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Mixed convection has been one of the most interesting subjects of study in the area 
of heat transfer for many years. The entropy generation due to MHD mixed con-
vection heat transfer in L-shaped enclosure being filled with Cu-water nanofluid 
and having an internal heating generation is explored in this investigation by the 
finite volume technique. Lid-motion is presented by both right and top parts of walls 
to induce forced convection and the cavity is under an inclined uniform magnetic 
field along the positive horizontal direction. The statistics concentrated specifically 
on the impacts of several key parameters like as the aspect ratio of the enclosure, 
Hartmann number, nanoparticle volume fraction, and heat source length/location 
on the heat transfer inside the L-shaped enclosure. Outcomes have been manifested 
in terms of isotherm lines, streamlines, local and average Nusselt numbers. The 
obtained results show that addition of nanoparticles into pure fluid leads to increase 
of heat transfer. The maximum value of local Nusselt pertaining to the heat source 
occurs when L = 0.1. Impacts of heat source size and location, internal heat genera-
tion absorption, angle of magnetic field on heat transfer and entropy generation are 
completely analyzed and discussed. The best configuration and values of important 
parameters are also presented using thermal performance criteria.
Key words: lid driven L-shaped enclosure, heat generation/absorption, nanofluid,  

entropy generation, heat source size/location, magnetic field

Introduction 

Mixed convection flow and heat transfer in cavities represent a significant phenom-
enon in science and engineering systems due to its wide applications in the operation of solar 
collectors, heat exchangers, drying technologies, home ventilation, high performance building 
insulation, and lubrication technologies. Mixed convection is more complicated compared to 
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other types of convection due to the coupling between the buoyancy force through temperature 
difference and the shear force due to the movement of wall. Using the change in the flow regime 
as well as adding nanoparticles with high thermophysical properties in the base fluid, called 
nanofluid, i. e. nanoparticles suspended in a pure fluid, which is one of the main candidates for 
cooling electronic devises, and of the possible ways for enhancing the mixed convection heat 
transfer. Therefore, some researchers have studied the nanofluid heat transfer in diverse shapes 
of cavities [1]. One of the very important types is the L-shaped enclosure. The following works 
address the nanofluid heat transfer in an L-shaped cavity. Mahmoodi [2] examined numerically 
the natural convective heat transfer of Cu-water nanofluid in an L-shaped enclosure. The results 
indicated that the mean Nusselt number increases with increment of the Rayleigh number and 
the nanofluid volume fraction in all ranges of the aspect ratio (AR). The MHD natural heat 
transfer of a nanofluid in an L-shaped cavity considering the magnetic field was considered by 
Sourtiji and Hosseinizadeh [3]. They communicated that the heat transfer reduced via enhanc-
ing the Hartmann number. Arani et al. [4] focused on the effects of inclination on Cu-water 
nanofluid natural convective heat transfer in an L-shaped cavity. They reported that the mean 
Nusselt number increased upon decreasing the shape factor and increasing the nanofluid volume 
fraction. The lattice-Boltzmann method (LBM) has been used by Mliki et al. [5] for simulation 
of nanofluid free convection heat transfer in an L-shaped cavity. Their obtained results showed 
an increment in the mean Nusselt number as a result of increasing the Rayleigh number. The 
effects of different nanoparticles on natural-convection of an L-shaped and an inverse L-shaped 
cavity have been investigated by Sidik et al. [6, 7]. Alavi et al. [8] and Armaghani et al. [9] 
studied the effects of a baffle on nanofluid heat transfer and entropy generation in an L-shaped 
cavity. They reported that by increasing the baffle length, the nanofluid had less impact on cool-
ing in the cavity and as a result, the heat transfer raised. Recently, the authors extended their 
works by studying the nanofluid heat transfer and entropy generation in an L-shaped cavity with 
input and output ports [10, 11]. Their results showed that increasing the inclination angle led to 
a rise in heat transfer. It was clear that with the increase in the nanoparticles volume fraction, the 
thermal performance reduced, and that it increased when the inclination angle increased. The 
Al2O3-water nanofluid free convection in an L-shaped enclosure heated by a solid block was 
studied by Mohebbi and Rashidi [12] using LBM. They indicated that the maximum Nusselt 
number was observed as the heating block was situated at the bottom position inside the left 
wall. Recently, Rahimi et al. [13] considered the free convective heat transfer and entropy gen-
eration in a hollow L-shaped enclosure using LBM. They obtained some experimental values 
for thermophysical properties of a hybrid nanofluid and used it in their work. 

