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Key words: classical Lie group, (2+1)-D generalized symmetry,
vector analysis

Introduction

There are a number of fields such as thermal science, optics, physics, and chemistry
in which non-linear differential equations are widely used to describe complex phenomena.
Accordingly, the research of non-linear evolution equations has attracted much attention
world-widely [1-8]. Lie group theory is an effective and direct approach to constructing exact
solutions of non-linear evolution equations [9, 10]. It has been widely considering that sym-
metry plays a very important role in various scientific fields, especially in the soliton theory.
So far there are many powerful methods to find the symmetry of PDE, such as the classical
Lie group method [11-18], the generalized symmetry method [18], the non-classical Lie group
method [13], and the Clarkson and Kruskal [12] direct method.

In fact, vector analysis is a completely new approach to symmetry [18]. The main
target of this paper is to extend the vector analysis method to (2+1)-D case, and a novel modi-
fication for the generalized symmetry method is proposed.

Burgers equation [19] describes the far field of wave propagation in non-linear phys-
ics. This paper considers its extension, the (2+1)-D Painleve integrable Burgers equations:

—U; +Uuuy +avu, + fuy, +afu,, =0,
1

u,—v, =0 @
which were derived from the generalized Painleve integrability classification by Hong et al.

[19], where a and B are constants.
This paper considers the following (2+1)-D generalized Painleve Burgers system:

A, =Ug—afuy, - Buy, —G(x,y,t,u,v) =0,
)

1
A, =V —;(ux -vy)=0

where &, 3, and y are constants, with y = 0.
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The infinitesimal symmetries arising from the
classical Lie group method and the (2+1)-D
generalized symmetry method in vector analysis

The classical Lie group method

Suppose (x, y, t) € R® are independent variables, u, v e R®the dependent variable,
and u¥(x, y, t), v¥(x, y, t) denote the set of all the partial derivatives of order | of u, v, respec-
tively. Apply the classical Lie group method [13] to the following general N order PDE:

{Al = Al [Xn yataU:V;U(l)(Xa yat)a'“nu(N)(X» ynt)zv(l)(xn yat)a-..av(N)(Xv yat)] = 09 (3)

AZ = AZ |:Xa yatauavau(l)(xa yat)a-ﬂau(N)(Xa ynt)zv(l)(xa yzt)au.av(N)(Xn yat)] = 0

We consider the one-parameter Lie group of infinitesimal transformations in (x, v, t,
u, v) given by:

X =x+e X+0(e?),
y© =y+e Y+0(e?),
t° =t+e T +O(ez), 4)
U =u+e (Dl-i-O(ez),

Vi o=vte D, +0(e?)

where € is the group parameter, X = X(X, ¥y, t, u, v), Y =YX, ¥, t, u, v), T=T(X, y, t, u, v)
@1 = Dy(x, ¥, 1, U, V), and @, = D,(X, Y, t, U, v). Requiring that eq. (3) is invariant under this
transformation yields an overdetermined linear system of equations for the infinitesimals X, Y,
T, @4, and @,. The associated Lie algebra of infinitesimal symmetries is the set of vector
fields of the form:

V=X0y+Y0, +T0 + @0, + B0, (5)

where J, = 0/0X, etc.

To apply the classical Lie group method to eq. (2), we require that the set
S={(u,v)A, =0, A, =0} of solutions of eq. (2) is invariant under the transformation (4). This
yields the determining PDE for X, Y, T, @, @, and is accomplished by requiring that:

pri®v(a,) la,=0.4,0= 0, (6)
pr(l)V(Az) |a,=0,4,-0="0
where pri®, and pr®v are given by:
pr®v =v+alls, +a™a, +aMa,

(")
priv =v+afls, +alo, +aflo,

where
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oM =D, (¢ - Xu, —Yuy ~Tu) + Xug +Yu,, +Tuy
DN =D (@, - Xv, —Yv, —Tv,) + X, + YV, +Tvy,
@MY =Dy (@ — Xu, —Yu, —Tuy) + Xy +Yu, +Tuy
D =Dy (@, — Xv, — YV, —TV,) + X, + YV + Ty
AP = Do (B — Xuy = Yu, =Tup) + Xt + YUy + Tty
G =D, (@ — Xu, —Yu, = Tu) + Xuyg, +Yu,, + Ty,
and Dy, etc. are total derivative operators.

