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In this paper, numerical solutions for the generalized Rosenau-KdV equation are
considered via the energy and momentum conservative non-linear implicit finite
difference scheme. Unique existence of the conservative properties of the solu-
tions for the difference scheme is shown. Numerical results demonstrate that the
scheme is efficient and reliable.
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Introduction
The well-known Korteweg-de Vries (KdV) equation [1-4]:

u +uu, +u,, =0 )

has been used to describe the wave propagation and spread interaction.
In this paper, we consider the following generalized Rosenau-KdV equation:

ut + ux + u)CXX + uXXJCXt + (up )x = 0 (2)

where p >2 is an integer. When p =2, eq. (2) is called as usual Rosenau-KdV equation.

In [1, 2], the solitary solutions for the generalized Rosenau-KdV equation with usual
solitary ansatze method were discussed and the two invariants for the generalized Rosenau-
KdV equation were given. In [2], the two types of soliton solution, i. e., solitary wave solution
and singular soliton, were researched. Furthermore, they also used perturbation theory and
semi-variation principle to study the perturbed generalized Rosenau-KdV equation analytical-
ly. In [3], ansatze method was applied to obtain the topological soliton solution or shock solu-
tion of this equation. Moreover, three methods, that is, ansatze method, G/ G-expansion meth-
od as well as the exp-function method were applied to extract a few more solutions to this
equation in [4]. But the numerical method to the initial-boundary value problem of general-
ized Rosenau-KdV equation has not been studied till now.

In [5, 6], two conservative difference schemes for the generalized Rosenau-KdV
equation were proposed. But their schemes can only preserve one conservative law.
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In this paper, we propose a conservative non-linear Crank-Nicolson-implicit differ-
ence scheme for the equation. The studies show that the scheme does not need to select anoth-
er scheme to help initial computation such as the average linear scheme in [5]. It should be
noted that the numerical simulations show that the scheme preserves two conservative invari-
ants, which is better than those results in [5, 6].

Hence, in this paper, we propose a conservative two-level non-linear implicit finite
difference scheme for the generalized Rosenau-KdV eq. (2) with the boundary conditions:

u(Xlal):u(Xrat):O’ ux(XI’t):ux(ert):Oa

U (X0 =g (X,,0=0,  1€[0,T] 3)
and initial condition:
u(x,0) =1, (x) “)
The initial-boundary value problem presents the following conservative properties
[1,2]:
M (@)= [udx= [ uydx =M (0) (5)
X, X,
% 2 2
E@)= | g )de =l +fu[; = E©) (6)
X,

When X, « 0, X, >0, the initial-boundary value problem, egs. (2)-(4), and the Ca-
uchy problem, eq. (2), are consistent.

Conservative implicit difference scheme

In this section, we first give some notation used in this paper, and propose the con-
servative difference scheme for the problem of egs. (2)-(4).

As usual, denote x; = X; + jh, t,=nt, 0<j <J,0<n <N, where h = (X, — X;)/Jand 7
are the uniform the spatial and temporal step size, respectively. Let u;' ~u(jh,nt),
7z ={u=(uj)‘LL1 =uy=u;=u;,; =0, -1<j<J+1}.

Throughout this paper, we denote C as a general constant independent of /4 and .

Define the difference operators, inner product and norms are:

n n n n n
), = T8 gy S T gy B T
I heoooo oo 2h
n+l n n+l n—1 n n n
W) =2 Loy, = j W) - = Ui = 2uj + Uy
it — ) )i — ) i - )
J r J 2r Jxx h2
1
nt u;ﬁ—l + u;l no.n <& n.n n 2 no.n n n
u; 2= , <u,v>=h upvi, o u =<u,u>, u L: max |u
2 s 0<j<J-1

In view of (u”), =2/(1+ p)Z” _Olui (u”™),[7], we can construct the following con-
servative implicit finite difference scheme for the problems, egs. (2)-(4):

n n n n 2 Vil n i n p—i
@), + QD)+ @)+ W) T Z(;(ujH/Z) [(uj”/z) } =0 (7



Zhou, J., et al.: The Conservative Difference Scheme for the Generalized ...

