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Reproducing kernel technique was implemented to solve the fractional Bloch-Tor-
rey equations. This efficient technique was used via some useful reproducing ker-
nel functions, to obtain approximations to the exact solution in form of series solu-
tions. A numerical example has been presented to prove efficiency of developed
technique.
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Introduction
We consider the fractional Bloch-Torrey equation in the reproducing kernel Hilbert space:
"(y,7)
B
oyl
v(y,0)=w(y), ye(a,b), v(a,r)=0, v(b,7)=0, 7e(0,T]

where 0 <a<1,1<p<2, w(a)=0,w0()=0 and K is the generalized diffusion coefficient,
{D“v(y,7) defines Caputo fractional derivative of order & and is given:

DIv(y, 1) =K +f(r,7), ye(ab), te(0,7T]

1 j-@u(y,s) 1
F'l-a)y o0s (r-5)

and 0”v( y,r)/6| y|ﬁ is Riesz fractional derivative of order £ and presented:
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the left Riemann-Liouville fractional derivative and right Riemann-Liouville fractional deriv-
ative, respectively [1].

Reproducing kernel method was used to investigate the 1-D space and time fractional
Bloch-Torrey equations. The concept of reproducing kernel has been given by Zaremba [2].
Mercer has presented the following inequality [3]:

>, 1,064, 20

p.q=1

He introduced the reproducibility of the kernel as:
h(s) = (h(y),m(p,s))

Aronszajn [4] reduced the studies and showed a systematic reproducing kernel theory
containing the Bergman kernel function. For more details see [5-10].

Reproducing kernel functions and main results
Definition 1. W,[0,1] is given as:

W 0,1]1={f € AC[0,1]: f" e I*[0,1]}

(£.8)s = [LF g+ f'g'@]dn. f.g W [0.1]

and

||f||W21: (ﬁf)wzu fem0,1]

are the inner product and the norm in #,0,1]. The kernel function T,(c)of W,[0,1] s given [3]:
L
2sinh(1)
Definition 2. We define the space W, [0,1] :

w;[0.1]={peAC[0.1]: p', p"e AC[0,1], p® eL’[0,1], p(0)=p(1)=0}

The inner product and the norm in W; [0,1] are given:

T (5)= [cosh(n+g—1)+cosh(|77—g|—1)]

2 1
(@) =2 P g )+ [ P (1)gV v, p.g e [0,1]
i=0 0

and

i =\pp)yes W [0.1]

Theorem 3. The kernel function R_ of W; [0,1] is given:
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R(y)=1"
Yd(2)y', y>z

i=0



Akgul, E. K.: A Novel Method for the Space and Time Fractional ...
THERMAL SCIENCE: Year 2018, Vol. 22, Suppl. 1, pp. S253-S258 S255

where

¢ (2) :iz —Lz5 —iz2 —iz3 +—z
156 156 26 78 13
cz(z):iz4 _LZS +Azz _iZB _iz
624 104 312 26
3( ) LZS'i‘LZZ_iZ}_iZ
1872 1872 104 936 78
c,(2)=——— > z* Lzs+izz+iz3—Lz
3744 3744 624 1872 104
NP VU BN P B B
3744 18720 624 1872 156 120

do(z)=Lzs, d(z)= 1 Lzs—izz—iz3+—z
120 104 156 26 78 13
d,(z) :Lz3 +iz4 —Lz5 +Az2 —iz
4 624 624 104 26

1 . 5, 5,5

Gyt s S a5 i 5,
1872 1872 312 936 78
d,(z2)=——— > 4+LZ5+LZZ+LZ3+_Z
3744 3744 624 1872 156
1 1 1 1
5( ) 5 2 3

—7 -z ———z7 ———z
3744 18720 624 1872 156
Definition 4. We present the binary reproducing kernel Hilbert space W(Q) :

3
v @/T‘(;t is completely continuous in Q=[0,1]x[0,1],
w(Q)= -
»ar —7€L(Q), v(»,0)=0, v(0,)=0,v(1,r)=0

