over a wedge with suc-
tion and heat generation/absorption is presented in this paper by considering the
Cattaneo-Christov heat flux model. The governed equations are transformed into
a set of the ODE using similarity transformations. A third-order finite difference
method for the ODE is used to find the local similarity solutions of the problems.
The effects of the wedge angle parameter, viscoelastic fluid parameter, thermal re-
laxation time parameter, and heat generation/absorption parameter are presented
in this study.
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Introduction

The non-Newtonian fluid dynamics is a continuously expanding field in the multidis-
ciplinary area and in scientific industries due to its application in our daily lives such as human
saliva, mustard sauce and toothpaste. The power-law model [1] can be used to describe these
fluid behaviors. This model, however, did not explain the characteristics of viscoelastic of the
fluid, which is a common trait for most of the fluid. To overcome this shortcoming, upper-con-
vected Maxwell (UCM) fluid model is used since it is a viscoelastic fluid model that includes
fluid relaxation time. There are many studies conducted around UCM fluid model which are
done by [2-5].

Heat transfer occurs in many phenomena in industrial applications such as water heat-
er, nuclear cooling and heat dissipation in mobile phones. The Fourier law of heat conduction
had been used for a long time to describe the heat transfer in a material. The disadvantages of
the law are the medium under consideration will be affected instantly if there is any initial dis-
turbance present due to the parabolic energy equation of the law. To overcome this, Cattaneo [6]
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modified the law by including a relaxation time for heat flux since he thought the law is unable
to describe the heat flow in much of the real fluid.

The modification done by Cattaneo was refined by Christov [7] by considering the
Oldroyd upper convective derivatives so the model is now frame-indifferent and time-invariant.
The investigation of the heat transfer in a fluid governed by Cattaneo-Christov heat flux model
is expanding. Some of the work done are shown in [8-11].

Followed by the previous study mentioned previously, there are certain gaps within
the scope of the study. The present study is conducted to fill in those gaps which are about the
heat transfer of Cattaneo-Christov heat flux model over a horizontal wedge in the presence of
suction and heat generation/absorption. The governed PDE are transformed into a set of ODE
by using some similarity transformation. The resulting equations are computed numerically
using a variation of third-order finite difference method (FDM) published by Pandey [12] and
the standardized second-order FDM as outlined in Burden and Faires [13]. The dimensionless
parameters involved are investigated further by varying the value correspondingly.

Mathematical formulations

The 2-D laminar flow of UCM fluid over a
horizontal wedge with Q = ,x is the wedge angle,
is considered as shown in fig. 1. The parameter £,
is the Hartree pressure gradient. An assumption is
made by assumed the plate has a constant tempera-
ture 7,,, and the ambient fluid temperature is 7. The
governed equation for the steady incompressible
laminar flow of UCM fluid over a horizontal wedge
with no-slip velocity, heat transfer, constant suc-

Figure 1. Geometry representation

of the fluid tion, and heat generation/absorption is expressed:
ou Ov
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where x, y are the co-ordinates along and normal to the heated plate, respectively, u, v — the
velocity components along the x- and y-axis, respectively, 4, is the relaxation time of the
Maxwell fluid, v — the kinematic viscosity of the fluid, p — the fluid density, C, — the specific
heat capacity of the fluid, 7'— the local fluid temperature, QO — the heat generation/absorption
coefficient, and q — the heat flux proposed by Cattaneo [6] and Christov [7] which satisfies
the following:

q+/12{Z—?+V-Vq—q'V{7+(V'\7)Q}:—kVT 4)

where Vis the velocity vector, 4, — the relaxation time for heat flux, and k — the thermal conduc-
tivity of the fluid. For steady incompressible fluid, (V- V)q = 0).
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By eliminating q from egs. (3) and (4), we obtain the following equation (see Christov
[7] and Han et al. [14] for details):

or , 2 0T 262 o*T ou, oulor
u—-— +,12 —2+2 +u—-+v
8x ox? oy Ox0y Ox 6y ax
) 2
(PN 2 P S (LN Y i 5)
ox Oy )0y 6y2 oy

