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The fractional differential equations have been studied by many authors and some
effective methods for fractional calculus were appeared in literature, such as the
fractional sub-equation method and the first integral method. The fractional com-
plex transform approach is to convert the fractional differential equations into
ordinary differential equations, making the solution procedure simple. Recently,
the fractional complex transform has been suggested to convert fractional order
differential equations with modified Riemann-Liouville derivatives into integer or-
der differential equations, and the reduced equations can be solved by symbolic
computation. The present paper investigates for the applicability and efficiency
of the exp-function method on some fractional non-linear differential equations.
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Introduction

Some scientific problems and phenomena are modeled by non-linear PDE. The phe-
nomena of non-linear science play an important role in applied mathematics and mathemati-
cal physics. The appearance of solitary wave in nature is rather frequent, especially in fluids,
plasmas, solid-state physics, condensed matter physics, optical fibers, chemical kinematics,
electrical circuits, bio-genetics, elastic media, efc. Also the differential equations with fractional
order have recently proved to be valuable tools to the modeling of many physical phenomena.
Recently, non-linear fractional partial differential equations are widely used to describe many
important phenomena and dynamic processes in physics, such as electromagnetics, acoustics,
viscoelasticity, electrochemistry, material science, control theory, systems identification, frac-
tional dynamics, engineering, and other areas.

Several effective methods have been proposed so far including the fractional
(G'/G)-expansion method [1-3], the fractional exp-function method [4-6], the fractional first in-
tegral method [7, 8] the fractional sub-equation method [9, 10], the fractional simplest equation
method [11], and so on.

The fractional complex transform

In this section, firstly some properties and definitions of the fractional complex trans-
form derivative are given, which are used further in this paper.
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Assume that f: R > R, x = f(x) denote a continuous (but not necessarily differen-
tiable) function. The fractional complex transform derivative of order a is defined by the ex-
pression [12]:

1 [ —-a-1
T G @ -rondz, <o

« B 1 d ? ,a
D? f(x) = ma{(x—é) /(&) - f(0)]dE, 0<a<l (1)

[F70]“™”, n<a<n+l, n>1

A few properties of the fractional complex transform derivative were summarized and
three famous formulas of them are:

a Ly — F(l + 7) y-a
N et 0 770 @
D?[cf(1)]=cD} f(t), c¢=constant 3)
Df [af (1) + bg(t)] = aD; f () + bD; g(¢) “4)

where a and b are constant.

He’s exp-function method

We consider the following general non-linear foam drainage equation (FDE) of the type:
F(u,Du,D’u,D*D*u,D*D’u,D’D’u,..)=0, 0<a, F<I (5)

where u is an unknown function, and F is a polynomial of « and its partial fractional deriva-
tives, in which the highest order derivatives and the non-linear terms are involved. In the fol-
lowing, we give the main steps of the exp-function method.

Li and He [13] proposed a fractional complex transform to convert fractional differ-
ential equations into ODE, so all analytical methods devoted to the advanced calculus can be
easily applied to the fractional calculus. The fractional complex transform is of the form:

u(x, 1) =U(s)

rx’ At” (6)
&= +
ra+p TI'(+ea)
where 7 and A are non-zero arbitrary constants. By using the chain rule:
Dfu =0 <4DfE
dg
du (7
Diu=o0!—DI¢&
dg

where o] and o are called the sigma indexes see [14-16]. Without loss of generality we can
take o, = ¢ =1/, where [ is a constant.



Cevikel, A. C., et al.: New Exact Solutions of the Space-Time Fractional KdV-Burgers ...
THERMAL SCIENCE: Year 2018, Vol. 22, Suppl. 1, pp. S15-S24 S17

Substituting eq. (6) with eq. (2) and eq. (7) into eq. (5), eq. (5) can be reduced into the
following non-linear ODE:

ou,u,u',u’,..)=0 (8)

where the prime denotes the derivation with respect to &. If possible, we should integrate eq. (8)
term by term one or more times.

