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Based on three immediate consequences of the governing equations corresponding
to some unidirectional motions of rate type fluids, new motion problems are tackled
for exact solutions. For generality purposes, exact solutions are developed for
shear stress boundary value problems of generalized Burgers fluids. Such solu-
tions, for which the shear stress instead of its differential expressions is given on the
boundary, are lack in the literature for such fluids. Consequently, the first exact so-
lutions for motions of rate type fluids induced by an infinite plate or a circular cylin-
der that applies a constant shear f or an oscillating shear fsin(wt) to the fluid are
here presented. In addition, all steady-state solutions can easily be reduced to
known solutions for second grade and Newtonian fluids.
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Introduction

Flows over an infinite plate or through a circular cylinder are extensively studied in the
literature, they being some of the most important motion problems near moving bodies with
many practical applications. There are a lot of exact solutions corresponding to such motions of
Newtonian or non-Newtonian fluids. In the last time, some of them have been also extended to
non-Newtonian fluids with fractional derivatives [1-3]. However, the most part of them corre-
sponds to motion problems for which the velocity is given on the boundary although in some
practical problems what is specified is the shear stress on the boundary [4, 5]. Renardy [4], for
instance, considers the flow of a Maxwell fluid across a strip bounded by parallel planes and
shows that boundary conditions on stresses at the inflow boundary have to be imposed in order
to formulate a well-posed boundary value problem. He also considers steady flows of
viscoelastic fluids [6] and shows that the Jeffrey model is well-posed in a bounded channel if all
components of the extra-stress are given on the entry boundary. Furthermore, the no s/ip bound-
ary condition may not be necessarily applicable for flows of polymeric fluids that can slip or
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slide on the boundary. Consequently, the boundary conditions on stresses are particularly mean-
ingful and Renardy [5] demonstrated how well-posed boundary value problems can be formu-
lated in this fashion. Contrary to what is usually assumed that one can prescribe the velocity of a
moving plate, as far as the physical situation is concerned one can only prescribe the force with
which the plate is moved. How the plate moves is a consequence of this applied force. One needs
to use transducers and feedback control mechanisms and constantly adjust the force in order to
maintain the velocity. To reiterate, in Newtonian mechanics force is the cause and kinematics is
the effect (see [7] for a detailed discussion of the same). Prescribing the shear stress at the plate
is tantamount to prescribing the (shear) force applied to the plate.

To the best of our knowledge, the first exact solutions for motions of rate type fluids in
which the shear stress is given on the boundary are those of Waters and King [8]. In the last time
many similar solutions for such motions have been established ([9-14] and references therein).
However, it is worth pointing out that all these solutions correspond to motion problems for
which differential expressions of shear stresses are given on the boundary. This is due to their
governing equations that, unlike those corresponding to Newtonian and second grade fluids,
contain differential expressions acting on the stresses. Consequently, in the literature, does not
exist exact solutions corresponding to motions of rate type fluids due to a constant shear for an
oscillating fsin(wt) or fcos(w?) shear stress on the boundary. Such solutions are known only for
Newtonian and second grade fluids [15-19].

The aim of this note is to remove this drawback. To do that, three simple remarks re-
garding the governing equations corresponding to some unidirectional motions of rate type flu-
ids are brought to light and carefully used. More exactly, these remarks refer to some unidirec-
tional motions of rate type fluids induced by a plate or an infinite circular cylinder that are
moving or apply a given shear stress to the fluid. In order to illustrate the power of these re-
marks, as well as for the generality of solutions, we provide exact solutions for motions of in-
compressible generalized Burgers fluids (IGBF) due to constant, uniformly accelerated or oscil-
lating shear stresses on the boundary. These solutions, occasionally obtained using known
solutions from the literature, can easily be reduced to the similar solutions for Burgers fluids. As
a check of general results, the steady-state solutions corresponding to oscillating motions are
used to recover known solutions obtained in the literature by a different technique for second
grade and Newtonian fluids.

