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The (4+1)-D Fokas equation is a new and important physical model. Its Hirota's 
bilinear form with a perturbation parameter is obtained by an appropriate trans-
formation. A class of lump solutions and three different forms of spatio-temporal 
structure are obtained. Meanwhile, the theoretical analysis for the change of spa-
tio-temporal structure is discussed by using the extreme value theory of multivar-
iate function. Finally, the interaction between a stripe soliton and lump solution 
is discussed, and a new wave phenomenon that the lump solution is swallowed 
and drowned by the stripe soliton is investigated. 
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Introduction 

It is well known that many phenomena arising in fluid mechanics and thermal sci-
ence can be described by solitary waves [1-3]. The main tools in the open literature to treat 
the solitary waves are the exp-function method [4] and Hirota's bilinear method [5]. Several 
authors have contributed in this direction, in which Ma and He were the pioneers. Very re-
cently, Ma and Zhou [6] applied the Hirota's bilinear method to obtain lump solutions of a 
class of quadratic functions. Meanwhile, the lump solutions and the interaction between lump 
solutions and other soliton solutions of many non-linear equations were studied [7-11]. How-
ever, the spatio-temporal pattern of solitary waves has been little treated though it becomes 
more and more important in thermal science and fluid mechanics as well. To illustrate the 
spatio-temporal property of a thermal problem, we consider a candle in the wind, which varies 
over space and time, local interactions in space can give rise to large scale spatio-temporal 
patterns, and vice versa. The principal goals to deal with such problems are statistics, machine 
learning, and others. In this paper spatio-temporal dynamics is used to study solitary waves to 
reveal their spatio-temporal properties. 

Now, we consider the (4+1)-D Fokas equation: 

21 1 3 3( ) 0
4 4 2 2xt xxxy xyyy xy zwu u u u u− + + − =  (1) 

which is a generalization of the (2+1)-D KdV equation, Davey-Stewartson equation, and Ka-
domtsev-Petviashvili equation [12]. Here, by (x, y, z, t) are real (3+1)-D space and time, while 
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w is a phenotype time to reveal effect of time interaction on the morphology of the solitary 
wave. Therefore, the (4+1)-D Fokas equation can also be called the (3+2)-D Fokas equation. 
Due to the important applications of spatio-temporal dynamics in practical problems, for ex-
ample, in electrospinning process [13], bubble’s shape change during the bubble electrospin-
ning [14] and in thermal instability in the Taylor cone [15], it is necessary to study its analyti-
cal solution. To the best of our knowledge, there are many useful properties that have not 
been presented in the previous work. In this manuscript, we will study the lump solutions, 
spatio-temporal structure and interaction between a stripe soliton and lump solution of  
(4+1)-D Fokas equation by using Hirota's bilinear method. Finally, some new wave phenom-
ena will be investigated and simulated by 3-D plots. 

Spatio-temporal dynamics of lump solution 

Lump solution and spatio-temporal structure 

Firstly, the bilinear form of eq. (1) is obtained by taking the following transfor-
mation: 

 x yξ α β= +  (2) 
and  
 2 2

0( , , , t) ( )(ln )u z u f ξξξ ω β α= + −  (3) 

where a and b are some wave parameter and f(x, z, w, t) is an unknown real function, then 
taking ab ¹ 0 and a2 ¹ b2. Substituting eqs. (3) and (2) into eq. (1), a new bilinear equation 
which is different from the work [16] is obtained:  

 2 2 4 2
0

1 3Fokas( ) : D D ( )D 3 D D 0
4 2t zwf u f fξ ξ ξβ β α β

α
 + − + − =  

 (4) 

where D is a bilinear operator [17]. 
In order to get a class of lump solutions of (4+1)-D Fokas equation, according to  

[6-9], we can assume that the solution has the following quadratic function form: 

 2 2
0 1 1 1 1 1 2 2 2 2 2( , , , ) ( ) ( )f z w t a a b z c w d t e a b z c w d t eξ ξ ξ= + + + + + + + + + +  (5) 

where a0, ai, bi, ci, di, and ei, (i = 1, 2) are some real unknown constants to be determined. The 
following relations among the parameters can be obtained via inserting eq. (5) into eq. (4) 
with the help of MAPLE. 