For the purpose of study of this paper, the viscoelastic dissipation term u(Su/dy)* on
eq. (5) can be neglected since for the term to be significant, the free stream velocity, U, of the
fluid must approach the speed of sound for a lower Prandtl number, such as gases [15]. Anoth-
er reason of the omission of the viscoelastic dissipation term is because the term only have a
significant effect when the fluid becomes elastic (8 > 1), where £ is the local Deborah number
for the velocity profile, and the scope of this paper is for purely viscous fluid (f < 1). Thus,
w(Ouloy)? =0

The boundary conditions are:

u=0,v=v,, =T, at y=0

u—->U,T—>T, as y—>»®

(6)

where v is suction and U = ax™ with a is a constant and m is the wedge angle parameter and a
function of f,,, such that m = (f,,/2 — .,). The following transformation is used:

_[m+1)U _ 2va _ T-T7,
= y,/—zvx s w=r) 001) = 7 T (7)

By eq. (7), eq. (1) is automatically satisfied and eq. (2) together with eq. (5) are then
transformed into the set of ODE:

f"'+ [1 S+ 1"+

+ﬂ[2m [1 (f1- 77(f )’ f" - f "+ Gm=D 1" } ®)

0"+ Pr fO' + 21Pr59—Pr {mﬂf " - 6177(f’)29’+ﬁ”¢9’}=0 )
+

m+
and the boundary conditions on eq. (7) are reduced into the following dimensionless boundary
condition:

2 s, f'=0, 6=1at n=0
+1

f=
(10)
f'">1,8—>0as n—>o

where f = 1,U/(2x) is the viscoelastic fluid parameter, y = 4,U/(2x) — the dimensionless thermal
relaxation time, Pr = v/a — the Prandtl number, 6 = Q/(ab?) — the heat generation/absorption
parameter, and s = —v,[(m + 1)/(2Uv)]"? — the suction parameter where v, = vyx'?. Since the
value of £ and y contains the function of x, the similarity solutions of f'and 6 do not exist. So the
availability of the local similarity solutions is used as explained and argued in detail by Hashim
and Khan [16], and the solution found can be used to see the effect of parameters to the fluid
behavior above the wall. By the aforementioned argument,  and y are now becoming local
Deborah number on the velocity profile f* and temperature distribution 0, respectively.
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The expression for local skin-friction coefficient C,and local Nusselt number:

€/ Re)™ = L £70) (1)

Nu(Re, )% =— /mT“ 0'(0) (12)

where Re, = Ux/v is the local Reynolds number.

Method of solution

To solve the non-linear boundary value problem eq. (8), a method that was proposed
by Pandey [12] is used. For eq. (9), the method of standard second-order finite difference meth-
od is used which outlined by Burden and Faires [13].

For eq. (8), N finite numbers of nodal points of domain [0, a,] are defined where «,
is a finite value so it approximates 7 — oo, so that 0 = 7, < 5, <... < 5y = a;, with uniform step
length, 4, such that #; = ik, i = 0, 1,..., N. Suppose the theoretical solution of eq. (8) is F(7) at
nodal point #, 7 = 1, 2,..., N. The numerical approximation of f{#) at node 7, are denoted as f;,
and the following source function as F;:

2 " _l - 1 ’ " 1
— -1 i, —ﬂ{Zm’"n—(m-mmf )’ S+ Gm —l)f,»fiﬁ}
Fo_™M +1 m+1 2 (13)
! +1
=" B
at node #;. Thus the boundary value problem (8) and the boundary condition (10) can be written:
f'=F at n=n;, 0<n, <q (14)
2 ! !
Jo=——=s, fu=0, fy =1 (15)
m+1

The rest of the algorithm are followed as stated by [12].