Many authors also applied various configurations of cavities to improve the perfor-
mance of thermofluid-flow systems by generating geometries and flow structures, and to study 
the process of self-optimization and self-organization in nature. The constructal statute reports 
that if a system has freedom to morph, it promotes in time the flow architecture that encourages 
simpler access to the currents that flow through it. Therefore, cavity protrusions are the vital de-
velopers of nucleate boiling and intensification considering the vapotron impact. In electronic 
cooling, cavities are utilized as the excess space occupied by the regular fins is a great concern. 
However, different configurations of the cavities were presented and geometrically optimized 
by Izadi et al. [1]. Rashad et al. [14], for example, presented and optimized U-shaped cavity. 
They elucidated that there existed an optimum geometrical framework of U-shaped cavity that 
decreased the temperature gradient to a minimum stage with the rise of the AR. They studied 
the effects of a partial slip condition on MHD nanofluid heat transfer in a U-shaped cavity for 
the first time.
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 Based on the literature and focusing on related reviews such as [1, 15], the combi-
nation of four topics (double lid driven L-shaped cavity, inclined magnetic field, internal heat 
generation/absorption, two discrete heat sources) is the main novelty of this paper. In this work, 
we depend on the constructed method in its main engineering importance, by concentrating on 
the optimization of geometry. The development of the rate of heat transfer is found to be more 
efficacious than the U-shaped cavity under the same volume fraction condition in the cavity. 
In this work, a Cu-water nanofluid is chosen because its cost is extremely low and copper is 
prevalent material and it can be intended easily. Analysis of mixed convection heat transfer and 
entropy generation of the current study is presented for the first time.

Mathematical formulation

The current configuration contains a 2-D 
L-shaped cavity as exhibited in fig. 1 with height 
AB and width BC remaining fixed at the same 
length, H. The thickness of the enclosure AF and 
CD are shown by l and the AR of the enclosure 
is noted by L = l/H. The top wall DE and the 
right wall EF of the cavity are lid-driven and 
moving at a constant velocity, U0, in the posi-
tive/negative x- and y-directions, respectively. 
Both the top wall AF and the right wall CD of 
the enclosure are maintained at the cooled tem-
perature, Tc, while the horizontal wall ED and 
the right wall EF are assumed to be adiabatic. 
Two heat sources with heat flux, q″, are placed 
on a portion of the left and the bottom walls of 
the enclosure with length, b, respectively while 

the other remaining portions of these two walls are thermally insulated. The gravity is acting 
in the negative direction of the y-axis, and a magnetic field with strength, B0, is applied on the 
left side of the cavity with angle, Ф, along the positive horizontal direction. The working fluid 
is Cu-water nanofluid with thermophysical properties are gathered in tab. 1, and it is considered 
to be steady Newtonian, laminar, and incompressible and is exposed to internal heat generation 
at a uniform rate, Q0. The density variation in the nanofluid is approximated by the regular 
Boussinesq approximation. Therefore, the governing equations can be given in dimensional 
form, see [16, 17]:
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Figure 1. Scheme of the problem under the 
consideration

Table 1. Thermophysical properties of water and nanoparticle materials [14]

ρ [kgm–3] cp [Jkg–1K–1] k [Wm–1K–1] β [K–1] σ [μScm–1]

Pure water 997.1 4179 0.613 21 ⋅ 10–5 0.05

Cu 8933 385 401 1.67 ⋅ 10–5 5.96 ⋅ 107
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where ρnf, (ρcp)nf, (ρβ)nf, µnf, αnf are defined, see [18-22]:
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into eqs. (1)-(4), yields the following dimensionless equations:
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where Pr is the Prandtl number, Re – the Reynolds number, Gr – the Grashof number, and  
Ha – Hartmann number, respectively.

The dimensionless boundary condition for eqs. (12)-(15):
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The local Nusselt number is defined:
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Entropy generation analysis

Following [23-25] and the local thermodynamic equilibrium of the linear transport 
theory, the dimensionless total local entropy generation can be expressed:
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where
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Here, Sh, Sv, and Sj are the dimensionless local entropy generation rate due to heat 
transfer, fluid fraction and Joule heating, respectively.