Case 1 

 
4 2 2
2 2 1 1 2 2 2 1 1

0 1 1 2 0 2
1 1 2 2

( ) 3( ) 3( ), , 0, 3
2 2 2

a b c b c b c b ca d a d u a
b c a a

αβ β α
β

α α
− + −

= = = = −
 

(6) 

where b1c1 and a2 ¹ 0 and a2, b1, b2, c1, c2, e1, and e2 are some free real parameters. An exact 
lump solution is obtained by substituting eqs. (6) with eq. (5) into eq. (3): 

 
2 2 2 4 2 2 1 2 2
2 2 1 1

0 24 2 2 1 2 2
2 1 1

2 ( ) ( )(2 )

( )(2 )

a b c
u u

b c

β α αβα β α Θ ∆

αβα β α Θ ∆

−

−

 − − + − = +
 − + + 

 (7) 
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where  

 2 1 1 2
1 1 1

2

3( )
2

b c b cb z c w t e
a

Θ
α
+

= + + +   

and  

 2 2 1 1
2 2 2 0 2 2

2

3( ) 3
2

b c b ca b z c w u a t e
a

∆ ξ β
α

 −
= + + + − + 

 
 

The lump solution, eq. (7), contains some free parameters b1, c1, a2, b2, c2, e1, e2, and 
u0, which determined the diversity of spatio-temporal structure. Meanwhile, the asymptotic 
behavior of the lump solution can be found u ®  u0, either x  ®  ± ¥ or z  ®  ± ¥ or w  ® ± ¥ or 
t ® ± ¥, it means that solution, eq. (7), has the characteristic of pulse solution. From fig. 1(a), 
we can clearly see that the lump solution has bright lump solution structure characteristics, 
which has one upward peak and two small downward projections, the main peak forms a 
much higher hill, the two downward projections are hidden under the plane wave [18]. How-
ever, the spatio-temporal structure of lump solution will vary with the change of the seven 
free parameter values. Figure 1(b) shows that the lump solution is a dark lump structure which 
contains one downward peak and two small upward projections. The 3-D image simulation 
indicates that when the values of these free parameters are changed, the spatio-temporal struc-
ture of eq. (7) is changed accordingly. Where, the curve drawn at the bottom of the figure is 
the contour line in figs. 1(a) and 1(b).  

 
Figure 1. Spatio-temporal of the lump solution of eq. (7); u0 = 0, b2 = 0,5, e1 = e2 = x = w = 0,  
(a) a = 1, b = 3, a2 = c1 = 1, b1 = 0.25, c2 = 0.125, (b) a = –3, b = 1, a2 = 2, c1 = 4, b1 = 1, c2 = 0.25  
(for color image see journal web site) 

Case 2 

 
2 2 12 2 2

0 1 2 22
0 1 2

2 2 2 1 2 2 1 2 1 1 2

3 3( )(2 )2 33 ( ) , ,
6 4 3( )

u c c dba b d
b c a a c a c a c a c

β σ α ϕαψφ ϕαβ β α φ
α ψ

−+ + −−−
= = =

− − −  
(8) 

where 2 2 2 2
1 2 1 1 2 2 2 0 2 1 2 1 2 1 2 2, , 3 , 2a a a c a c d u a a c a a c a cφ ϕ ψ β σ= + = + = + = − − , meanwhile, b1 

and d2 needs to satisfy the conditions: a1c2 – a2c1 ¹ 0. Substituting eqs. (8) with eq. (5) into eq. 
(3), we get a new lump solution: 
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2 2 2
2 2 2

1 2
22 2

0 22 2 2
2 2

2

3 ( ) 2( )
6 4

2( )
3 ( )