Equation (9) is solved by dividing the domain [0, a,] where «, is a finite value
so it approximates # — o into (N + 1) subintervals, where the endpoints are at ;= ik, for
i=0,1,2,..,N+1and &= a/N. Suppose the theoretical solution of eq. (9) is ®(#) at points 7,
i=1,2,.., N+ 1. By considering the central divided difference formula of second-order accu-
racy, eq. (9) can be written:

—0.,,—-26,+0,._
% =0,=0 (16)
where
' 2 6 2 nr rn’
—Pr ;0 +———Pr6, —Pry| ———n,(f)" 0+ /.16,
m+1 m+1
0, = — (17)
-2 pry 2
2
with /8 subject to the following boundary condition:
O, =1, Oy, =0 (18)

The value of fand f” are taken from the final result found when solving eq. (14). The
work are continued by following the algorithm as stated in [14].
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Results and discussions

All computations were done with tolerance level ¢ of 10 and the value of suction
parameter s is fixed to be 0.1, because the main study of this paper is to see the difference of the
velocity and temperature profile for different values of parameters while the fluid experiencing
suction. Table 1 shows the comparison of the value of /"(0) for different values of m obtained
from the previous study with present works with f =y =s =6 = 0 and Pr = 1. It is shown that
the results produced are in good agreement with other works.

Table 1. Comparison of the value of " (0) from previous study with present works

m [17] [18] [19] Present
0.0000 0.469600 0.469600 - 0.469443
0.0141 0.504614 - - 0.506152
0.0909 0.654979 0.655000 0.65498 0.655053
0.2000 0.802125 0.802100 0.80213 0.802897
0.3333 0.927653 0.927700 0.92765 0.927739

Table 2. The physical properties for selected fluid
Fluid Pr T. [°C] v [m?s]
Gaseous ammonia 1.5-2 25 1.45-10°

The dimensional form for several different types of system is presented. Table 2
shows the physical properties of fluid used as an example of several systems. Figure 2 present-
ed the heat map of gaseous ammonia with wedge angle parameter m = 0, while fig. 3 presented
the heat map of gaseous ammonia with wedge angle parameter m = 0.2, both at a constant
T., T., U, p,y,and o. The value m = 0 corresponds to a flat horizontal plate. Based on figs. 2 and
3, it can be seen that the thermal boundary-layer for m = 0 is thicker than m = 0.2. This means
the heat dissipation in a fluid past a horizontal wedge is more efficient than the heat dissipation
in a fluid past a horizontal plate.

0.25 | 0.25
5 0.2 E 0.2
c c
i) o
3 0.15 '3 0.15
a a
S S
t 01 t 01
2 2

0.05 | 0.05

0 1 L L L O Il i L L
0 0.5 1 15 2 25 3 0 0.5 1 1.5 2 2.5 3
Horizontal position [cm] Horizontal position [cm]

Figure 2. The heat map of gaseous ammonia with Figure 3. The heat map of gaseous ammonia with
m=0at7T,=25°Cwith 7,,=75°C, U=1m/s, m=0.2 at T,,=25°C with7,,=75°C, U=1 m/s,
and f=y=0=0.2 and f=y=0=0.2

Figure 4 presented the heat map of gaseous ammonia with heat generation/absorption
parameter 6 = —0.2, while fig. 5 presented the heat map of gaseous ammonia with heat gen-
eration/absorption parameter 0 = 0.2, both at a constant 7., 7,, U, f, and y. It is shown from
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figs. 4 and 5 that the thermal boundary-layer for 6 = —0.2 is much thinner than the thermal
boundary-layer for 6 = 0.2. This means that as J increases, the thermal boundary-layer thickens.
For 6 <0, it denotes the heat absorption and 6 > 0 indicates the heat generation. Thus, based on
figs. 4 and 5, it can be said that the presence of heat absorption helps the heat to dissipate quick-
er from the system, while the presence of heat generation retards the heat transfer. As a conclu-
sion, as o0 increases, the efficiency of heat dissipation from the wall in the fluid-flow decreases.