THERMAL SCIENCE, Year 2016, Vol. 20, Suppl. 3, pp. $903-S910 S905
W) =up(x;)  1<j<J-1 8)
ug =y =0,(uy); =)z =0,@p),; =), =0 ©)

Lemma 2.1. [8] For any two mesh functions u,v € Zh , one has:

(vx, u> = —(v, uf>, (u);, v> = —<u, v);) s <u, vx;> =—<ux, vx> (10)

Then we have:

(i 1.5) == (ot ) = f (1)
Furthermore, if (uo) =(u J) - =0, then:
<u uxx};> ”uxx”2 (12)

To prove the existence of solution for scheme, eqgs. (7)-(9), the following Browder
fixed point theorem should be introduced. For the proof, see [9].

Lemma 2.2. (Browder fixed point theorem) Let H be a finite dimensional inner
product space. Suppose that g:H — H is continuous and there exists an a 2 0 such that
(g(x),x)>0,Vxe H, ||x|| o . Then there exists x € H such that g(x )=0 and ”x “< a.

Theorem 2.3. There exists u" € Zh satisfying the difference scheme (7)-(9).

Proof: For n< N —1, we assume that u Oul,---u" €Z) satisfy the difference sche-

me (2.1)-(2.3). Next we prove that there exists u"" satlsfymg egs. (7)-(9).
Define an operator g on Z, as follows:
gV =2v-2u" +7v; + TVz + 2V, — 2 +—Z( ey [ Y ] =0 (13)
By computing the inner product of eq, (13) with v, we get:
2 & i
<vf,v> =0, <vxﬁ,v> =0, E;v 0V 7),v)=0
Therefore:
(g(v),v) = 2||v||2 - 2<u" v> + 2”‘6@”2 - 2<u§x,vxx> >
> 2 -2 = 2] el 2
2
22 ([ + ||v||2j —( e
2 2
2 =(Jo el ) 2
2||v||2 —( u" ’ Uy, 2] (14)
It is obvious that <g(v) v> >0, for all ve Z) with vIP* = ||u I+ |Luxx|| +1. It follows

from Lemma 2.2 that there exists v € Zh such that g(v " =0.Letu"" =2v —u", and it can be
proved that «"*" is the solution of the scheme (7)~(9).

n

MXX

n

u n

Uy

u}’l
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Lemma 2.4. [6] Suppose that ueHg[Xl,X,], then the solution of the initial-
boundary value problem (2)-(4) satisfies:

||u <C,

Uy

. L <C el =< (15)

Theorem 2.5. Suppose that u, € Hg[XZ,Xr] , then the schemes (7)-(9) are conserva-
tive for discrete momentum and energy, that is:

J-1
M =hYy ol =M"" = =M (16)
=1

2
n

u n

Uy

n 2 n—1 0
o ] o Y U (17)

Proof: Multiplying eq. (7) with 4 and summing up for ; from 1 to J -1, from the
boundary condition in eq. (9), and lemma 2.1, we get:

J-1
Ry Wi —uf)=0 (18)
Jj=1

Therefore, eq. (16) is easily gotten from eq. (18),,!
By computing the inner product of eq. (7) with 2u 2 (i. e. "™ +u"), we have:

-1 1 el n n-%% n-%% n-%% n-%% n+%
h ;(uj —u;)2u; C 4| 2u; © 4 2u; <+
=1 .
X

J
1
1 il " n+5 n+5
+;[(uj )m,x—(uj)m]zuj +2Pu; 2 =0 (19)

where

By the definition of (u}“ ), » it follows from the first term of eq. (19) that:

J-1

1
1 n n "3 1 n n
Z[;(u‘,-“ ~u})-2u; 2J=;(||u e P (20)

J=1

From eq. (10), it follows from the second and the third term of eq. (19) that:

J-1 n+% n+é J-1 n+% n+% n+%
‘ u; 2uj = Z u; +| u; u; =
J=1 X =l X X
- n+% n+% J-1 n+% n+%
=2\ u; -+ 2| U u; ©=0 (21)
Jj=1 . Jj=1 P
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Similarly:
J-1 n+l n+l
w, | 2u; 2=0 (22)

With the help of the boundary condition in egs. (9) and (12), it follows from the
fourth term of eq. (19) that:
S ) ;1
L[ — (e P, 2 =~ ’Z 23)
ar T

In view of eq. (10), it follows from the last term of eq. (19) that:

i p—i
- oh 41 p el s -
P2u ?2)=—"H— Z u; 2 u, 2 u, 2
1) &l J J
prli]i=o )
%

J-1p-1 L i il ]
st

n+ 2
n+l n
Uy || Mx

Leti'= p—(i+1). Obviously, if i=0,then i'=p—1.1If i=p—1,then i'=0. It fol-
lows from eq. (24) that:

i\ o o (et YT et wel
P,2u 2 :_EZI_,ZI Mj uj uj =— P,ZM 2 (25)
Jj=li'=p- X
29

Therefore:
1
<P 2u 2 > —0 (26)

By the previous results of egs. (20)-(23) and eq. (26), we have:

REIEEE

Then, by the definition of E", eq. (17) holds, which implies that the difference
scheme is conservative for energy.

