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This paper addresses the systems of the incompressible Navier-Stokes equations
on Cantor sets without the external force involving the fractal heat-conduction
problem vial local fractional derivative. The spherical Cantor type co-ordinate
method is used to transfer the incompressible Navier-Stokes equation from the
Cantorian co-ordinate system into the spherical Cantor type co-ordinate system.

Key words: incompressible Navier-Stokes equation, heat-conduction problem,
spherical Cantor type co-ordinate method, local fractional derivative

Introduction

Local fractional calculus was used to solve the non-differentiable problems in heat
[1-7] and fluid [8-12] flows. The fractal Cauchy stress tensor of the incompressible Navier-
-Stokes fluid on Cantor sets was written in the form [11]:

J, =—pl+u(V°0+0V?) (1)
and
V=0 2)
where p is the thermodynamic pressure, I — the unit vector in the local fractional field,
4 — the shear moduli of viscosity, v — the fractal fluid velocity, and V” — the local fraction-
al operator in the 3-D fractal space [1, 5, 7, 8, 11].
The systems of the incompressible Navier-Stokes equations on Cantor sets was ex-
pressed as [11, 12]:

VP0=0 (3a)
pD Uzp a—U+L)V“’u =V“J, + pb (3b)
Dt? ot
(0
p% =—V?(pv)+0(V°]) + pbv + K**V?q (3¢)
t

which, by using egs. (1) and (2), could be written [11]:
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VPu=0 (4a)
v 0] 20 0]
paw =-Vp+ uV=v— puV v+ pb (4b)
t
0
p{% +OV? (0 + @) | ==V (pv)+ Vv + pbv + K*“V?q (4¢)
{

where v is the fractal fluid velocity, p — the fluid density, p — the thermodynamic pressure,
@ — the kinetic energy (KE) per unit of mass, § — the internal energy (IE) per unit of mass, b
— the external force (EF) per unit of mass, x° represents the fractal heat-conduction coeffi-
cient, ¢ — the fractal temperature field, and V?“ — the local fractional Laplace operator in the
3-D fractal space [1, 5,7, 8, 11].

The Cantor type spherical co-ordinate method was reported in [1, 5, 8]. In this paper,
the aim is to investigate the systems of the incompressible Navier-Stokes equations on Cantor
sets in spherical Cantor type co-ordinate system.

The spherical Cantor type co-ordinate method
For R € (0,4+), 7 € (0,7), # € (0,2n),and 1> +n*“+0**=R**the Cantor type
spherical co-ordinate system is written in the form [1, 8]:
4” =R cos,(9”)cos,(6”),
n” = R cos,(9”)sin, (68°), 5)
o” = R”sin”(9”)

A local fractional vector (LFV) takes in the form:

T =R“cos, (§”)cos, (6”)&" + R“cos,, (3*)sin, (8°)& + R sin,, (I°)e’ ©)
=1zCp +I4Cq + I,Ep

where (€”,€7,¢€7) and (€%,¢4,¢,) are the LFV in two fractal vector spaces.

Therefore, the local fractional gradient and Laplace operators in the Cantor type
spherical co-ordinates system were written in the forms:
_ @ _ @ _ 1 1 0

V?¢(R,9,6)=¢ ¢ ¢+e§’La ¢ Jrefg”—'—M (7)

OR” R® 09° R” sin, (9”) 06"

20 ol @
V*°$(R,3,0) = 0 2¢ + i ! 0 sinw(g“’)M +
OR”  R°” sin,(9”) 09” 09’
@ 20
L2 1 21 o 2¢
R” &R”  R** sinZ (9”) 06

(®)

where the LFV are given by the expressions:

€y =sin,, (9“)cos, (6)& +sin,(93”)sin, (6)E7 + cos, (F)ef (9a)
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&3 =cos,, (9”)cos, (0”)&’ + cos, (I”)sin, (6”)e —sin, (9”)e (9b)
¢, =—sin, (6”)¢’ + cos, (0”)& (9¢)