Vertical position [cm]
Vertical position [cm]

0 05 1 1.5 2 25 3 %0 05 1 15 2 25 3
Horizontal position [cm] Horizontal position [cm]

Figure 4. The heat map of gaseous ammonia with Figure 5. The heat map of gaseous ammonia with
with 6 =-0.2, at T,, = 25 °C with T,, =75 °C, with 6 = 0.2, at T, = 25 °C with T,, =75 °C,
U=1m/s,m=0.0141 and f=y=0.2 U=1m/s,m=0.0141 and f=y=0.2

The effect of the wedge angle parameter, m, on the velocity profile and temperature
profile is presented in fig. 6. As wedge angle parameter, m, increases, the velocity profile /' in-
creases while the temperature profile € decreases. The value m = 0 corresponds to a horizontal
plate (0°) and m = 1 illustrates the stagnation point of a vertical plate (180°). This means as the
wedge becomes steeper, the thickness of momentum and thermal boundary-layer decreases.
This result corresponds to the results shown in figs. 2 and 3 where as m increases, the heat
transfer rate of the fluid increases, thus produced a thinner thermal boundary-layer. In fig. 7, the
effect of the local Deborah number, £, on the velocity and temperature profile are shown. Based
on fig. 7, the velocity profile decreases slightly while f increases slightly. On the other hand, the
temperature profile increases for the increasing value of £. The local Deborah number for fluid
momentum is defined as the ratio of fluid relaxation time to its deformation time. As f increas-
es, the relaxation time of the fluid increases. As a result, it causes the thickness of momentum

1 1r -;-——-—------
-
= = ** - =)
T 08 T 08f P
5 5 “” — O
= 06 =
S S
04t
0.2
0 L i i i L
0 05 1 15 2 25 3 35 4 0 05 1 15 2 25 3 35 4
n n
Figure 6. The velocity profile and temperature Figure 7. The velocity profile and temperature
profile for different values of m with profile for different values of f with m = 0.0141,

p=r=0=02,and Pr=2 y=6=0.2,and Pr=2
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and the thermal boundary-layer increases. Based on fig. 7, it can be concluded that the changes
in the value of f do affect the velocity and temperature profile slightly.

The variation of the fluid temperature distribution, 6, against the different value of the
local Deborah number for thermal profile is plotted in fig. 8. In fig. 8, the temperature profile
decreases slightly for increasing y. With the same argument as f3, as y increases, the relaxation
time of the heat transfer of the fluid increases and delays the time for the fluid to experience heat
conduction. This causes the thermal boundary-layer becomes thinner and results in faster heat
dissipation. Since the effect is not significant, it can be concluded that the changes in the value
of y do not affect the thermal boundary-layer in a greater magnitude.

Figure 9 showed the effect of heat generation/absorption parameter ¢ to the fluid tem-
perature profile 6. In fig. 9, it can be seen that the temperature profile of the fluid increases with
the increasing d. For ¢ < 0, it denotes the heat absorption and J > 0 indicates the heat generation.
For ¢ > 0, since it generates more heat, the temperature profile increases as it takes into account
the extra heat generated from the fluid. As a contrary, for J < 0, it absorbs heat energy, thus the
temperature profile decreases. This means, as ¢ increases, the temperature profile increases,
causes the thickness of the boundary-layer increases, i. e. becomes thicker.