Constitutive and governing equations

Many models are used to describe the rheological behavior of non-Newtonian fluids.
Among them, the rate type fluids are those which take into account elastic and memory effects.
The simplest subclasses of rate type fluids are those of Maxwell and Oldroyd-B fluids. How-
ever, these fluids do not exhibit rheological properties of many real fluids such as the asphalt in
geomechanics and cheese in food products. Relatively recent, Rajagopal and Srinivasa [20] gen-
eralized these models to the Burgers model that has been successfully used to describe the mo-
tion of the earth's mantle and the response of asphalt and asphalt concrete [21]. It is also used to
model different geological structures, such as Olivine rocks [22] and the propagation of seismic
waves in the interior of the Earth [23]. An immediate and natural generalization of Burgers
model is that of the generalized Burgers fluids (GBF) [24-27].

The stress tensor T for IGBF is related to the fluid motion in the manner:

oS 028 0A 62A
T=-pl+S8, S+ 4, Y + }“2&2 H[A+l3 5 + Ay 52 ]

(1)
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where pl denotes the indeterminate spherical stress, S is the extra-stress tensor, A = L + LT — the
first Rivlin-Ericksen tensor, L — the velocity gradient, ;2 — the dynamic viscosity, 4, and 1,(<A,)
are relaxation and retardation times, respectively, 1, and 4, are new material constants having
the dimensions of the square of time, and /6t denotes the upper convected derivative defined
by:

S_ 8 s s 2)

ot dt

Of course, this model contains as special cases: Burgers fluids for 1, =0, Oldroyd-B

fluids forA, =1, =0, Maxwell fluids forA, =21, =1,=0, and Newtonian fluids forA,=21,=1;=
A4=0. For flows to be here considered, the governing equations corresponding to GBF also re-
semble those for second grade fluids. Consequently, our remarks regarding the differential
equations governing some unidirectional motions of IGBF are also valid for all mentioned fluids
whose behavior can be approximated by means of general solutions taking small values for
some material constants. Furthermore, the steady-state solutions can be particularized to give
the corresponding solutions for Burgers, Oldroyd-B, Maxwell, second grade, and Newtonian
fluids. The starting solutions can be reduced only to the similar solutions for Burgers fluids.

Unidirectional motions over an infinite plate

Let us assume that an IGBF is at rest over an infinite flat plate which is situated in the
plane y =0 of a fixed Cartesian co-ordinate system x, y, and z. The plate is moving in its plane
with a given velocity or applies a shear stress to the fluid after time #= 0. Due to the shear the
fluid is gradually moved and its velocity is of the form:

V=v(n0=u(ynii (3)

where 1 is the unit vector along the x-direction. For such flows the constraint of
incompressibility is automatically satisfied. We also assume that the extra-stress tensor S, as
well as the velocity v, depends on y and ¢ only.

Introducing the velocity field (3) in the constitutive eq. (1), and bearing in mind that
the fluid is at rest at the moment #= 0 we find that the non-trivial shear stress 7(y, £) = S, (v, 7) sat-
isfies the partial differential equation [24, eq. (10)]:

0 0? 0 0% \ou(y,t)
1+, —+ A, — )=y 1+ 1y —+ A1, — |—=—== 4

( 15, 2at2](y) ,U( 35, 46t2J 3y 4

In the absence of body forces and a pressure gradient in the flow direction, the balance
of linear momentum reduces to the meaningful equation:
ot(y,t ou(y, t

1) _ o 1) 5)

oy ot

By eliminating 7(y, f) between eqs. (4) and (5), as usually in the literature, one obtains
the governing equation for velocity:

2 2 \p2

1+112+126_ MZVPF%QJFM@_M (6)
ot ot? ot ot ot? 0y?

Here v = u/p is the kinematic viscosity of the fluid and p is its constant density.

