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Reproducing kernel technique was implemented to solve the fractional Bloch-Tor-
rey equations. This efficient technique was  used via some useful reproducing ker-
nel functions, to obtain approximations to the exact solution in form of series solu-
tions. A numerical example has been presented to prove efficiency of developed 
technique. 
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Introduction

We consider the fractional Bloch-Torrey equation in the reproducing kernel Hilbert space:
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where 0 < α ≤ 1, 1 < β ≤ 2, ( ) 0, ( ) 0= =a bω ω  and K is the generalized diffusion coefficient,  
0 D ( , )C v yα

τ τ  defines Caputo fractional derivative of order α and is given:
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and ( , )/∂ ∂v y y ββ τ  is Riesz fractional derivative of order β and presented: 
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the left Riemann-Liouville fractional derivative and right Riemann-Liouville fractional deriv-
ative, respectively [1].

Reproducing kernel method was used to investigate the 1-D space and time fractional 
Bloch-Torrey equations. The concept of reproducing kernel has been given by Zaremba [2]. 
Mercer has presented the following inequality [3]:
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He introduced the reproducibility of the kernel as:

	 ( ) = ( ), ( , )h s h y m y s

Aronszajn [4] reduced the studies and showed a systematic reproducing kernel theory 
containing the Bergman kernel function. For more details see [5-10].

Reproducing kernel functions and main results

Definition 1. 1
2 [0,1]W  is given as:
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are the inner product and the norm in 1
2 [0,1]W . The kernel function ( )Tη ς  of 1

2 [0,1]W  is given [3]: 
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Definition 2. We define the space [ ]3
2 0,1W :

	 [ ] [ ]{ [ ]3
2 0,1 0,1 : ', '' 0,1 ,= ∈ ∈W p AC p p AC   [ ] ( ) ( ) }(3) 2 0,1 , 0 1 0∈ = =p L p p

The inner product and the norm in 3
2 [0,1]W  are given:

	 [ ]3
2

12
( ) ( ) (3) (3) 3

2
0 0

, (0) (0) ( ) ( )d , , 0,1
=

= + ∈∑ ∫i i
W

i
p q p q p y q y y p q W

and

	 3 3
2 2

, ,=
W W

p p p    [ ]3
2 0,1∈p W 	

Theorem 3. The kernel function Rz of [ ]3
2 0,1W  is given:
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where
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Definition 4. We present the binary reproducing kernel Hilbert space ( )ΩW : 
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The inner product and the norm in ( )ΩW  are given:
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Lemma 5. Reproducing kernel function ( , )z sK  of ( )ΩW  is given [4]:
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Definition 6. We describe the binary space ˆ ( )ΩW :
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Lemma 7. The kernel function ( , )z sG  of ˆ ( )ΩW  is given: 
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Solutions in binary reproducing kernel space

We give the solution of fractional Bloch-Torrey equation in the ( )ΩW . On defining 
the ( ) ˆ: ( )Ω → ΩL W W  we get:
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Theorem 10. If 1{( , )}∞=i i iy t  is dense in Ω, then the solution of the problem is given:
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The approximate solution nv  can be achieved by the n-term intercept of the exact solu-
tion v and 

	 ( )
1 1

ˆ,
∞

= =

= Ψ∑∑
i

n ik k k i
i k

v M y tβ 	

Obviously 

	 0,− →n W
v v    ∞n

Numerical experiments

Example 1. We consider the following problem as an example in the reproducing 
kernel Hilbert space.
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We obtain tab. 1 by reproducing kernel Hil-
bert space method.

Conclusion

We presented the reproducing kernel Hil-
bert space method for solving the Fractional 
Bloch-Torrey Equations in this work. An example 
was selected to show the computational efficiency. 
As presented in the tab. 1 the reproducing kernel 
Hilbert space technique is very efficient. We used 
some important kernel functions in this paper.
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