Hence we obtain the following determining equations for the infinitesimals and have
the following general solution:

X = %+c5
2
2 2y
T=ct+c,
Gy ot
> —C3 U+ (tX,Y)
L
t
452:( c21 4(':1ﬂy7/ % CBJV"'rl(t:Xay)

where ¢; = (i=1, 2, ..., 5) are arbitrary constants, ry = ry(t, X, y), r. = ro(t, X, y) are arbitrary
functions, and they satisfy the following relation:

—CyU = A1y % B + 4Gy Byt + 4G, % Be, + 26,y Beyx + 4G, P Bes + 26, P oy +
+2G, B0t + 4G, y° e, — GuC Yy + G ucyt + 4G ucsy’ B+ 4G, Ly * f +
+2G,ve 7° B —G,ve Yy + G Vet + 4G Ve B + 4G,y B + Gy y —
~Goyt —4GCyy* B+ 4C,y*G B+ 4 5%y %r,, + dafPy 1y, =0
hy =y +h, =0

The associated vector field is:

v:(ﬂ+csja +[Cly at +c4]a +(ct+¢,)0; +
2 2 2y
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l:(cly _at _CSJUJ”Z:]@UJ{[ Cl Qy Gt —chv+rl}aV (8)
Y 2 4py Apy

The (2+1)-D generalized symmefry method in vector analysis

In this section, we investigate the theory of generalized symmetry [18]. Here we |n—
troduce some notations. Assume (, y, t) € R® is independent variable and u = (u*, u )e R%is
dependent variable. We denote the set of smooth differential functions P(x, y, t, u(”)) by A, de-
pending on x, y, t, u and derivatives of u up to some finite, but unspecified order n, where the
range of P is R. Suppose P[u] := P(x, y, t, u™).

Definition 1. A generalized vector field is:
N A e AP ©
oy ou?
where £[u], 7[ul, 7{u], ¥[u], and ¥,[u] € A.

Definition 2. If V is given as in eg. (9), we set:
Qi[ul = #[u] - &luluy - rluluy — 7fuluy (10)

where u}, =du'/ox, u}, = ou' /oy, uf =ou' /ot (i=1,2),and the 2-tuple Q[u] = (Qi[u], Q,[u]) is
referred to as the characteristic of the vector field, eq. (9).

Definition 3. Consider Q[u] = (Ql[u], Q,[u]) e A?. The generalized vector field:
Ql[U] Tt Qz[U] (11)

is called an evolutionary vector field. If Q[u] = (Q4 u], Q,[u]) takes the form of eq. (10) then
the generalized vector field Vg is called an evolutionary representative of V, and Q is called
V(q’s characteristic.

Lemma 1. A generalized vector field V is a symmetry of a system of differential
equations if and only if its evolutlonary representative Vg is a symmetry.
Now suppose a system of n' "order evolution equations:

ou- au ou
[Bt atj___P[] 12

where P[u]=(R[u],R[u]) e A? depends on x, y eR, ue R? with x-derivatives and y-deriva-
tives of u up to some finite order n. In order to find generalized symmetries V of the previous
evolution equation, we can replace V by its evolutionary representative Vg, where Q satisfies
eg. (10), by Lemma 1.

An evolutionary vector field Vg is a symmetry of the system of evolution eq. (12) if
and only if:

DQ =PVo(R), =12 (13)

where D, denotes the total derivative operator and is defined by:
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0 10 s O 1 0 0 0 0 1 0 5 0
D, =—+u—+u’—+ul, —+ud —+ul —+u —— 4 Uy —+U;—+... (14)
T R T T T B T T TR T
prVqis the prolongation of the evolutionary vector field Vg given by:
prvo(R)=PR,:Q + P -Q, (15)
where P € A, and Pi'u.Qi means:
, oP :
PiiQi = ' QI ' -D,Q + u —DyxQi +sy i=12 (16)
XX

Consequently, one can show that the eq. (13) can be written:

) =(P1f“ 2 o)
Q2 t P2u1 P2u2 Q2
Lemma 2. For evolutionary vector field Vg being a symmetry of the system of evo-

lution eq. (12), then u is the group invariant solution of eq. (12) corresponding Vg if and only
if u satisfies:

&~ ],
Q[u]=0

where Q[u] is the characteristic of the vector field V.
Next we apply the (2+1)-D generalized symmetry method in vector analysis to
eg. (2). From egs. (2) and (12) it is easily shown that:

(18)

R =aBuy, + Buy, +G(t, X, y,u,v), P, = y

where Dy, Dy, Dy, and Dy, are total derivative operators, G, =0G/ouand G, = 0G/ov.
In order to make the calculation easy, we seek the symmetry of system eq. (2) in the

form:
{Ql = ayU, +3Vy + byl + bV, + Uy +Covy +diu+dpv+m 19)

Q, =eu, +e,v, + fiu, + v, + gyUy +g,vy + hu+hv+n

where a;, b;, ¢, di, €, fi, gi, and h;, (i = 1, 2) are undetermined functions of x, y, t, u, and v, and
m and n are undetermined functions of x, y, and t. Equation (17) can be reformed:



Wang, Y., et al.: Symmetry Analysis of a (2+1)-D System
1816 THERMAL SCIENCE: Year 2018, Vol. 22, No. 4, pp. 1811-1822

{Qlt =PuQ + PyQ,, (20)

Qi =Py Q + P Qs
by system of eq. (2). Put eg. (2) into eq. (20), and replace u, by apu,, + pu,, +G(t,X,y,u,v)
, v, by (uy —vy)/;/, respectively. Therefore, by equating the coefficients of the various mo-
nomials in fourth, third, second, and first order partial derivatives of u and v, we obtain new

systems of PDE which are calculated with a mathematical software and we get the following
solutions:

a =a(t, %, y,u,v), a,=0

2 2y

—ud1+(cly— L +c3ju+ f
d

4 2

dy = dy (t, X, y,u,v), ,= Br 4By
\Y

ej.:e_]_(tlxi y,U,V), e2 :%+C5

t
g, =0, gzz—el+ﬂ+i+C4
2y
—vhz—ﬂ+c3yv+v —~ Clt2+c3 +9
2 Apy 4By
h’l: y hzzhz(t,x,y,u,V)

u
m=m(t, X, Y), n=n(t,xY)
where ¢; (i = 1, 2,..., 5) are arbitrary constants, f = f(t, x, y) and g = g(t, X, y) are arbitrary
functions, and they satisfy the following relation:

(g+n)y—(f +m)x+(g+n)y =0

— QU —4G,y’MmB - 4G, y*np +4c,y*G B+ 4y*G, s + 4y° Gy fe, +4y°G, e, + Geyyy +
+4Geyy? B+ Guct — 4G, f 2 B + Gyveyt — 4G, gy2 8 — daf?y?my, —daf?y? f,, +
+27°G Box+4y°G fot + 21°G, By + 2y, Byt — G uc yy — 4G ucgy® B + 2G,ve y B -
— G VO, Yy —4G,VCoy* B+ 4Ty ° B+ dmy® B—Get — 457y £ —45%y*m,, =0
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Seta; = e,, f, = Dby, and g, = ¢4, from eq. (19) we obtain:

(—+c5jux (—+—+c4ju (ot + 0y,
ot

+
( +Cq VX-‘r( +—+c4jv +(ot+¢y)v

[ 48y 4[3;/ +03]U+I’2

( Lay ot
2 4By 4py°

where r, =+ m and ry = g + n, are arbitrary functions and:

X t t 0
V:(%+c5)&+[%+;—y+c4ja+(qt+cz)at Kfﬂ); 4;17/2+c3ju+r2}a+
4,4y at >+C3 V41 9 (22)
2 4,8}/ 48y* Y

As we can see eq. (8) obtained by the classical Lie group method, is same with eq.
(22) by the (2-1)-D generalized symmetry method.

(21)

+C3]V+ n

Remark

Applications of symmetries to similar reductions and exact solutions

In the rest of this paper, some symmetries are applied to reduce eq. (2). To make the
calculation easy, we set r, = 0 and ry = 0. In this case from eq. (21) we get:

(ﬂ+c5ju + ﬂ+Cl +¢4 (U, +(Ct+Cy)u; + ﬂ—LtJr% u
2 2 2y y 2 23)

(Qlj: Apy 4py
@ [%+c5jv +(ﬂ+Cl +c4jvy+(qt+c2)vt [—Cl ay o cng
2 2 2y

2 4By 4By’

Now set:

[%+Csju +[%+ ;lj/ +c4]uy +(ct+cyu, + (017—

(%-i-(%]v +(Cly ;17+C4JV +(Ct+ )V, + [701 461—[;; 421t +03]V 0 (29

There are ten cases to be considered, which are listed as follows.