The inner product and the norm in ¥ (€2) are given:
1 2 at 82 ai j| al
- ) ——=2(0,1) —V (»,0), .g(y,0)> +
Py -([ {(% oy or’ oy’ Z < o’ w3
1 63 62 63 62
— ,t) |dedx
+”{a o ) G el )}

bl =), . vew@

Lemma 5. Reproducing kernel function K., of W () is given [4]:

(z,s

K., ,=Rr,

(2,5)
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Definition 6. We describe the binary space W(Q) :

A

w(Q)= {v ;v is completely continuous in Q =[0,1]x[0,1],

< r (Q)}

(v.g); =j[—v<o -2, z)}dr+<v(y,0)g(y,0> ] j 6—5 e )——g(y,r)}dtdy

and

Ml = v e @

are the inner product and norm.

Lemma 7. The kernel function G_,

G(ZJ)

of W(Q) is given:
=TT,

Solutions in binary reproducing kernel space

We give the solution of fractional Bloch-Torrey equation in the W(€2). On defining
the L: W(Q) - W(Q) we get:

Lv=M(y,1), (»,1)€[0,1]x[0,1]
v(,0)=v(0,) =v(,£) =0

Lemma 8. L is a bounded linear operator.
Now, choose a countable dense subset {(,,?,),(¥,,t,),...} in Q and describe:

O, = G Wat)? \Pi :L*(Di’ l/;i ZZﬁikl//k
k=1

Theorem 9. Assume {(y,,t,)}, is dense in Q. Thus, {i,}, is a complete system in
W (Q), and

¥, = LK(yltl)(J/at)

Theorem 10. If {(y,,t,)}-, is dense in €, then the solution of the problem is given:

V= ZZﬂikM(ykatk)')&i

i=1 k=1

Proof. {¥,(y,t)}7, is a complete system in ¥ (€2) . Thus, we get:

:Zw: - Bi(Lv.G, ) F ZZﬂ,kLv Yoty ¥, =
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The approximate solution v, can be achieved by the n-term intercept of the exact solu-
tion v and

Obviously

||vn —v"W —0, nH>oo

Numerical experiments

Example 1. We consider the following problem as an example in the reproducing
kernel Hilbert space.

Y4
Doy, =~ LD (0 pe(OD), re(O,]]
2 oy

v(y,0)=0, ye(0,l), v(0,7)=0, v(l,7)=0, 7e€(0,1]

and
f.o)= {F(9 ﬂ)[y” (1- gﬂ]—;g—%[y7ﬂ+(l—y)7ﬂ]+
rg(g)b” -] r(6r(6;)[y5_ﬁ’L(l_y)s_ﬁ}r
+%[y4”+(1—y)4ﬂ]} LN €5 PPN

B

We obtain tab. 1 by reproducing kernel Hil- ~ Table 1. Maximum errors in the binary
bert space method reproducing kernel Hilbert space

(a, B) m=25 m=36
Conclusion (0.1,1.1) | 3.32785e-3 6.25759¢—4
We presented the reproducing kernel Hil- || (0.1 1.1) | 9.62994e-3 | 9.89118c4
bert space method for solving the Fractional | (0.1,1.1)| 5.81274e-4 | 3.03078¢-5
Bloch-Torrey Equations in this work. An example [ (03, 1.9) | 9.6451le-4 | 2.30761e-5
was selected to show the computational efficiency. || (0-5.1.9) | 7.32408¢-3 | 5.01158¢-4
As presented in the tab. 1 the reproducing kernel (0.5,19) | 1.22237e-4 8.30663¢—4
Hilbert space technique is very efficient. We used (0.9,1.5) | 1.22237¢-3 9.53027¢—4

some important kernel functions in this paper. (0.9,1.5) | 7.85656e-4 6.02837¢-5
(0.9, 1.5) | 5.04389¢—+4 9.43966e—4
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