According to exp-function method [17], we assume that the wave solution can be
expressed in the following form:

3a, exp(né)
UE)=---——— )
D b, exp(mé)

m=-q
where p,q,c, and d are positive integers which are known to be further determined, a, and b,
are unknown constants. We can rewrite eq. (9) in the following equivalent form:
a_,exp(—dé) +...+a, exp(c&)

v = b, exp(—q&) + ...+ b, exp(pE)

(10)

This equivalent formulation plays an important and fundamental part for finding the
analytic solution of problems. To determine the value of ¢ and p, we balance the linear term of
highest order of equation eq. (8) with the highest order non-linear term. Similarly, to determine the
value of d and ¢, we balance the linear term of lowest order of eq. (8) with lowest order non-linear
term. The exp-function method has been successfully applied to many kinds of non-linear differ-
ential equations [18, 19], such as high-dimensional equations [20, 21], variable-coefficient equa-
tions [22], differential-difference equations [23], and stochastic equations [24].

In this article, we will apply the exp-function method to get the exact solutions for the
following space-time fractional non-linear differential equations.

The space-time fractional KdV-Burgers equation
Firstly, the non-linear space-time fractional KdV-Burgers equation [25], can be
given:

0%u o"u ou  ’u
—teu—+n—=+v——==0, >0, 0<gq, <1 11
o ol o T oer ¢ (1)
It is applied as a non-linear model of the propagation of waves on an elastic tube filled
with a viscous fluid.
We introduce the following transformations:

u(x,t) =U(&), (12)

ox”? kt®

ST+ p) Tlra)

(13)

where ¢ and k are non-zero constants.
Substituting eq. (13) with eq. (2) and eq. (7) into eq. (11) and once time integrating
eq. (11) reduced into an ODE:
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2
—kU+ch7+nc2U’ +ve’U" +&,=0 (14)

where U’ =dU/d¢ and &, is an integration constant.

Here take notice of non-linear term in eq. (14), and we can balance terms U” and U"
by the idea of the exp-function method [17] to determine the values of p,q,c, and d. By simple
calculation, we have:

U~ G explGpE]+ o

(15)
¢, exp(4pg) +---
and
U2 = o+ ¢y exp(2cé) (16)
-+ ¢, exp(2ps)

where c, are determined coefficients only for simplicity. Balancing highest order of exp-func-
tion in eqs. (15) and (16) we have:

3p+tc=2c+2p (17)
which leads to the result:
p=c (18)

Similarly, to determine values of d and ¢, we balance the linear term of lowest order
in eq. (14)

v +d exp[-(3q +d){]
e+ dyexp(-48)

U

(19)
and

Ul = d,exp[2d&]+--

d,exp(=2¢4¢) +--

where d, are determined coefficients only for simplicity. From eqgs. (19) and (20), we obtain:

—-(Bg+d)=-(Q2d +2q) 21

(20)

and this gives:
q=d (22)
For simplicity, we set p=c=1and ¢ =d =1, so eq. (10) reduces to:

a,exp($) +a, +a_ exp(=%)
b, exp(&) + b, +b_, exp(=¢)

Substituting eq. (23) into eq. (14), and by the help of symbolic computation, we ob-

u(&) =

(23)

tain:

%[Rg exp(38) + R, exp(25) + R, exp(5) + R + R, exp(=¢) +

+R , exp(—2&) + R, exp(=3£)]=0 (24)
where
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A=[b. exp(=&) +b, + b exp(5)I

R, = —kab} + %ecafbl

1
R, = —kab} —nc’a,b} —2kabb, +E$cal2 by +vcia,b} +
+eca,ba, +nc’abb, —vc'abb,

R, = —ka,b’, — ka_,b; —2ka,bb, +%8ca§bl +nctab; +

1
+4vcla b} +vclab; —2ncta b} +5806112b,1 —2kabb -

-nc’a,bb, —ve'a,bb, + ecaab, —4vciabb , +ecaba , +
+2nc’abb_,
1
R, =-3nc’a_bb, + scab,a_, +Esca§b0 —2ka_,bb, — ka,b; — 25)
—6vc’abb_, +ecaba_, +3nc’abb_, +3vc’a bb +3vciabb  —
—2kab,b_, —2kabb_| + scaa,b