In order to solve well-posed initial boundary value problems, for such motions, the au-
thors use egs. (4) and (6) to determine the velocity and shear stress distributions. This is the rea-
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son that all exact solutions that have been obtained for such motions of rate type fluids, when the
shear stress is given on the boundary, correspond to differential expressions of the shear stress
on the boundary. This is not true for Newtonian or second grade fluids because eq. (4) reduces

to:
ouy, t), respectively 7(y,1) =/J(l + A4 QJM (7)
Our main interest here is to provide exact solutions for motions of rate type fluids in-
duced by an infinite plate that applies a constant shear f or an oscillating shear fSin(w?) to the
fluid. Such solutions are similar to those corresponding to Stokes' problems when the plate is
moving in its plane with a constant velocity V or oscillates according to Vsin(w?) and are identi-
cally important. In order to do that, let us eliminate the velocity u(y, f) between egs. (4) and (5).

The result:
2 2 2
1+,11£+126_ atnt) _ 1”32”45_M (8)
ot or? ot ot or? oy?

(yt)=p

shows that the shear stress 7(y, ¢) has to satisfy a linear partial differential equation of the same
form as velocity. This simple but unexpected result, as we shall later see, can have crucial appli-
cations in the field. It allows us to solve new motion problems and to provide exact solutions us-
ing known results from the literature.

Unidirectional motions produced by an
infinite circular cylinder

Such motions can be generated, for instance, by an infinite circular cylinder that is
moving along or around its axis or applies longitudinal or rotational shear stresses to the fluid.
For these motions we are looking for a velocity field v(r, ) of the form:

v=v(rt)=w(rte, or v=v(rt)=v(rt)e, Q)

where €, and €, are unit vectors in the - and z-directions of a cylindrical co-ordinate system r,
0, and z. The constraint of incompressibility is identically satisfied for both motions. We again
assume that the extra-stress tensor S, as well as the velocity, depends on » and ¢ only.

Assuming that the fluid is at rest until the moment ¢# = 0 and separately introducing
eq. (9)in eq. (1),, we get the next meaningful partial differential equations (see [27], in eqs. (8a)
and (8b)], for instance):

0 0? 0 0? o 1
1+, —+A, — [, ()= 1+ A, —+ A, — | ——= wW(r,t 10
( 15 2 aﬂ) w7 1) H( 375, P U rj (r,1) (10)
0 0? 0 0% \ov(rt)
l+A, —+4, — [ () =y 1+ A, —+ A, — |—>= 11
( 15 2 8t2j v(r 1) H[ 375 4 atzj or (11)

where 7,(r, {) = Sy(r, ) and 7, (7, t) = S,,(, t) are the non-trivial shear stresses corresponding to
the two motions.

Neglecting body forces and in absence of a pressure gradient in the axial direction, the
balance of linear momentum reduces to the meaningful partial differential equations (Op/00 is
zero due to the rotational symmetry):

ow(r,t) _

_[2,2 ., (1), respectively p@v(r, N_[2,1 T, (r,1) (12)
ot or r ot or r
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Following the same line from the literature, we eliminate 7,(7, 7) and 7, (7, f) between
egs. (10) and (12),, respectively (11) and (12),. The resulting partial differential equations,
namely:

2 2 2
[1+/11 §+lz a—)M:\{l+l3 §+ﬂ,4 a—j[a—-i-li—ij\/\/(}",t) (13)
t t

ot? ot ot? or: ror r?
2 2 2
1ea, Lya, 20000 [y, 0, 22 100y g
ot ot? ot ot ot2 )\ or? r or

are the governing equations for the components w(r, ¢) and v(r, t) of velocity.

It is worth pointing out that for all exact solutions that have been established for such
unidirectional motions of rate type fluids, the governing eqgs. (10) and (13) or (11) and (14) have
been used. Due to this fact the solutions for stress boundary value problems correspond to differ-
ential expressions of the shear stress on the boundary, excepting those for second grade and
Newtonian fluids [15-19]. In the case of Newtonian fluids, for instance, egs. (10) and (11) take
the simple forms:

1

Tw (V, ZL) :'u(a_ar_;]W(r’ t)a TV(V’ t) :#%

(15)

and a motion due to a constant shear f; a uniformly accelerated shear f# or an oscillating shear
fsin(wt) on the boundary can easily be studied for such fluids.

