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In this paper, we address a class of the fractional derivatives of constant and vari-
able orders for the first time. Fractional-order relaxation equations of constants 
and variable orders in the sense of Caputo type are modeled from mathematical 
view of point. The comparative results of the anomalous relaxation among the var-
ious fractional derivatives are also given. They are very efficient in description of 
the complex phenomenon arising in heat transfer. 
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Introduction

Fractional derivatives (FD) were utilized to model the complex phenomenon in science 
and engineering practice [1-7]. The FD of constant order, e. g., Riemann-Liouville and Caputo 
FD, were considered to describe the anomalous relaxation [2, 5, 8-10]. The Riemann-Liouville 
type FD of variable-order was proposed in [11, 12] and its extended versions were considered 
in [13]. The Caputo type FD of variable-order was developed in [14] and its extended versions 
were reported in [15, 16]. 

Recently, FD involving the kernels of the exponential and Mittag-Leffler functions 
were reported in [17-28]. For example, FD with respect to the kernel of the exponential function 
in the sense of the Caputo type was firstly reported in [17-24] and FD with the aid of the kernel 
of the exponential function in the sense of the Riemann-Liouville type was proposed in [25] and 
developed in [26]. The FD with the help of the kernel of the stretched exponential function in 
the sense of the Caputo type was presented in [27]. The FD containing the Mittag-Leffler func-
tion kernels in the sense of the Caputo and Riemann-Liouville types were developed in [28]. 

Due to the previous FD in the different kernels, a class of the FD of constant and vari-
able orders, such as has not been reported. Motivated by the previous ideas, the brief aims of the 
previous paper are to suggest FD of constant order with respect to the Mittag-Leffler function 
and stretched Mittag-Leffler and exponential functions kernels in the sense of Gaussian-like 
type, the variable-order FD in the Caputo-Fabrizio, Sun-Hao-Zhang-Baleanu, and Atanga-
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na-Baleanu types as well as Mittag-Leffler and exponential functions and their stretched and 
generalized versions and to present their applications for handling the anomalous relaxation 
models in heat transfer problems.  

The FD of constant and variable orders 

Let Ξ(μ) be the differentiable function defined on the interval [a, b], as well as  
ℑ(ω) and ℑ[ω(x)] be normalization constants with respect to the orders ω (0 ≤ ω ≤ 1) and  
ω(x) [0 ≤ ω(x) ≤ 1], respectively. For more details of the normalization constants, readers refer 
to [17-28]. 

The FD of constant order

The FD of the Caputo type with respect to the singular power-law kernel is given by  
[2, 5, 10]:
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where a ≤ x, n is an integer, and Γ(∙) denotes the gamma function. 
The FD of the Caputo-Fabrizio type with respect to the exponential kernel, denoted 

by [17-23]:
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where a ≤ x.
For ℑ(ω) = 2/(2 – ω), eq. (2b) is given by [23]: 
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The FD of the Sun-Hao-Zhang-Baleanu type with respect to the stretched exponential 
function, denoted by: 
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where a ≤ x. 
For simplicity, we have [27]:

	 ( ) ( )1ω ωℑ = Γ + 	 (5a)
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such that: 
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The FD with respect to the Mittag-Leffler function kernel, denoted by:
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is defined by: 
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where a ≤ x. 
The FD of the Atangana-Baleanu type with respect to the stretched Mittag-Leffler 

function kernel, denoted by:
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is given by [28]: 
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where a ≤ x. 
The FD of the Caputo-Fabrizio type with respect to the Gaussian-function kernel, 

denoted by:
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is given by [24]: 
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where a ≤ x. 
The FD with respect to the stretched exponential function kernel in the sense of 

Gaussian-like type, denoted by:

	 ( ) ( )
2

2
6

0
, exp

1 1 1

i i

i

xy x x
i

ω
ωω ωϕ ω

ω ω

∞

=

   = = − = −   − − Γ +   
∑ 	 (9a)

is defined by: 

	 ( ) ( )
( )

( ) ( ) ( )
2

2 1GYC 1D exp d
11

x

x
a

x x ωω

ω

ω ω µ µ µ
ωω

+  Ξ = − − Ξ − π −
∫ 	 (9b)

where a ≤ x. 
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The FD with respect to the stretched Mittag-Leffler function kernel in the sense of 
Gaussian-like type, denoted by:
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where a ≤ x. 
The LT of the functions x –1–ω/Γ(–ω) and Eω(–x ω) are given in [2, 12]: 
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respectively, where L̂  is the LT operator with respect to x, and β is a constant. 
The LT of FD are:
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For the details of the LT of eqs. (1), (2b), (7b), and (8b), see [2, 17, 28]. 
A plot of the different kernels of the FD for ω = 0.6 is displayed in fig. 1.

