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This paper find the most effective method to solve the time-fractional Swift-Ho-
henberg equation with cubic-quintic non-linearity by combining the homotopy
perturbation method and the fractional complex transform. The solution reveals
some intermittent properties of thermal physics.
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Introduction
The Swift-Hohenberg (S-H) equation is:
2
a_l,- 1+i u-u’ (1)
ot " ox?

was originally introduced to describe the temperature and fluid velocity dynamics of the
thermal convection [1], where u is a parameter. The S-H equation plays a key role in different
branches of thermal physics, and it has been widely studied [2-6]. Recently, the S-H equation
with fractional time derivative is studied by Khan et al. [7], Merdan [8], and Vishal et al. [9].

Due to its important applications in engineering and thermal physics, the authors are
motivated to solve the following S-H equation with cubic-quintic non-linearity:

a

2
a 2
6 u—yu—(l+§7] u+N@u), 0O<axl (2)

u(x,0) = f(x)

where 6%/6t" is the He’s fractional derivative [10], N(u) = Au® — ou°, and 4, o, and x are param-
eters. Equation (2) describes a thermal convection with intermittent property, that means the
thermal convection is discontinuous with time. To understand this intermittent property, we
consider evaporation in a river, during the daytime, evaporation happens, while at nighttime it
does not happen. Such discontinuous property can be best described by fractional calculus.
This paper aims at studying the intermittent property of the S-H equation.
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We will use a very reliable and efficient technique namely homotopy perturbation
method (HPM) [11-13] with the fractional complex transform [14] to find approximate solu-
tions of eq. (2). Our results reveal the complete reliability and efficiency of the proposed algo-
rithm.

Homotopy perturbation method

The principals of the HPM and its applicability for various kinds of differential
equations are given in [15-26]. For convenience of the reader, we will present a review of the
HPM.

We consider the non-linear differential equation:

L(u)+ N(u) = f(n), ref (3)
with boundary conditions:
B(u,a—ujzo, rel” 4)
on

where L is a linear operator, N — a non-linear operator, B — a boundary operator, I" — the
boundary of the domain £, and f(r) — a known analytic function.
The homotopy perturbation technique defines the homotopy:

v(r,p):Qx[0,1] >R
which satisfies:
H(v, p) = (1= p)[L(V) - L(up)]+ p[L(v) + N(v) - f(r)] =0 ()
or
H (v, p) = L(v) - L(ug) + PL(up) + P[N(v) - f (r)] =0 (6)

where re Q and p € [0, 1] is an impeding parameter, Uy — an initial approximation which satis-
fies the boundary conditions. Obviously, from egs. (5) and (6), we have:

H(v,0)=L(v) - L(up) =0 (7
Hv,)=LMV)+NWV)-1f(r)=0 (8)

The changing process of p from zero to unity is just that of v(r, p) from ug to u(r). In
topology, this called deformation, L(v) — L(up) and L(v) + N(v) — f(r) are homotopic.

The basic assumption is that the solution of egs. (3) and (4) can be expressed as a
power series in p:

V=Vo + PV + P2V, 4. (9)
The approximate solution of eq. (3), therefore, can be obtained:

u=limv=vy+v +V,+-- (10)
p—-1

The convergence of the series (10) has been proved in [24].
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The solutions of eq. (2)
By the fractional complex transform [13, 14]:
ta
S=
I'l+e)
Equation (2) is converted to a integer order differential equation:
2
au o
—=uu—|1+—| u+N(u 11
%X ( axzj (u) (11)
u(x,0) = f(x)
Equaton (11) can be re-writen:
u=f(x)+JI[Lu)+N(u)] (12)
where J is the integral operator with respect to s and:
Y\
L=pu-|1+—
: ( 6x2]
N(u) = Au® - ou®
For eq. (12), we can establish the following homotopy:
u=f(x)+ pJ[L(u)+N(u)] (13)

where p is the homotopy parameter.

Now, let us apply the HPM to eq. (13), according to which u can be expanded into

power series in p:

u(x,s) = i p"u, (x,5)

n=0
and the non-linear term can be decomposed:

N(U) =3 p"H, (u)
n=0

(14)

(15)

where p € [0, 1] is an embedding parameter and Hn(u) is the He’s polynomials [27] defined:

nigp” i-0

10" S
H,y (Ug, Uy, Uy) = NI S P || . n=012..
p=0

Here the first few terms of He’s polynomials are given:
Ho (Up) =ug —ug
H _ a2 4
1(Ug, Uy) = 3ugUy —Sugly

H., (Ug, Uy, Uy) = 3udu, —5ug + 3uyu? —10udu?
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Substituting egs. (14) and (15) into eq. (13), we get:
i p"u, (%,8) = f(x)+ pJ {L{i p"un(x,s)}i p”Hn}
n=0 n=0 n=0
Equating the terms with identical powers in p, we have:
U (X,8) = T(X)
Uy (X, 8) = J[L(ug) + Ho (Up)]

Uy (%, 8) = J[L(uy) + Hy(ug,uy)]
and so on.
Applying backward substitution to the computed components s = t°/(1+a), we get
ui(x, 1), (i=0, 1, 2, ...) and finally the solution of the problem is obtained by:

u(x,t) =uy (X, t) +uy (X, t) + Uy (X, 1) +---
For example, if f(x) =sin x, and A = ¢ = 1, then:
Ug (X,t) =sinx

Uy (x,1) =ﬁ(y+sin2 X —sin*)sin x

2a
rl+a

—165sin® x +59sin® x —6sin’ x +5sin® x +

U, (x,t) =

) (e sinx + 4psin® x — 6 usin® x —

+ 48sin xcos? x +120sin xcos* x — 400sin® x cos? x)

Preceding in this manner the rest of the components u,, n >3, can be completely ob-
tained, and the series solutions are thus entirely determined.

Conclusion

We have solved the time fractional S-H equation with cubic-quintic non-linearity.
The proposed algorithm here is a combination of the HPM, the fractional complex transform
and He’s polynomials. The intermittent property of the S-H equation depends upon the frac-
tional order, when a = 0, it becomes a stead solution, while when « = 1 it turns out to the clas-
sic partner. The value of the fractional order implies intermittent period. We think that the
proposed technology in this paper has great potential and can be applied to other strong non-
linear differential equations.
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