48y*
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()Whenc,=c,=c3=c4=cC5=1,
V=(§+1J£+ X+L+1 i+(t+1)ﬁ+ vyt +1ju|—+
2 2y oy ot |\ 4By apy? ou

2 OX
1y t 0
HlZ+—=——— V| =
2 4By 4By ov
1 1
G=— 2 +(t+1)(2W+2ﬂ7)
48y (t+1)

1-y+28y°  yy—2+2y-t
X+2 —-2+2y—t 2 2
)4 Y , U(t +1) 2y°p e 27°p

G 1
! Vit+1 Vt+1ly

—By -y yy-2+2y-t yy—2+2y—t
2 2 2
vit+l) P e TE e 2

By egs. (24) and (25), we can obtain:

_1—y+2y2ﬂ _yy—2+2y-t
u:(t+1) 2]/2/3 U X+ 2 y}/—2+27—t e 272ﬁ
Vt+1 Vt+1y
7y;/—2+2;/—t

v=(t+1) 2 ¥ ,
t+D Vt+1 Vt+1ly

1 1 1
+Mv(x+2 y}/—2+27—tje 275

where
X=—2+4¢ L y:n\/t+17+2—27/+t
4
Replace G, u, v and x, y into eq. (2), then we reduce the (2+1)-D system to (1+1)-D
one:

4By*G +4U,, B2r* +2By°U £+ 2y°U,n +U —2Uy +4U By + 4afp?U .y° =0 26)
Ny +2VBr2+V =V By + 28U + PV, + BrPnV, =0

where G; = Gy(&, n, U, V), U=U(, 1), V=V, n).

(2)Whenc;=0,c,=c3=Cc4=C5=1:

0 0 0 0 0
V=—+—+—+U—+V—
ov

ox oy ot au

G =G, (-t +x,~t +y,ue',ve')e™
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u=U(-t+x,—t+y)e™

v=V(~t+x-t+y)e"

where x=t+¢&,y =t+ n. Replace G, u, vand x, y into eq. (2), and we get:

Us+U, +U+apU. +pU,, +G =0 )
“We =N, =N -U:+V, =0
(3)Whenc;=¢c,=0,c3=¢c4=C5=1:
V=£+£+ui+vﬁ, G =G, (t,—x + y,ue*,ve*)e™™,
oXx oy ou ov
u=U(t,-x+ye™, v=V({t,-x+y)e™
where t=¢&, y =x+ . Replace G, u, vand t, y into eq. (2), we can get:
U, +apy,, +2apU, +opU +pU,, +G =0 28)
WNe+U, +U+V, =0
(4)Whenc;=c;=c5=0,c3=¢4=1:
0 49 .,9 Y velyeY -y -y
V=—+u—+v—, G=Gy(txue’,ve’)e™”, u=U(x)e”, v=V(x)e
oy ou  ov
wheret=¢&, x=n. Put G, u, vand t, x into eq. (2), we obtain:
{—U§ +apu,, +pU+G, =0 9)

(5) Whenc;=c,=c3=¢4=0,C5=1:

v=% G=G/(Ly.uv), u=utty), v=vit.y) t=£  y=7z

Put these solutions into system eqg. (2), we can reduce it to the following formula:
u, = pu,, +G(t,y,u,v)=0
t yy 1 (30)

PV ==V,

Example 1. If G = Gqy(t, y, k, k) = 0 for some constant k, then u = k, v =k is
x-translation invariant solution of eq. (2), where reaction term satisfies G = G4(t, y, k, k).

Example 2. If:
G=Gy(t,y,u,v) = A(t, y)u+ A (t,y)v+ Ag(t, y) (31)
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where Ai(t, y)(i = 1, 2, 3) are continuous functions. Assume [ug(t, ), Vo(t, ¥)] is a solution of
eg. (30), then u = ug(t, y), v = Vo(t, y) is a x-translation invariant solution of eq. (2), where re-
action term satisfies eq. (31).