1
R, =—ka_b; —kab’, +§gca§b71 +2nctab’, —ncta b, +

1
+vcla b} +Escaf1b1 —2kayb_b, +4vc’ab’, —2ka_bb_, +

+ecaya b, + ecaa b, —2nc’a_bb_  —vciab b, —4vc’a_ bb_ +

+nca,b_ b,

R, = —kab’, +nc’ab’, +vc’ah’, — 2ka_b,b_, +%5caflb0 -
-nc’a_bb_, +&ca,a b, —vcia_ bb.,

R, = —kaﬁlbfz1 + %waflbfl

Solving this system of algebraic equations by using MAPLE, we obtain the following
results:

126 1?
a,=0, a,=0, a, = 2o
25ve
b2
b, =?°_1, b,=b,, b,=b, (26)
__ 6w _n
125v*° Sv

where b, and b_, are free parameters. From eq. (26), substituting these results into eq. (23), we
obtain:



Cevikel, A. C., et al.: New Exact Solutions of the Space-Time Fractional KdV-Burgers ...
S20 THERMAL SCIENCE: Year 2018, Vol. 22, Suppl. 1, pp. S15-S24

12617’ nx” 6m't”
- expy— +—
25ve S\C(1+8) 1257T(1+a) @7)

2 B 3.a B 3 a
by exp 77x + 6277 ! +b,+b_ expi— 77x + 6277 !
4b, T|5I(1+p) 125vT(1+a) S5\T(1+8) 125vT(1+a)

which is the exact solution of space-time fractional KdV-Burgers equation.

u(x,t)=

The non-linear fractional FDE

The study to FDE is very significant for that the equation is a simple model of the flow
of liquid through channels (Plateau borders [26]) and nodes (intersection of four channels) be-
tween the bubbles, driven by gravity and capillarity [27]. It has been studied by some scientists
[28, 29]. However, as we know, the study for FDE with time-and space-fractional derivatives
of this form [30]:

D“u :%Dznzu ~ 20" D%u + (D°u)’ (28)
by the exp-function method has not been investigated. Here « is the parameters standing for the
order of the fractional time and space derivatives, respectively and it satisfies 0 <a <1 and
x> 0. When « =1, the fractional equation reduces to FDE of the form:

1
u, = Euuu - 2utu, +(u,)’ (29)
We introduce the following transformations:
Ax® ct”

“T(+a) T(+a)

u(x,)=U(5), ¢

where ¢ and A are non-zero constants.
Substituting eq. (30) with egs. (2) and (7) into eq. (28), we can know that eq. (28)
reduced into an ODE:

(30)

2

—U’ —%UU" —2AU°U +2*(U' )Y’ =0 (31)

where U =dU/dé& .
By the same procedure as illustrated in the Section The space time fractional
KdV-Burgers equation, we can balance terms UU " and UU " in eq. (31). We find:

_cexp[(3p+2c)E]+--

uU' = .
¢, exp(5pé&)+---
and
Uy = G eXplGet p)]+ - .
c,exp(4pé)+---

where ¢, are determined coefficients only for simplicity. Balancing highest order of exp-func-
tion in eqs. (32) and (33) we have:

3p+2c=3c+2p (34)
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which leads to the result:

p=c (35)

Similarly, to determine values of d and ¢, we balance the linear term of lowest order
ineq. (31):

_-+d, exp[-(3q +2d)&]
4 d, exp(-5¢€)

uu’

(36)
and

et dy exp[-(3d + g)¢]
-+ d, exp(~4g¢)
where d, are determined coefficients only for simplicity. From eqs. (36) and (37), we obtain:

~(3q+2d)=—(3d +2q) (38)

