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In the present study, the linear stability of population balance equation due to 
Brownian motion is analyzed with the Taylor-series expansion method of mo-
ment. Under certain conditions, the stability of the Taylor-series expansion meth-
od of moment model is reduced to a well-studied problem involving eigenvalues 
of matrices. Based on the principle of dimensional analysis, the perturbation 
equation is solved asymptotically. The results show that the Taylor-series expan-
sion method of moment model is asymptotic stable, which implies that the asymp-
totic solution is uniqueness, and supports the self-preserving size distribution hy-
pothesis theoretically. 
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Introduction 

The population balance equation (PBE) forms a general mathematical framework for 
modeling of particulate systems in a wide range of physical [1], technological and environ-
mental applications. In a spatially homogeneous system, the PBE reads: 
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where n(u, t)du is the number of particles per unit spatial volume with particle volume from u 
to u + du at time t, and β – the collision frequency function of coagulation. Generally, the 
PBE with physically complicate kernels (e. g. Brownian coagulation) are not solvable direct-
ly. The moment method is a preferred tool to investigate the PBE numerically [2-5]. In math-
ematically, the moment method is a kind of integral transformation defined as: 
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The PBE can be converted to moment equation as: 
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Recently, Yu et al. [5, 6] have proposed a moment-based approach the Taylor-series 
expansion method of moment (TEMOM) to approximate PBE. This approach makes no prior 
assumption on the shape of particle size distribution (PSD), and provides high computational 
efficiency and acceptable accuracy compared with other numerical method. Moreover, the 
form of TEMOM model for Brownian coagulation is simple enough to be solved asymptoti-
cally and analytically [7-11]. These solutions have also been verified by the quadrature meth-
od of moments (QMOM) numerically [12]. Therefore, TEMOM is not only a numerical 
method, but also a powerful tool to investigate the PBE theoretically. 

The starting point to obtain the asymptotic solution of TEMOM model is the self– 
preserving distribution (SPSD) hypothesis, which implies that the standard deviation of PSD 
tends to a constant as time advances. In dynamical system, the asymptotic self-similar size 
distribution can be considered as an equillibrium point of Brownian coagulation. In the pre-
sent study, the properties of the equilibrium point will be addressed based on the linear stabil-
ity theory. 

Mathematical model of linear stability theory 

The linear stability theory decomposes the dynamical systems into a mean field and 
a disturbance superimposed on it. For PBE, the particle number density and its kth moment 
can be expressed as: 
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where the bar and prime represent the mean and disturbance quantities, respectively. In most 
cases, it is assumed that the quantities of disturbance are small compared with the correspond-
ing quantities of the mean field. Substituting eq. (4) into the PBE and neglecting quadratic 
terms in the disturbance component, the linearized dynamics equations for small disturbances 
can be obtained if the mean field itself satisfies the PBE: 
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The corresponding perturbation equations for moment are:  
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In dynamical systems, various criteria have been developed to prove the stability or 
instability of an equilibrium point. Under favorable circumstances, the question may be re-
duced to a well-studied problem involving eigenvalues of matrices. In the TEMOM model for 
Brownian coagulation, the minimum set of moments required to close the particle moment 
equations is the first three, i. e. M0, M1, and M2, which are the most important moments de-
scribing the aerosol dynamics [13]. Because of mass conservation, the mean and disturbance 
quantities of first order moment remain constants in the coagulation process. Therefore, the 
evolution of dynamical equation is mainly concerned with the 0th and second order moment, 
and then the perturbation equation can be rewritten as: 
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where A is the linear operator whose eigenvalues characterize the behavior of the nearby equi-
librium points. If all the eigenvalues of A have negative real part, then the equilibrium point is 
called linearly stable; otherwise, the equilibrium point is unstable. 

In the free molecule regime, the elements of matrix A based on TEMOM are (for 
briefly, the bar in the superscript is omitted thereafter): 
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where B1=(3/4π)1/6(6kBT/ρp)1/2, kB is the Boltzmann constant, T – the temperature; and  
ρp – the particle density, and the dimensionless particle moment is defined as: 
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If the particle size distribution assumed to be lognormal, the standard deviation can 
be expressed as ln2σ = ln(MC)/9. For Brownian coagulation in the continuum regime, the ele-
ments of matrix A are: 
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where B2 = 3kBT/2μ, and μ is the gas viscosity. 
Substituting the analytical solution of TEMOM [14] into the elements of linear op-

erator A, the eigenvalues of dynamic equation for small disturbance can be calculated numer-
ically as shown in fig. 1. The results show that the evolution of eigenvalues of perturbation 
equation in the free molecule regime is almost the same as that in the continuum regime. 
There is an approximate relationship between eigenvalues at long time as: 

 1 22.4082, 0.2308t tλ λ= − = +  (11) 

in the free molecule regime, and: 

 1 22.0575, 0.0575t tλ λ= − = +  (12) 

in the continuum regime. As time advances, the eigenvalues approach to zeros, which means 
that the dispersion system is neutral stable. Therefore, from the point of view of positive and 
negative of eigenvalues, it cannot judge the stabilities obviously. Moreover, its asymptotic 
characteristics are more important in aerosol science and technology. Therefore, the linear 
stability will appeal for the qualitative theory to deal with the asymptotic properties of the per-
turbation equation after a long period of time. 

 
Figure 1. The evolution of eigenvalues as time advances 
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The asymptotic stability of TEMOM 

At long time the asymptotic solution of TEMOM model for Brownian coagulation in 
the free molecule regime are [7]: 

 6/5 1/5 6/5 6/5 11/5 6/5
0 1 1 2 1 10.3133 , 7.0222 , 2.2001CM B M t M B M t M− − −= = =  (13) 

Substituting it into the dynamic equation, the magnitude order of the elements in the 
linear operator matrix A can be obtained based on the principle of dimensional analysis as: 
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Then the perturbation equation can be simplified as: 
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and the solution can be found as: 
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The results show that small disturbance for zeroth order moment will decrease with 
time, but the second one will increase. It should be noted that the mean quantities of particle 
moments are the function of time. For time-varying systems, the asymptotic stability of equi-
librium point requires additional justification. Based on the limiting operation: 
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It can be found the TEMOM model for PBE in the free molecule regime is asymp-
totic stable. Analogously, the asymptotic solution of the particle moment in the continuum re-
gime is: 
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Substituting it into eq. (6), the dynamic equations for small disturbance are reduced 
to: 
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The corresponding solution can be found as: 

 0 22 ,1~ ~ lnM M t
t

′ ′  (20) 

The limits of the ratio between small disturbance and mean field are: 
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The result is similar with that in the free molecule regime. 
According to the rule of linearization, the perturbation of dimensionless particle 

moment is: 
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Substituting the solution of the perturbation moment equation into eq. (22), the solu-
tion together its limit can be obtained approximately both in free molecule and continuum re-
gime as: 

 1~ 0t
CM

t
→∞′ →  (23) 

which means that the standard deviation is stable. 

Conclusion 

In a spatially homogeneous coagulation system, the particle size distribution will 
reach the self-similar form at long time, which can be considered as an equilibrium point in 
dynamical system. In the present study, the asymptotic properties of the equilibrium point are 
analyzed based on the linear stability theory. The results show that the dynamic equations to-
gether with dimensionless particle moment for small disturbance are asymptotic stable at long 
time both in the free molecule and continuum regime. 
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