17 1
e(n) 6(n)
0.8 y=0,0.1,0.2 0.8
0.6/ 0.6 6=-0.2,-0.1,0,0.1,0.2
0.4 045
0.2 0.2
0 i 0 C 1 i i 1 i 1 1 1 1
0 0.5 1 15 2 25 3 3.5 4 0 0.5 1 1.5 2 2.5 3 35 4
n n

Figure 8. The temperature profile for
different values of y with m = 0.0141,
p=0=0.2,and Pr=2

Figure 9. The temperature profile for
different values of 6 with m = 0.0141,
p=7=0.2,and Pr=2

Figure 10 showed the effect of wedge angle parameter, m, on the local skin friction
coefficient, Cj, with different value of 5. We notice that the value of Cyincreases as m increas-
es and S decreases. For a fixed value of /5, a larger wedge angle results in a higher fluid veloc-
ity, increases the friction force of the surface 04+
of the wedge. Figures 11 and 12 presented

the effect of wedge angle parameter m on the g 035 |

local Nusselt number, with different value of S

y for fig. 11 and different value of 0 on fig. 12. 03, £=0,01,02
It can be seen from figs. 11 and 12 that the 7

local Nusselt number increases as m increas- -

es when y and J decreases. Based on fig. 11,
for a fixed value of m, as the heat transfer of
the fluid follows Cattaneo-Christov heat flux 0.2

model, the local Nusselt number decreases. 0 005 o1 015 02
From fig. 12, for a fixed wedge angle as the
fluid experiences heat absorption, the local

m

Figure 10. The effect of m to the local skin-
friction coefficient for different values of f
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Figure 11. The effect of m to the local Nusselt
number for different values of y
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Figure 12. The effect of m to the local Nusselt
number for different values of o

Nusselt number increases, while when the flu-
id undergoing heat generation, the local Nus-
selt number decreases.

Conclusions

In this paper, the convective bound-
ary-layer of upper-convected Maxwell fluid
over a wedge with suction and heat generation/
absorption by considering Cattaneo-Christov
heat flux model is investigated. The summary
of some important results of the work are listed
as follows.
® The increase in wedge angle parameter in-
creases the velocity but decreases the tempera-
ture of the fluid.
® Increasing the thermal relaxation time re-
sults in some insignificant decrease in the tem-
perature profile of the fluid.
® The temperature profile of the fluid is di-
rectly proportional to the heat generation/ab-
sorption parameter.
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Nomenclatur

a, b — constants, [—]
a, - arbitrary domain boundary, [-]
C; —local skin-friction coefficient

{=[(m + D/2Re,] (O}, []
C, —specific heat capacity, [J°C~'kg ']
F — momentum source function, [—]
f —dimensionless stream function, [—]
h  —uniform stepsize, [-]
k  —thermal conductivity, [Wm K]
m  —wedge angle parameter, [—|
N —number of domain division, []
Nu - local Nusselt number

{=—[Re,(m + 1)2"20(0)}, []
Pr  — Prandtl number (= v/a), [-]
O  — heat generation/absorption coefficient, []
q - heat flux, [Wm?]
Re, —local Reynolds number, [-]
s —suction parameter, []
T  —local fluid temperature, [°C]
T, —fluid temperature at the surface, [°C]

T, — ambient fluid temperature, [°C]

t  —time, [s]

U, - fluid velocity at the surface, [ms™]

U — free stream velocity, [ms™']

u, v — velocity component in x- and y-axis, [ms™]
vo —modified suction, [ms™]

Vo —suction, [ms™]

x,y — Cartesian co-ordinates, [—]

Greek symbols

o —thermal diffusivity, [m*s™]

f  —local Deborah number for
velocity profile, [-]

p. — Hartree pressure gradient, []

y  —local Deborah number for thermal profile, []
0  —heat generation parameter, [—|

n  — similarity variable, [-]

® - thermal source function, [—]

¢  —dimensionless temperature, [—]

A1 —fluid relaxation time, [s]
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/4, — heat flux relaxation time, [s] o — free stream/ambient conditions
1 —fluid viscosity, [kgm's™'] .
v —kinematic viscosity, [m2s] Superscript
p — fluid density, [kgm] " —derivatives
v —stream function, [—]
Q —wedge angle, [°] Acronyms
) FDM - finite difference method
Subscripts UCM - upper-Convected Maxwell

w — condition at the surface
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