In order to be able to develop exact solutions for motions of rate type fluids produced
by a circular cylinder that applies constant or oscillating shear stresses to the fluid, we eliminate
the velocities w(r, ) and v(r, t) between egs. (10) and (13), respectively (11) and (14). The re-
sults:

2 2 2
[1+,11 ﬁmza_jM:\{nz} %M“a_l 0 +li—rizjrw(m)(16)

ot Ot? ot ot2 )\ orr r or
2 2 2
142, L, 200500 _fy 500 g, 2210 L) yan
ot ot? ot ot ot2 )\ or: ror r?

show that the shear stress 7, (7, #) satisfies a partial differential equation of the same form as the
component w(r, t) of velocity while the shear stress 7, (7, #) satisfies a different partial differen-
tial equation whose resolution is simple enough. They help us to develop new exact solutions us-
ing known results from the literature or to solve motion problems with rotational or longitudinal
shear stresses prescribed on a rigid circular cylinder.

Applications

In order to bring to light the theoretical and practical value of the governing egs. (8),
(16), and (17) for the non-trivial shear stresses (), #), 7,,(7, £), and 7,(r, #), we shall consider some
motion problems whose solution is lack in the literature for rate type fluids. For these problems,
we shall prescribe the values of the shear stresses on the boundary instead of certain differential
expressions of them.

Flow induced by an infinite plate that applies
a constant shear to the fluid

Let us consider an IGBF at rest over an infinite plate situated in the (x, z) plane. At time
t = 0" the plate is pulled with a constant shear f'along the x-axis. Owing to the shear the fluid is
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gradually moved. Its velocity u(y, £) and the non-trivial shear stress 7(y, #) satisfy the partial dif-
ferential eqgs. (4) and (6), respectively (5) and (8). The appropriate initial and boundary condi-
tions are:

2
W(3,0)=0, 7(1,0)=2700 _ (10)
ot ot2

2(0,6)= fH(t) for ¢>0 (19)

where H (-) is the Heaviside step function. Furthermore, the natural condition:

=0 for y>0 (18)

7(»,t)>0 as y—>e~ and 20 (20)

has also to be satisfied. It shows us that there is no shear in the free stream.
The solution of linear partial differential eq. (8) with the corresponding initial and
boundary conditions (18)-(20), as it results from [14, eq. (3.7)], has the simple form:

292 +2,q, +1 1,92 +4.q, +1
T(y’ t)sz(t)_iH(t)_”: - AL edl + 293 19> eh! +
A, 0 (41 = 9:)(q1 = q3) (92 —q:)(92 —q3)
2 .
N 2295 + g5 +1 eqﬁ}sm(yé)dé 1)
(95 —9:)(q5 —4>) &

where g, =s,— (A, +B&*)/(34,) withi=1,2,3 are the roots of the algebraic equation: 1,4> +
+ A HBENG + (1 +a)g +vE2 =050 = i3, B=VA,
Into above relations (see Cardano's formulae [28]):

o[ b b? a3 b b a3 b b a? 54 b br a3
S| =3——F, [ —F— 3= [ —F—, S =B —+, [ —+— + 22—~ [ — +—,
2 4 27 2 4 27 2 4 27 2 4 27

2 3 2 3
S32223\/_é+ b_+a_+zs‘/_é_ e @)

2 4 27 2

are the roots of the algebraic equation s* + as + b = 0, where a = [(1 + a&?)/A,] — [(A, +
pE 2%3&%)], b= (&%) +[(2QA, +BEINQ2TAD] - [A, +BE)(1 +a&?)/(B3A3)], andz=[(- 1 +
i(3)"#/2].