In order to prove the boundedness and the conservative law of the numerical solu-
tions, we lead into the following lemma [8].

n+l 2

+1
u n

Uy

n n

Uyy

— U

Lemma 2.6 (Discrete Sobolev’s inequality) There exist two constant C; and C,
such that:
Uy

el sci e =
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Theorem 2.7. Suppose u, € Hg[X 1, X1, then the solutions u" of egs. (7)-(9) satisfy:

u'|<C, <C

n
ux

which yields:

un

L <C (n=1,2,-,N)
Proof: It follows from eq. (17) that:

un

<C,

n
M)CX

<C (29)
By Lemma 2.1 and Schwartz inequality, we get:

b b

From Lemma 2.6, we have ||u" ||, <C (n=1,2, ..., N).

2
n

u n

Uy

n n
| < |l ||][u

XX

Numerical experiments
In this section, we present some numerical experiments to verify theoretical results
obtained in previous sections.

We now consider two cases: p =3 and p = 5, respectively.
When p = 3, the soliton solution is:

u(x,t)zl\/—IS T 3vATsech? - -5 VAl x—i(5+m)t (31)
4 4 2 10
and the initial condition is:
u(x,0) = %\/—15 + 3/ATsech? i _5+me (32)

When p =5, the soliton solution is:

u(x,t) = 4/%(—5 + m)sech%\/—S +34 {x—%(S +\/ﬁ)t} (33)

and the initial condition is:

7 06 £=0.125,h= 0.125,p=3

u(x,0) = 4 (=5 + 3%) =] T
15 osf{---4Z29 ;
sech%\/—S +/34x (34) o4 A

0.3f
First, we simulate the wave graph of the .|
numerical solution of the implicit non-linear |

scheme eqgs. (7)-(9). The comparison of numeri-  °'f i |
cal solution u(x;,7,) between different time step 0 LS.
and space step at various times are given in fig. 1
when p = 3. Similarly, we can get the almost
same figures for different time step and space  Figure 1. Wave graph of u(x, #) at various times
step at different times when p = 5, respectively. when p =3 and 7= h =0.125
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Meanwhile, we also list the conservation invariants M" and E” at different time in
tabs. 1 and 2 when p = 3. Similarly, we can get the conservation invariants M" and E" at dif-
ferent time when p = 5.

Table 1. The momentum of different time in different time step and space step when p =3

h, ) T=10s T=20s T=30s T=40s
(1/4, 1/4) 4.898979485451472 |1 4.898979484955972 | 4.898979615726935 | 4.898977554546477
(178, 1/8) 4.898979485364376 | 4.898979485171925 | 4.898979523325864 | 4.898978939201130

(1/16, 1/16)

4.898979485037968

4.898979485217347

4.898979495351347

4.898979312555465

(1/32, 1/32)

4.898979484150244

4.898979485429402

4.898979488895281

4.898979398515816

When p =5. M" =7.0936431010809 and E" =3.110702938788134 at different ti-
me. These results also verify that the proposed scheme is conservative for two quantities M

and E.

Table 2. The energy of different time in different time step and space step when p =3

() T=10s T=20s T=30s T=40s
(1/4, 1/4) 1.682528993311035 | 1.682528993310901 | 1.682528993310636 | 1.682528993309790
(178, 1/8) 1.682543082561832 | 1.682543082552275 | 1.682543082544440 | 1.682543082543480

(1/16, 1/16)

1.682546611165301

1.682546611191325

1.682546611097185

1.682546611292408

(1/32, 1/32)

1.682547493961059

1.682547495006936

1.682547495640218

1.682547495108805

Conclusion

In this paper, we constructed non-linear-implicit finite difference scheme for the
general Rosenau-KdV equation and investigated some properties of its numerical solution.
We proved that the non-linear scheme preserved the discrete mass and energy conservation,
respectively. The proposed scheme is the unconditionally stable and second-order conver-
gence by the discrete energy method. The results show that the scheme is reliable and effi-
cient.
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