UU (37)

and this gives:
qg=d 39)
For simplicity, we set p=c=1and g =d =1, so eq. (10) reduces to:

a exp(‘f) +ta,+a, exp(—f) (40)
b exp(&) + b, +b_, exp(=S)
Substituting eq. (40) into eq. (31), and by the help of MAPLE, we have:

U=

%[Ra exp(35) + R, exp(25) + R exp(&) + R, +

+R_ exp(=&) + R, exp(—2&) + Ry exp(-35)] =0 (41)
where

A=[b, exp(=&)+ b, +b exp(§)]
R, = ca,b} +22a’b, + %lzafblbo —cab,b} —2a]a,b, —%/lzalaobf

R, =32%a,a,bb, — 2cab;b, +2cab’b, — 227 aa_ b} —
—47ala b +22a’bb_, —2cab b’ —4Aaalb, +4Aalab, -

3 Ara’b} +2ca b’ +4ia’b. | — izzagbf (42)
2 2
R =32’ab,a b, +94%ab a.b, — 6¢cabb b, —
~12a,a,a_b, + ca,bb; +%/12a§b1b0 —%ﬂ,zaoalboz +

+2aja b, +22a,a}b, —1—21/12c1,2b71b0 +5ca_\blb, -

—%lzaflaoblz +104alab_, + ca,blb_, —cab] —22a)b,
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R, =-61*a’\b] —4cab;b_, +52*a bb_, +8Aaab_ +8Aa’a b —
—61%a’b’, —8daja b, — 32 a,ab b, =34 a,a_bb, —8Aaa’ b +
+122%a,b a b, —4ca,b’ b, + 4ca_blb , +4ca_bb; + 2’ aa_b;
R, =32abya b, +94%a bab  +122aa,a b +

1 1
+6ca_bbyb , +2Aab | +ca b, + E/Vagb,,bo — EAﬁaoa,lbg -
—%ﬁzaflblbo ~10Aa,a’ b, —cabb?, - 2Aa,a’ b, - (42)
2 13 2 2 2 2
—2Aaga_b, —7/1 ab’a, —ca,b_ by —5cab,b’,

R, =32%a,b,a_b_, —2cab’, —%ftzaflbj —42a’ b, —%Zzagbfl +

+20a4171bf1 + 2/12aflb1b71 + 4ﬂua§a4bf1 - 4/1a0aflb0 - ZCaObflbO -
—2A%a ,a,b’, +42a’,ab., +2ca_byb.,

1 1
R,= —2/1aflb0 - caobf, + 22.af,a0b_, —E/Iza_,aobf, +Eaflb0b_1 + ca_,bob_z1

Solving the previous algebraic equations by using MAPLE, we have the following

results:
aIZ—&, aozﬁ, a,=0
2 2
b=b, by=0b, b,=0 (43)
3
c=/1—, A=A
4

where b, and b, are free parameters. Substituting these results into eq. (40), we obtain:

ﬂb{ R }Ab

2 F(l+a) 401+ 2
u, (x,1) = (+a) 4rd+a) (44)
Ax® At Ax® At
b exp - +b,+b_expi— -
F(l+a) 4AT(1+a) F(l+a) 4T(1+a)
If we take b, =b_, = b, =1, eq. (44) becomes:
Ax“ 2t ) Ax” At*
2 r e Tardr e | ™ v e ara

+ + + +

0 (3, 1) = 2 (1+a) (I+a) (I+a) (I+ ) (45)

a 3a
2cosh Ax - At +1
I'+ea) 4I'(l+a)

which is the exact solution of the non-linear fractional FDE.
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Conclusion

In this paper, the exp-function method has been successfully applied to obtain the ex-
act solutions of the time-space fractional KdV-Burgers and the non-linear fractional FDE. Also
the fractional complex transform and exp-function method are efficient and powerful method in
solving a wide class of fractional order equations. As a result, many generalized and new exact
solutions for them have been successfully found. Being concise and powerful, this method can
also be applied to solve other fractional differential equations as long as the homogeneous bal-
ance principle is satisfied.
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