Introducing eq. (21) into eq. (5), integrating with respect to time from 0 to ¢ and using
the initial condition (18),, we find the corresponding velocity u(y, f) under the form:

2f j’i Aaql + gy +1
P,

A2 + 2 +1
(—euys 292 THD T gy
q1(q1 —92)(q1 —q3) q,(q2 —q1)(q, —q3)

2
Pady * 210+ (l—e‘h’)}OS(yé)dé (23)
95(q5 —q,)(45 — q5)

By now letting A, — 0 into eqs. (21) and (23), the similar solutions for Burgers' fluids
are obtained. The corresponding solutions for Oldroyd-B and Maxwell fluids can be immedi-
ately established using [14, egs. (4.1) and (4.4)].

The shear stress corresponding to the motion of an Oldroyd-B fluid due to an infinite
plate that applies a constant shear fto the fluid, for instance, is:

ron (000 = 1 ()~ 2L pi ) [ s T Z s DM 00 g oy
uz o 94 — 45 4

u(y,t) =
0
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where g4, g5 = {~(1 +a&?) F [(1 + a&?)? — 4vAE?]V?}/(2A) and A =A,. By making into eq. (24),
we recover the result:

_ 27 1 w2 sin(x¢)
Tsa(y,t)—ﬂf(t){l n;[l+a§2€x[{ 1+a§2tj : dé} (25)

obtained from [9, eq. (4.1),] by a different technique. The expression (25) of 745(y, ?), in a per-
fect accordance with [29, eq. (3)], represents the shear stress distribution corresponding to the
motion of a second grade fluid induced by an infinite plate that applies a constant shear fto the
fluid. Introducing eq. (25) into eq. (5), integrating with respect to ¢ and using the corresponding
initial condition we recover [9, eq. (4.1),]:

« 2
Vg (y,t):ﬁ Zf.([{l—exp(—l:iéz tﬂcos(yﬁ)é%df (26)

B opm

Flow over an infinite plate that applies oscillating shears to fluid

Let us again suppose that an IGBF is at rest over an infinite plate. After time = 0" the
plate applies an oscillating shear stress fsin(wt) or fcos(w¢?) to the fluid. Due to the shear the fluid
begins to move. Its velocity and shear stress satisfy the same governing equations as before. The
initial conditions are also the same while the boundary condition (19) becomes:

7(0,2) = fsin(wt) or 7(0,¢) = fH(t)cos(wt) for t>0 (27)

The starting solutions corresponding to oscillating motions of fluids are generally pre-
sented as a sum of steady-state and transient solutions. They describe the motion of the fluid
some time after its initiation. After that time, when the transients disappear, the fluid moves ac-
cording to the steady-state solutions which are periodic in time and independent of the initial
conditions. However, they satisfy the boundary conditions and governing equations.

In view of eq. (8), the steady-state components of the shear stress 7(y, ) corresponding
to the sine and cosine oscillations of the shear on the boundary can be written in the simple forms
[24, egs. (22)]:

T (»t)=fe7™sin(wt —ny) and 7(), )= fe™ cos(wt — ny) (28)

where [24, egs. (23) and (24)]

_o VA= 2,02)2 + (A;0)2 (1= 2,02)2 + (A0)2 12 0[Ay = A + (4 A, = 1,A3)0?]
v (1=2,02)2 + (Ay0)2

m?2,n?