Also, the following Nusselt number ratio, total entropy generation ratio and the ther-
mal performance criteria reported by Ismael et al. [26] are defined:
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Numerical solution and validation

The conservation eqs. (12)-(15) in 
conjunction with the associated bound-
ary conditions (17) elucidate a system 
of non-linear PDE that are strongly cou-
pled. These equations are transformed 
into algebraic equations through the 
finite volume approach and then are 
solved iteratively by the tridiagonal ma-

trix algorithm, utilizing the SIMPLE algorithm 
[27]. Figure 2 shows the results of the current 
code compared with those of Khanafar et al. 
[16] and Iwatsu et al. [17]. The outputs demon-
strate an assent between this study and the pre-
viously published studies.

Also, for more validation of the L-shaped 
cavity, a comparison between the present work 
and that of Mahmoodi [2] is presented in fig. 3 
and the result shows very good agreement.

For convergence, the under-relaxation 
technique has been employed. The iteration is 
performed until the normalized residuals of the 
mass, momentum, temperature, and entropy 

generation equations become less than 10–6. Non-uniform grids containing of 101 × 101 grid 
nodes in the X- and Y-directions, respectively, are used. The obtained data are independent of the 
number of grids. The grid independency data are found at Ha = 10, Θ = 10–3, CT = 0.1, Gr = 104, 
Re = 10, D = 0.5, B = 0.5, Q = 1.0, Φ = 45, ϕ = 0.05, λ1 = – λd = 1.0, and displayed in tab. 2. 

Table 2. Grid-independency study for Cu-water nanofluid
Grid-size 41 × 41 61 × 61 81 × 81 91 × 91 101 × 101 121 × 121

Num 1.469836 1.448858 1.437232 1.429925 1.424576 1.424554

y

1.0

0.8

0.6

0.4

0.2

0.0

Θ

0.0 0.2 0.4 0.6 0.8 1

x

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

0 0.1 0.2 0.30.40.50.6 0.7 0.8 0.9 1

y

1.0

0.8

0.6

0.4

0.2

0.00.0 0.2 0.4 0.6 0.8 1

x

Temperature

(a) (b) (c)

Figure 2. Comparison of the present study with Re = 1000, 
Pr = 0.71, Gr = 102, ϕ = 0; (a) [16], (b) present study, and 
(c) [17]

Figure 3. Code validation with the L-shaped 
enclosure of Mahmoodi [2]
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Results and discussion 

In the present work, a representative set of numerical results is obtained at the fixed 
parameters Θ = 10–3, CT = 0.1, Gr = 104, Re = 10, and λ1 = – λd = 1.0

Effect of aspect ratio 

Figure 4 presents isothermal lines as well as streamlines for various AR. The heat 
sources at the bottom and the left walls account for the upward movement and the counter 
clockwise (CW) rotation of the nanofluid since it becomes lighter due to the change of density. 
The moving plates and the nanofluid move in opposite directions. However, their impact de-
creases for large values of L and hence, the nanofluid rotates faster. For L = 0.1, in the region 
above the cavity, the isothermal lines are horizontal and nearly parallel, while under the cavity, 
they are vertical and nearly parallel. The proximity of the plates of the cavity is regarded as a 
reason. The isothermal lines assume a parabolic shape and become nearly parallel as the dis-
tances between the plates L increases.

L = 0.1 0.2 0.4 0.5 L = 0.1 0.2 0.4 0.5

(a) (b)  
Figure 4. (a) Streamlines and (b) isothermal lines for different values of L, at Ha = 10, D = 0.5,  
B = 0.5, Q = 1.0, ϕ = 0.05, Φ = 45°

Figure 5 shows the local Nusselt number for different values of L. As mentioned 
earlier, two local Nusselt numbers have been presented in this work since there are two heat 
sources. Considering the isothermal lines indicated in fig. 4, as the fluid-flows over the low-
er heat source, the temperature of the nanofluid decreases due to its CW rotation. As a re-
sult, taking the definition of local Nusselt number into account, the Nusselt number increases. 
The maximum value of the local Nusselt number pertaining to the heat source occurs when  
L = 0.1. The reverse process is observed at the heat source of the left wall. The difference is that 
at the end of wall, the decrease of the local Nusselt is more noticeable for L = 0.1. Its cause, as 
explained in fig. 4, is the shape of isothermal lines.
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Figure 5. Local Nusselt number along the heat source various AR at Ha = 10,  
D = 0.5, B = 0.5, Q = 1.0, ϕ = 0.05, Φ = 45°
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Figure 6 shows Num and Nu+
m for different values of L, and based on the variations 

of the volume fraction ϕ. As evident in this figure, for all values of L, the Nusselt number 
increases with the rise of ϕ and becomes maximum at L = 0.1, while the maximum rate of 
heat transfer growth with the increase of ϕ occurs at L = 0.2. The increase of heat transfer 
also leads to increase of irreversibility thereof and hence, the entropy increases with the rise 
of ϕ, fig. 7(a).