The FD of variable order

Variable-order FD of Caputo type in term of the singular power-law kernel is given 
by [15, 16]:
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where a ≤ x and n is an integer. 
Variable-order FD of Caputo-Fabrizio 

type in term of the exponential kernel, denot-
ed by:
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where a ≤ x. 
Variable-order FD of the stretched exponential function in the sense of the Sun-Hao-

Zhang-Baleanu type, denoted by: 
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where a ≤ x. 
Generalized variable-order FD of the stretched exponential function, denoted by:
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where a ≤ x. 
Variable-order FD involving the Mittag-Leffler function kernel, denoted by:

Figure 1. The plot of the different kernels  
of the FD for ω = 0.6
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Generalized variable-order FD involving the Mittag-Leffler function kernel, denoted by:
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The Atangana-Baleanu-type variable-order FD involving the stretched Mittag-Leffler 
function kernel, denoted by:
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where a ≤ x.
Generalized variable-order FD involving the stretched Mittag-Leffler function kernel, 

denoted by:
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where a ≤ x.
The plot of the different kernels of FD for ω(x) = x – 1 is displayed in fig. 2.
The LT of the function x –1–ω(x)/Γ[–ω(x)], given by Coimbra, takes the form [13]: 
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The LT of the function  is given by [14]: 
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The LT of FD of variable order are:
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Figure 2. The kernels of the different FD  
for ω(x) = x – 1
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The constant- and variable-order anomalous relaxation problems  
arising in heat transfer 

The anomalous relaxation in the sense of the constant Caputo, Caputo-Fabrizio, Sun-
Hao-Zhang-Baleanu types, and variable-order FD of Caputo type were discussed in [15, 23]. 
To present the temperature fields in the complex media, we consider a class of anomalous re-
laxation equations with the aid of FD of constant and variable orders. The anomalous relaxation 
involving the variable-order FD are in line with the result based on the generalized versions. 
Therefore, we consider the LT-type solutions for the anomalous relaxation with the aid of the 
generalized FD of the variable order in this section. 

The anomalous relaxation in the sense of FD with respect to the Mittag-Leffler func-
tion kernel reads: 

	 ( ) ( ) ( )YC
YC YCDxk x xω− Ξ = Ξ 	 (34a)

with LT of the solution: 
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∑

∑
	 (34b)

where k is a constant, and ΞYC(0) = 1 is the initial temperature field. 
The anomalous relaxation involving FD with respect to the stretched exponential 

function kernel in the sense of Gaussian-like type is: 

	 ( ) ( ) ( )GYC
GYC GYCDxk x xω− Ξ = Ξ 	 (35a)

with LT of the solution: 
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where k is a constant, and ΞGYC(0) = 1 is the initial temperature field. 
The anomalous relaxation involving FD with respect to the stretched Mittag-Leffler 

function kernel in the sense of Gaussian-like type can be written: 

	 ( ) ( ) ( )GYGC
GYGC GYGCDxk x xω− Ξ = Ξ 	 (36a)

with LT of the solution:
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where k is a constant, and ΞGYGC(0) = 1 is the initial temperature field. 
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The anomalous relaxation involving the variable-order FD of Caputo-Fabrizio type in 
term of the exponential kernel is:

	 ( ) ( ) ( )VYCF
VYCF VYCFD x

xk x xω  − Ξ = Ξ 	 (37a)

with LT of the solution:
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where k is a constant, and ΞVYCF(0) = 1 is the initial temperature field. 
The anomalous relaxation in the sense of the variable-order FD of Caputo-Fabrizio 

type in term of the exponential kernel is represented:

	 ( ) ( ) ( )GVYSHZB
GVYSHZB GVYSHZBD x

xk x xω  − Ξ = Ξ 	 (38a)

with LT of the solution:
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where k is a constant, and ΞGYGC(0) = 1 is the initial temperature field. 
The anomalous relaxation involving FD with respect to the stretched Mittag-Leffler 

function kernel in the sense of Gaussian-like type is considered:

	 ( ) ( ) ( )GVYGC
GVYGC GVYGCD x

xk x xω  − Ξ = Ξ 	 (39a)

with LT of the solution:
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where k is a constant, and ΞGVYGC(0) = 1 is the initial temperature field. 
The anomalous relaxation in the sense of the variable-order FD of Caputo-Fabrizio 

type in term of the exponential kernel is represented:

	 ( ) ( ) ( )GVYABC
GVYABC GVYABCD x

xk x xω  − Ξ = Ξ 	 (40a)

with LT of the solution:
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where k is a constant, and ΞGVYABC(0) = 1 is the initial temperature field. 

Conclusion

In this work, we suggested a class of FD of constant and variable orders for the first 
time. The plots of the kernel functions of the different patterns in were discussed in detail. The 
LT-type solutions for the anomalous relaxations involving FD of constant and variable orders 
were also given. The proposed formulas are useful to open up the new prospects of describing 
the fractional-order heat transfer equations in the complex media.
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Nomenclature
k	 –	 coefficient, [m]
x	 –	 space co-ordinate, [m]

Greek symbols

Ξ(x)	–	 temperature fields in the different FD, [K]
ω	 –	 constant order, [–]
ω(x)	–	 variable order, [–]
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