6 4

a a
bc a

u u

bc a

αβ β α φφ Θ ∆ Θ ∆
α ψ

β α
αβ β α φ Θ ∆

α ψ

 −
+ + − + − = + −

 −
+ + − 

 (9) 

where Q = a1x + b1z + c1w + d1t + e1 and D = a2x + b2z + c2w + d2t + e2. Bright lump struc-
ture and dark lump structure are obtained by selecting different parameter values. Meanwhile, 
we noticed that the conditions a1c2 – a2c1 ¹ 0, which means that the two directions (a1, c1), 
and (a2, c2) in the xw-plane are not parallel, therefore, the space structure of lump solutions in 
xw-plane has the characteristics of kinky wave (see fig. 2). 

 
Figure 2. Space structure of the lump solution of eq. (9); a2 = 1, b2 = d2 = 2, c1 = 0.5, c2 = 4, e1 = e2 = z = t 
= 0, u0 = 0, (a) a = 1, b = 3, a1 = 3, (b) a = –3, b = 1, a1 = 4 (for color image see journal web site) 

Case 3 

 
2 2 2

2 2
0 0 2 1

2 2 1
,

23 ( )0, , 0 ,
4 3

b
a du a c

a d c
αφ β α β−

= = = = −  

 1 2
2 1 2

1
,

2 0, 0
3

d
a db e
c

α
= = =

 
(10) 

where 2 2
1 2 1 1 1 2, , , ,a a a c e aφ = +  and d2, are some free real numbers. A new lump solution is 

obtained by substituting eqs. (10) with eq. (5) into eq. (3): 

 

2 2 2
2 2 2

1 2
2 22 2

22 2 2
2 2

2 2

3 ( ) 2( )
4

( , , , ) 2( )
3 ( )

4

a a
a d

u z w t

a d

φ β α β Θ ∆ Θ ∆
ξ β α

φ β α β Θ ∆

 −
+ + − + 

 = −
 −

+ + 
 

 (11) 

where Q = a1x – 2aa2d2(3c1)–1z + c1w + e1 and D = a2x + 2aa1d2(3c1)–1z + d2t. The solution of 
eq. (11) have similar characteristics and space structure with solution of eq. (7). The features 
of the bright and dark lump structures are reflected by changing the values of these free pa-
rameters a, b, a1, c1, e1, a2 and d2. 
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Theoretical analysis for the spatio-temporal  
structure changes 

In this section, we will provide a theoretical analysis of the spatio-temporal structure 
changes of lump solutions of eqs. (7), (9), and (11). Here, we mainly discuss two cases of  
u0 = 0 and u0 ¹ 0. 

When  u0 ¹ 0, we focus on the exact lump solution of eq. (7) by the perspective of 
the extreme value theory of two element function. Here, we consider the case of x = 0, w = 0, 
in other words, considering the critical point of the function U(z, t) = u(0, z, 0, t). In order to 
obtain the extremum values of the function U(z, t), it is needed to calculate the necessary con-
dition: 

 
( , ) 0

( , ) 0

U z tz

U z tt

∂ =∂
 ∂ =
∂

 (12) 

Thus, solving condition of eq. (12) leads to a critical point p(z, t), where: 

 

( ) ( )

( )

2
1 2 2 1 2 1 1 2 2 0 2 1

2 1 2 2 1

2

2
3

b c b c e b c b c u a e
z

a b e b e
t

β α

Ω
α

Ω

 + + − +
 = −


−
=

 (13) 

where 2 2 2
1 1 1 2 1 0 22 0.c b c b b u aΩ αβ= + + ≠  Substituting eq. (13) into two element function  

U(z, t), through complicated calculation, we can get the extreme value: 

 1 1
0 2

2

4( , ) p
b cU y t u

aαβ
= +  (14) 

Furthermore, at the point p, the second order derivative can be obtained: 

 

( )
( )