(6) Whenc;=c,=c3=¢C5=0,¢4=1:

V:%, G =G (t,x,u,v), u=u(t,x), v=v(t,x), t=¢, X=n

By these solutions, the system eq. (2) can be expressed:

{ut =afu, +G(t, x,u,v)=0
PV = Uy

(32)

Example 3. If G = Gqy(t, x, k, k) = 0 for some constant k, then u =k, v = k is y-trans-
lation invariant solution of eq. (2), where reaction term satisfies G = G4(t, x, k, k).

Example 4. If:
G =Gy (t, x,u,v) = B, (t,x)u + B, (t, X)v + B;(t, X) (33)
where B;(t, X)(i = 1, 2, 3) are continuous functions. Assume [us(t, X), vi(t, X)] is a solution of

eg. (32), then u = uy(t, X), v = vy(t, x) is a y-translation invariant solution of eq. (2), where re-
action term satisfies eq. (33).
(MYWhenc;=cz3=c4=¢c5=0,C, = 1:
\ :g, G=G(x,y,u,v), u=u(xy), v=v(x,y), x=¢&, y=n7
Replace these solutions into the formula eq. (2), we can achieve:

afu,, + pu,, +G, (X, y,u,v)=0
{ XX yy 1 (34)
u,—v, =0

Example 5. If G = Gy(X, v, k, k) = 0 for some a constant k, thenu =k, v=Kkisat-
translation invariant solution of eq. (2), where reaction term satisfies G = Gy(x, y, k, k).
Example 6. If:

G =Gy(x,y,u,v) = By (X, y)u+ Ep (x, y)v + Ez(x, y) (35)

where Ei(x, y)(i = 1, 2, 3) are continuous functions. Assume [ux(X, ¥), Va(X, y)] is a solution of
eg. (34), then u = uy(x, y), v = v,(X, y) is a t-translation invariant solution of eq. (2), where re-
action term satisfies eq. (35).

(8)Whenc,=cs=1,¢ci=Cc3=¢4=0:

0 0

V:&+E’ G=Gy(& y,u,v), u=p(y), v=0q(&y), &=x-t

Put this solution into system of eq. (2), we obtain the following equation:



Wang, Y., et al.: Symmetry Analysis of a (2+1)-D System

THERMAL SCIENCE: Year 2018, Vol. 22, No. 4, pp. 1811-1822 1821
Pe +aﬂp§§ +ﬂpyy +Gl(§1y1 p,q)=0 (36)
70: + Pz — Py, =0
and u=p(x-t,y),v=q(x-t y) is a solution of eq. (2).
(9) Whenc,=c¢4=0,c,=c3=C5=0:
o 0
\ :54—5’ G= Gl(XJ?aU,V): u= pl(XJ?), V= ql(x!n)v n =-t+ y
By this solution, the system of eg. (2) can be represented:
Py, + B Pi + BPyyy, +Gu(X7, Py, 01) =0 37)
Y0y + Pix— Gy =0
and u = pi(x, -t +y), v=qi(x, -t +y) is a solution of eq. (2).
(10) Whency=c5=0,ci=Cc;=¢3=0:
o 0
v =§+5, G=Gi(t7,u,v), u=py(t.n), v=0(t,7), n=y-x
By this solution the system eq. (2) can be represented:
Pot = aB P2y + BPoyy +Ci(ti77,02,0,) =0 (38)
V2t =—P2; — Y2y

and u = p,(t, y — x), v =0(t, y — X) is a solution of eq. (2).

Conclusion

In this paper we have reviewed and compared the classical Lie group method and
the (2+1)-D generalized symmetry method in vector analysis as techniques for determining
symmetry reductions of non-linear PDE, using the (2+1)-D generalized Painleve Burgers
equations as the example. We find that these two methods coincide with each other. The
(2+1)-D generalized symmetry method is discussed from the point of view of vector and in
the present work the vector analysis method is generalized to (2+1)-D case for the first time.
We reduce the (2+1)-D equations to (1+1)-D systems. A major difficulty in the determination
of symmetry reductions is the large quantity of routine calculations involved. Although the
symbolic manipulation programs have been developed, sometimes one has to solve very
complex equations. In conclusion, the symmetry analysis based on Lie group is a very power-
ful method and is worthy of studying further.
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Nomenclature
X — space co-ordinate, [m] Greek symbols

t — time co-ordinate, [s]

y — space co-ordinate, [m] a. B. y —constants, []

u(x,t) —velocity, [ms™]
v(x,t) - velocity, [ms™]
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