Introducing eqs. (28) into eq. (5), integrating with respect to ¢ and bearing in mind the
time periodicity of the steady-state solutions, we find that:

U (1,1) =(L}/m2 +n?e™™ cos(wt — ny + @)
PO
U (1) =(L}/m2 +n2e~m cos{a)t —ny+ §0+[§ﬂ
Jol)

(29)

where tgp = m/n. As expected, the velocity components u(y, ) and u (y, ), as well as those of
the shear stresses, differ by a phase shift.
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Finally, by makingA,=0,1,=1,=0,A,=1,=4,=0,A,=1,=A4,=00rd,=1;,==A,=
A, =01in eqgs. (28) and (29), the steady-state solutions corresponding to Burgers, Oldroyd-B,
Maxwell, second grade, respectively Newtonian fluids are obtained. As a check of general re-
sults, let us observe that for A, =4, =4, =0, eq. (28) reduces to the known solutions:

T (1) =fe B sin(wt — Ay) and 7, (3,t)=fe B cos(wt — Ay) (30)
obtained from [30, eqgs. (35) and (36)] by a different technique. Into relations (30):
1+ A2w? — A JI+2202 + 2
£ =2 e L g ) O T80 and A, =2,
2v 1+ A2w? 2v 1+ A2w?
Direct computations clearly show that 7.(y, ) and 7(y, ), given by egs. (30), satisfy
the governing eq. (8) with 1, =4,=2,=0andA; =A.. The similar solutions corresponding to

Newtonian fluids [31, egs. (21) and (23)] are immediately recovered making A, = 0 into egs.
(30).

Motion through a circular cylinder due to
an oscillating longitudinal shear

Consider an IGBF at rest in an infinite circular cylinder of radius R. After time ¢ = 0"
the cylinder applies an oscillating longitudinal shear stress fSin(w?) to the fluid. Due to the shear
the fluid is gradually moved and its velocity is of the form (9),. The governing equation for the
shear stress 7,(r, £) is given by eq. (17) and the appropriate initial and boundary conditions are:

ot (r,0)  0*1,(r,0)
ot ot?
7,(R,t) = fsin(wt) for 20 (32)

v(r,0)=0, 7,(,0)= =0 for rel0,R] (31)

The shear stress distribution corresponding to this motion, as it results from [27, eq.
(48) with W, =0 and W, =/1], is:
T, (r,1) ——fsm(cot) L2 Z J10my)
R = 17y JO(an) [=1a2 +w?
2(0f z Jl (I’?’n) Ain%in

n=1Ty JO(an) i:lOliZn +w?

Ain

[wsin(wt) —o;, cos(wt)]+
(33)
el

where 7, are the positive roots of the transcendental equation J,(R») =0, a;,(i = 1, 2, 3) are the

roots of the algebraic equation: A 1
al +| ey, +| —
As

A
Ars3 + (A +Pr2)s? +(L+ar?)s+vrr =0, a,, = 2

! (a3n _aln)(aZn _aln) ’
()c§+ﬂb—lozz,,+L oc§+ﬂb—loz3n+L
"\ 7, 2, "\ 7, A )
oy = S and as, = if 12 #0

(a3n —0yy )(a]n _a2n) (aln —Q3, )(aln _a2n)
If A, = 0, the solution of the problem is [27, eq. (49)]:

- 2o0f v _Jilm,) b, 1) for Ay =4,
) = e+ Y >{c(,,,r> for Ay or 4, %0

(34)
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o(l+ar?)sin(wt) + vr? cos(wt vr? vr2t
where b(7,.1) = ( Z)z ( 2) > 2( - U IR e
(vr2)? +o*(l+ar?) (vr2)? +o*(1+ar?) 1+ar;

1+ 4,8 d, :1+/11ﬂ2
ﬁz _ﬁl ’

2 : 2
o, 1) = Zdi wsin(wt) — B, cos(wt) N Z d,p eft, where d, =— 1P
i=1 B} +w? i B+’ By =B,
and 8,(i = 1, 2) are the roots of the equation (1, + Br2)s> + (1 +ar?)s + vr2 = 0.
In both cases the general solution for the shear stress is presented as a sum of
steady-state and transient solutions. For large values of ¢ the starting solutions tend to the
steady-state solutions that are periodic in time and independent of the initial conditions. As it re-
sults from [27, eq. (56)] the steady-state solution can also be presented in the simple form:

7,(rt)= flm{mem”} (35)
I, (Ryy)

where Im denotes the imaginary part of that which follows, /, (-) is a modified Bessel function,
and
y :2/1360(1—),2602) —Lo(l-1,0)+i(l-A,02)(1-1,0%)+ A A,0?] and i=+21
v (1-1402)? + Vo?