( ) ( )

2 2 2 22 1 1 1 2
2 2 2 6 2 2

2
2 2

4 4 22
1 1

4 6 14 2 22 2
2

2

16 3( , )

( , ) ( , )
1728

( , ) ( , )
p

b c b bU z tA
z a

U z t U z t
z t b czH U

aU z t U z t
t z t

α β α β

Ω
β α α β

 +∂ = =
 ∂ −

 ∂ ∂

∂ ∂ ∂= =
−∂ ∂

 ∂ ∂ ∂

 (15) 

By using the discriminant theory of extremum points for the two-variables function, 
meanwhile, notice that b1c1W ¹ 0 in eqs. (15), we can have the following results: 
(1) if a2 < b2, this is, A < 0 and H(U) > 0, the p is a maximum point, u(x, z, w, t) shows 

bright lump structure characteristics (fig. 1a). 
(2) if a2 > b2, this is, A > 0 and H(U) > 0, the p is a minimum point, u(x, z, w, t) shows dark 

lump structure characteristics (see fig. 1b). 
When u0 = 0, we mainly discuss the Case 3. let U(x, z) = u(x, z, 0, 0) in eq. (11). Af-

ter calculating, the point 1 1 2 1 1[ ( )/ , (3 )/( 2 )]p a e a a c e a dφ α φ− − is a critical point of the function 
U(x, z), and: 
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 2 28( , )
3p

a dU zξ
φβ

= −  (16) 

Thus, at the point p, the second order derivative can be obtained: 

 

( )

( ) ( )

2 22
2 2

2 222 2 2 2
1 2

2 2

2 6 22
2 2

6 22 2 4 2 2 2 2 2
1 1 2

2

( , ) 64
3

( , ) ( , )

16384( ) 243( , ) ( , )
p

a dU zB
a a

U z U z
z a dH U

U z U z c a a
z z

ξ
ξ β α β

ξ ξ
ξ αξ

ξ ξ β α β
ξ

 ∂= =
 ∂ + −   


∂ ∂

 ∂ ∂∂ = =
 ∂ ∂ + − ∂ ∂ ∂

 (17) 

However, through the extreme value discrimination theory of two element function, 
we can the following results:  
(1) if a2 < b2, this is, B < 0 and H(U) > 0, the p is a maximum point, u  shows bright lump 

structure characteristics.  
(2) if a2 > b2, this is, B > 0 and H(U) > 0, the p is a minimum point, u shows dark lump 

structure characteristics. 
From the previous extreme value theory analysis and 3-D graphic simulation, we 

can know that the change of spatio-temporal structure mainly depends on the value of pa-
rameters a and b, and is not directly related to the perturbation parameter u0. So, there will be 
a bright lump structure, when a2 < b2; the dark lump structure appears, when a2 > b2. When 
ab ¹ 0 and a2 ¹ b2, the bilinear form eq. (4) does not exist, we do not go deep research here, 
some related results can be viewed in [15]. 

Interaction 

Here, we construct the interaction between a stripe soliton and lump solution for the 
(4+1)-D Fokas equation. To obtain the interaction between stripe soliton and lump solution, 
add an exponential function on the basis of the quadratic function eq. (5), that is: 

11 12 13 14 152 2
0 1 2 3 4 5 6 7 8 9 10( ) ( ) a a z a w a t af a a a z a w a t a a a z a w a t a e ξξ ξ σ + + + += + + + + + + + + + + +  (18) 

Substituting eq. (18) into eq. (4) with eq. (3), through the tedious and long calcula-
tion, we can get the following cases: 

Case 1 

 

( ) ( )

( )