Figure 7(b) presents Nu+++
m for different values of Hartmann number and L. For L = 

0.1 to 0.3, the Nusselt number increases with the increase of Hartmann number from zero to 
about 20, while it does not change noticeably up to Ha = 50. For L = 0.4, with the increase of 
Hartmann number, the Nusselt number increases slightly, while for L = 0.5, the Nusselt number 
decreases slightly with the increase of Hartmann number. 

Figure 8 shows e++ for different values of L and based on variation of Hartmann num-
ber. As seen in the figure, an increase of Hartmann number up to 20 causes an improvement 
in the thermal performance for all values of L, whereas it decreases when Hartmann number 
increases to 50. It can generally be claimed that at L = 0.1, the thermal performance improves 
for all values of Hartmann number. The most efficient value of Hartmann number is 15 since 
e++ has the minimum value at this Hartmann number value.
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Effect of heat source size 

Figure 9 shows the effects of the size of 
heat source on the streamlines and the isother-
mal lines. With the increase of heat source size, 
the streamlines do not change noticeably, while 
the temperature of wall of the heat source in-
creases and the Nusselt number decreases, figs. 
10(a) and 10(b).

Figure 10(c) shows the variations of the 
average Nusselt number with ϕ and based on 
different values of B. The maximum value of the 
average Nusselt number is observed at B = 0.1,  
while the minimum value is seen at B = 0.8. 
In general, addition of nanoparticles into pure 
fluids causes an increase in the average Nusselt 
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Figure 10. Profiles of local and 
average Nusselt for different 
values of B at Ha = 10, D = 0.5,  
L = 0.3, Q = 1.0, ϕ = 0.05, Φ = 45° 

Figure 9. (a) Streamlines and (b) isothermal lines for different values of B at Ha = 10, D = 0.5, L = 0.3,  
Q = 1.0, ϕ = 0.05, Φ = 45°
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number for all values of B. As mentioned earlier, an increase of the Nusselt number also leads 
to an increase in the irreversibility due to heat transfer, and therefore, causes an increase in the 
entropy generation. 

Figures 11(a) and 11(c) show the changes of the Nusselt number for various values 
of B, and based on the increases of Hartmann number. The trend of variation of the Nusselt 
number with Hartmann number may be divided into two ranges: Ha = 0-25 and Ha = 25-50. 
For small values of Hartmann number, the average Nusselt number increases with the increase 
of Hartmann number, while for values of Hartmann number above 25, an increase of Hartmann 
number, not only has a negligible effect on heat transfer, but also leads to its slight decrease for 
small values of B.
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Figure 11. Variation of the average Nusselt number for different values of B at  
D = 0.5, L = 0.3, Q = 1.0, ϕ = 0.05, Φ = 45°

As indicated in fig. 12(a), an increase of Hartmann number leads to an increase of 
entropy. Figure 12(b) shows the variation of e++ with Hartmann number. Increasing the value of 
Hartmann number causes an improvement in the thermal performance for all values of B and 
for Hartmann number values less than 20. While for values above 20, it leads to a loss in the 
thermal performance. 
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Effects of angle of magnetic field  
and heat generation parameter

In fig. 13, the streamlines and isothermal lines are presented for various angles of the 
magnetic field. The effects of different angles of the magnetic field are more on the isothermal 
lines than on the streamlines, so that an increase of this angle causes an increase in the tempera-
ture of the fluid adjacent to the heat source and therefore, the heat transfer and Nusselt number 
increase, fig. 14.