The corresponding velocities can be determined in the same way as previously.
Motion of a Burgers fluid through a circular cylinder that
applies a constantly accelerating shear stress to the fluid

Let us consider the motion of a Burgers fluid [A, = 0 into eq. (1)] through an infinite
circular cylinder that, after time = 07, applies a constantly accelerating longitudinal shear stress
to the fluid. The governing equations and the initial conditions are the same used in the previous
section. The boundary condition is:

T, (R,t)=ft for t=0 (36)

The shear stress distribution 7 (7, ) corresponding to this motion is (see [32, eq. (37)
with @ = = 1] and our relation (17)):

o o (_yp2 ) 124 pil '
Tv(r,t)ZLﬁ— 2f Jl(rrn) VI i P 3 i (p+1) .
R™ RIS, J,(Re) p=0\ Ay ) A qi(p—@)i=ok!(p—k +1)!

k
A 1 1
(t} {Gzo,mku {_[Z} t} + 210Gy 1 ekt {{Z} t} +
1
+ 12G2,0+2,p+k+l {‘(—} t}} (37)
Ay

where ( = g + k—p — 2 and the generalized G,, (", ?) function is defined by:

% j ; (c+j)a—b-1
G,y =3 dfr(cfj) rlers _
= (+1) I'[(c+ j)a—b]

The solution corresponding to 4, = 0, namely [32, eq. (46)]
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2 & I () & plag
nn =L -2l 5 ) Z[ JZ—3'
R MRS Jy(Rr) 55 2 ) Aq(p-q)!

’ {Glsq—P—z’P"‘l |:{)~1_1} t:| + llGl,q—p—l,pH {{%} t:|} (38)

gives the shear stress corresponding to the same motion of an Oldroyd-B fluid. The similar solu-
tions for Maxwell or second grade fluids are obtained by making A, =0 or A, — 0, respectively.
The corresponding velocities are immediately obtained using eq. (12), and the known identity:

.t[G (d’ S)dS = Ga,bfl,c (d: t)
0

2
v,
A

a,b,c

Steady motions induced by a circular cylinder that
applies an oscillating couple to the fluid

All previous solutions have been developed using known solutions from the literature.
In this section, based on the governing eq. (16), we establish exact steady-state solutions for the
motion of an IGBF due to an infinite circular cylinder that applies an oscillating torque per unit
length 21t RfSin(w?) or 2nRfcos(w?) to the fluid. The velocity of the fluid is of the form (9), and
the boundary condition is:

7, (R,t) = fsin(wt) or 7,(R,t)=fcos(wt) (39)

Let us denote by 7,,(7, #) and 7,.(7, ) the solutions corresponding to the two problems
and by:

T(r, t) =T (1, 1) + 1T, (7, 1) (40)
the complex shear stress that has to satisfy eq. (16) and the boundary condition:
(R, t) = feio! (41)
Following Rajagopal and Bhatnagar [33] we seek a separable solution:
w(r,t)=S(r)T(t) with T'(t)=AT(¢) (42)
Substituting eq. (42) into eq. (16), we obtain:
v+ A5 + /12},4)[S” +(%jS’ —(%JS} =A1+ AL, +A21,)S (43)

where 2 is the separation constant. On defining s = r{[A(1 + A4, + A20,)/[v(1 +AL; +A%A )]} 2
eq. (43) takes the form of a modified Bessel equation, namely [34, eq. (A-2.28)]:

2
S2Q+S£—(4+S2)S=0 (44)
ds? ds
Case of the motion through a cylinder

Solving eq. (44) and bearing in mind the boundary condition (41) we find for the shear
stresses (7, t) and 7,(7, f) the expressions:

Ly L) }
T (nt)=fReq 2N eiot L ¢ (r,t)=fIm{ 2NVl giot (45)
{Iz(Rﬁ) } {lzmﬁ)
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where Re and Im denote the real and imaginary parts, respectively, of that which follows, 7, (-) isa
modified Bessel function of the first kind and the imaginary constant y=iw(1 +iwA , —@4,)/[v(1+
+iwd; — @?4,)] is the same with that defined in the section Motion through a circular cylinder
due to an oscillating longitudinal shear.