2 22 3 11 13 11 14 3 14 11 113 3 11
0 1 2 3 3 42 2

13 1313 13
4 2 2 3 2 2 2
11 3 3 11 8 11 8 14

5 5 6 7 8 8 9 10 102
138 13

2
11 13 11 14

11 11 12 13 13 14 1
13

2
, , , ,

2 3, 0, , , ,

, , ,

a a a a a a a a aa a aa a a a a a
a aa a

a a a a a a a aa a a a a a a a a
aa a

a a a a
a a a a a a a

a

Θ ∆ Θ

αΘ Θ Θ

Θ ∆

+ + −
= = = = =

+ +
= = = = = =

+ +
= = = = 4 15 15, a a











=


(19) 
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Case 2 

 

2 2 2
3 3 11 3 11 13 11 14 3 14 11 11

0 1 2 3 3 42 2
13 1313 13

4 2 2 3 2 2 2
11 3 3 11 8 11 8 14

5 5 6 7 8 8 9 10 102
138 13

2
11 13 11 14

11 11 12 13 13
13

( ) ( 2 ), , , ,

2 3, 0, , , ,

( ), , ,

a a a a a a a a a a a aa a a a a a
a aa a

a a a a a a a aa a a a a a a a a
aa a

a a a aa a a a a
a

Θ ∆ Θ

αΘ Θ Θ

Θ ∆

+ + −
= = = = =

+ +
= = = = = =

+ +
= = = 14 14 15 15,a a a a









= =


(20) 

where Q = 0.25b(b2 – a2) and D = 3bu0 in Case 1 and Case 2. So, substituting eqs. (19) (or 
eqs. (20)) with eq. (18) into eq. (3), we can obtain a mixed type algebraic-exponential solitary 
wave solutions of (4+1)-D Fokas equation: 

 ( ) ( ) ( )

( )

2 2 2 2
1 6 11 1 6 112 2

0 2 2 22 20 0

2 2 2
( , , , )

a a a l ma na a l
u z w t u

a m n l a m n l

δ δ
ξ β α

δ δ

+ + + +
= + − −

+ + + + + +
 (21) 

where m = a1x + a2z + a3w + a4t + a5, n = a6x + a7z + a8w + a9t + a11 and 
11 12 13 14 15a a z a w a t al e ξ + + + += . In order to simulate the 3-D graph of the interaction between the 

lump solution and the stripe soliton, we take the parameter u0 = a5 = a10 = a15 = w = 0, a = 1, 
b = 2, a3 = 4, a8 = 1, a11 = –1, a13 = –12, a14 = 0.5, and b = 1 in Case 1.  

From fig. 3, we can clearly observe soliton fusion phenomenon. Figure 3(a) shows 
the solution u consists of a stripe soliton and a lump soliton at time t = –2. With the develop-
ment of time, t, the lump soliton is drowned or swallowed up by stripe soliton in the process 
of the interaction of two solitons. When t = 0, the lump soliton starts to be swallowed by the 
stripe soliton. This reflects the completely non-elastic interaction between two solitary waves. 

 
Figure 3. Plots of interactions at different times; (a) t = –2, (b) t = –1, (c) t = 0  

(for color image see journal web site) 

Conclusions 

In this work, the (4+1)-D Fokas equation is reduced to the (3+1)-D non-linear partial 
derivative (NLPD) by an appropriate transformations eq. (2). The bilinear form with a small 
perturbation parameter and some exact lump solutions of (4+1)-D Fokas equation are ob-
tained by Hirota's bilinear method and a special class of quadratic function. The dark lump 
structure, bright lump structure and kinky lump structure in different variables are simulated 
by taking different parameter values, these results reflect the diversity of spatio-temporal 
property of lump solution. Additionally, on the basis of different structures of these lump so-
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lutions, we analyze the theoretical reason, mainly the size of the a2 and b2 determined to un-
derstand the structural feature. Finally, the interaction between the stripe soliton and lump so-
lution is studied, the fusion phenomenon of solitons is simulated by 3-D plots. As far as we 
know, these novel properties and interesting spatio-temporal dynamics are investigated for the 
first time in (4+1)-D Fokas equation. Our results enrich the variety of the dynamics character-
istics of fluid mechanics and thermal science.  
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