(b)(a)

Φ = 0
o

90
o

135
o

180
o Φ = 0

o

90
o

135
o

180
o

Figure 13. (a) Streamlines and (b) isothermal lines (b) for different values of Φ at Ha = 10, D=0.5, 
B = 0.5, L = 0.3, Q = 1.0, ϕ = 0.05
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Figure 14. Local Nusselt number along the heat source for different values of Φ at Ha = 10, D = 0.5,  
B = 0.5, L = 0.3, Q = 1.0, ϕ = 0.05 

Figures 15(a) and 15(b) show the average Nusselt number for various amounts of ϕ 
and Φ. For all angles of the applied magnetic field, an increase of the volume fraction leads to 
an increase in the Nusselt number. The increase is maximized at the angle of 135°, so that with 
the addition of nanoparticles for 10 vol.%, the heat transfer increases more than 20%. Figure 
15(c) shows the Nusselt number for different values of Q. The maximum and minimum values 
of the Nusselt number are observed at Q = –2 and Q = 2, respectively. 

A similar trend is seen in fig. 16(a) for Nu+
m. In general, an addition of nanoparticles 

causes an increase of the heat transfer for all values of Q, while the rate of increment is max-
imum for Q = 2. More than 25% increment of heat transfer is observed for Q = 2 and ϕ = 0.1. 
Considering the role of irreversibility due to heat transfer on the entropy generation, for all val-
ues of Q, the total entropy generation increases with the increase of the volume fraction which 
is maximum when Q = 2, fig. 16(b).

Conclusions

The entropy generation due to MHD mixed convection heat transfer in an L-shaped 
enclosure being filled with a Cu-water nanofluid and having an internal heat generation is stud-
ied numerically in this paper by the finite volume technique. The remarkable results are:
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yy For all amounts of L, the Nusselt number increases with the rise of ϕ and becomes maximum 
at L = 0.1.

yy For L = 0.1 to 0.3, the Nusselt number increases with the increase of  Hartmann number from 
zero to about 20, while it will not change noticeably up to Ha = 50.

yy The maximum value of the average Nusselt number is observed at B = 0.1, while the mini-
mum value is seen at B = 0.8.

yy For a volume fraction of 0.1, an increase of about 20% in heat transfer is observed for  
D = 0.3.

Figure 16. Variation of the average Nusselt number and variation of the average total entropy 
generation for different values of Q at Ha = 10, D = 0.5, B = 0.5, L = 0.3, Φ = 45°
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yy The maximum and minimum values of the Nusselt number are observed at Q = –2 and  
Q = 2, respectively.

yy For all angles of the applied magnetic field, an increase of the volume fraction leads to an 
increase of the Nusselt number.

yy The entropy generation increases with the rise of ϕ. 

Nomenclature
B 	 – dimensionless heat source length, [–]
b 	 – length of heat source, [m]
B0 	 – magnetic field strength, [T]
cp 	 – specific heat, [JkgK–1] 
CT 	 – difference temperature, [–]
D 	 – dimensionless heat source position, [–]
d 	 – location of heat source, [m]
Gr 	 – Grashof number, [–] 
g 	 – acceleration due to gravity, [ms–2]	
H 	 – length of cavity, [m]
Ha 	 – Hartmann number, [–]	  
k 	 – thermal conductivity, [Wm–1K–1]
L 	 – aspect ratio, [–]
l 	 – thickness of the enclosure, [m]
Nus	 – local Nusselt number of heat source, [–]
Num 	 – average Nusselt number, [–] 
P 	 – dimensionless pressure, [–]
Pr 	 – Prandtl number, [–]
p 	 – fluid pressure, [Pa]
Q 	 – dimensionless heat generation coefficient, 

[–]
Qo 	 – Heat generation coefficient, [Wm–2]
q’’ 	 – heat flux, [Wm–2]
Re 	 – Reynolds number, [–]
S 	 – entropy generation, [WK–1m–1]
T 	 – temperature, [K]
Tc 	 – cold wall temperature, [K]	

u, v 	 – velocity components in x, y directions, 
[ms–1] 

U, V 	 – dimensionless velocity components, [–] 
x, y 	 – Cartesian co-ordinates, [m] 
X, Y 	 – dimensionless co-ordinates, [–]

Greek symbols

α 	 – thermal diffusivity, [m2s–1] 
β 	 – thermal expansion coefficient, [K–1]
θ 	 – dimensionless temperature, [–] 
µ 	 – dynamic viscosity, [kgm–1s–1] 
n 	 – kinematic viscosity, [m2s–1] 
ρ 	 – density, [kgm–3]
σ 	 – effective electrical conductivity, [Sm–1]
Ф 	 – angle of magnetic field, [°]
ϕ 	 – solid volume fraction, [–]

Subscripts

c 	 – cold	
f 	 – pure fluid
h 	 – hot
m 	 – average
nf 	 – nanofluid
p 	 – nanoparticle
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