Transferring the 3-D incompressible Navier-Stokes
fluid on Cantor sets

With the help of egs. (4a)-(4c), we present the systems of the incompressible Na-
vier-Stokes equations on Cantor sets without the external force in the Cantorian co-ordinate
system:

Vu=0 (102)
awU ) 20 @
pyz—v p+ V= v - poV°v (10b)
P 76+9) (69; ), pye @+ ¢)):| = —V?(pv) + V>0 + K*“V?q (10c)
t

In view of egs. (7) and (8), eq. (10a) in the spherical Cantor type co-ordinate system
is written in the form:

0 (lla)

o PUR(R.0) 1 F0(RG0) , 1 1 u(R9.0)
R T e =
OR R 09” R” sin,, (9”) 06”

Similarly, eq. (10b) in the spherical Cantor type co-ordinate system is written as:

, O vp(R,9,0) " pp(R9,0) | ) F0p(R.8.0) 24 0"0p(R.8.0)

o OR® OR*® R®  OR®
u 1 | . v (R, $,60) |  u 1 3“0(R,9,0)
+ 20 : @ S, (19”) @ * 20 . 2 62(» -
R*” sin, (9”) 09” 09 R sin;, (9”) 0

" (R.8,0)

—Ur(R,8,0) o

0
TR9.0) \, (r 901
OR” R®

o (R,8,0) - L Or(R.5.6) (122)
R? sin,, (9) 00"
@ ) 20 @
LEURA0) RO 0 US(§,9,9)+2_;,5 0 (R.8,0)
or” OR® OR™® R” OR?
@ @ 20
b L2 [ o @ w®80)], u 21 E: 09(122,9,9)_
R sin, () 09” 09" R sin2 (9°)  06™
“Uq (R “Ug (R
—op(R,9,0) RO g g g LT sRE0)
OR” R® 0.9”
o)
o (R, 8,0~ LT Lu(R5.0) (12b)

R” sin,, () 06”
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) 0"0y(R.8.0) __"py(R.9.0) p &*“vy(R,9,0) L 21 3"0(R.9.0) |

ot OR® OR*® R® OR®
) @ 20
. élw | 1 aw sinw(Sa’)a UQ(R;&@) . ,;w .21 _ 0 Ug(R;S,H)_
R*® sin, (9”) 0.9 09 R* sin (97) 06
“0, (R “0, (R
—uR(R,y,e)ng(R,g,e) L T5R.8,0)
OR” R®  0%°

0
cop(R8.0) 8°0,(R, 3,0)

(12¢)
R? sin, (3“) 06”

Equation (10c) in the spherical Cantor type co-ordinate system is written in the forms:

10 [0
o 0”@+ 9)R, Y, 0) + pug(R, 9, 0) "0+ )R, 3,0)
o’ OR”
L PR, 8,0) 3°(0+ )R, 8,0)  pue(R, 3, 0) 3°(O+¢)R, 8,0) _
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OR” R” 09° R sin,, ($) 060”
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+
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Conclusion

In this paper, the systems of the incompressible Navier-Stokes equations on Cantor
sets without the external force in the spherical Cantor type co-ordinate system were derived
from the spherical Cantor type co-ordinate method. The new forms of the systems of the in-
compressible Navier-Stokes equations on Cantor sets involving the fractal heat-conduction
terms were discussed. Observing the equations from the Cantorian co-ordinate system into the
spherical Cantor type co-ordinate system has come true.

Nomenclature

b —EF per unit of mass, [Nm ] ¢ —KE per unit of mass, [Jm™]
p - thermodynamic pressure, [Pa-m™] w — fractal dimension, [—]

g - fractal temperature field, [Km ] V?® —local fractional Laplace, [-]
Greek symbols Acronyms

6  —IE per unit of mass, [Jm ] EF — external force

x> — heat-conduction coefficient, [Wm k'] IE - internal energy

p - fluid density, [kgm ] KE - kinetic energy

v — fractal fluid velocity, [ms™']
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