The corresponding steady-state velocities, namely:

{fl(f)em,,} vty = 1m {ﬁ([) } »
i, (Ry) po | il (RYy)
are easily obtained using eq. (12), and the identities (see [35, eq. (7.7)]

Ty @) =i (~ix), Ty () =, (-ix), xl}(0) +20, (1) =, (x)

Direct computations clearly show that the solutions (45) and (46) satisfy both the gov-
erning eq. (10) and the boundary conditions (39). Finally, it is important to point out that the
similar solutions for Burgers, Oldroyd-B, Maxwell, second grade, and Newtonian fluids can be
again obtained as limiting cases of general solutions. The corresponding solutions for Newto-
nian fluids corresponding to the cosine oscillations of the shear, for instance, are:

I, {(l+i)r‘/g}
:f\/g 2v eiwt
pre (1+i)12[(1+i)R‘/E}
2v
1, {(1+i)r\/§:| |
e]zot
1, {(IH)R‘/E}

Stokes [36] established an exact steady-state solution for rotational oscillations of an
infinite rod immersed in a Newtonian fluid. This solution has been extended to second grade and
Oldroyd-B fluids by Rajagopal [37, eq. (17)] and Rajagopal and Bhatnagar [33, eq. (34)]. Here,
we present the solutions corresponding to the motion of an IGBF around an infinite cylindrical
rod that applies rotational oscillating shears of the form (39) to the fluid. The stress distributions
corresponding to this problem, valid for » > R, are given by:

Ky . K, (nly) }
7o(rnt) = fRe =2 , Ty (n0)=fIm eior (48)
{KARJ ) } {KQ(RJ )

where K,(*) is the modified Bessel function of the second kind. The corresponding steady-state

velocities:
(1) =L ‘*/_K (yr) cor by =L ‘*/_K (yr) cior (49)
pw KZ(R\/_ ) pw KZ(R\/_ )

are again obtained using eq. (12), and the identity xK, (x) + 2K, (x) = —xK, (x).

w, (7, t)——
o)

(47)

TWCN (V, t) ZfRC

Case of the motion around a cylinder
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The Newtonian solutions corresponding to the sine oscillations of the shear, namely:

K{(l+i)r‘/§} |
el(Uf .
. 0]
K{(l+1)R\/;}
Kl[(l+i)r\/2g}
wsN(r,t):—i 2—VIm Y

pie (1+i)K2|:(1+i)R\/E}
2v

are obtained making A, =4, =1, =1, =0 into eqs. (48), and (49),.

I.wsN (l", t) = fIm

eia)t (50)

Conclusions

In the case of the motion over an infinite plate, the non-trivial shear stress 7(y, ) satis-
fies a partial differential equation of the same form as the velocity u(y, f). Based on this property,
exact solutions for the motion of an IGBF produced by an infinite plate that applies a constant
shear fto the fluid are developed using the velocity expression corresponding to the first prob-
lem of Stokes [14]. These solutions can be immediately particularized to give the similar solu-
tions for Burgers fluids but they cannot be used for the other rate type fluids. This is the reason
that we separately gave the shear stress corresponding to the same motion of Oldroyd-B fluids.
As a check of this last result, the known solution for second grade fluids [9, eq. (4.1),] has been
obtained as a limiting case of general solutions. In the next, for completion, the exact
steady-state solutions corresponding to the motion of an IGBF due to an infinite plate that ap-
plies oscillating shear stresses fsin(wt) or fcos(w?) to the fluid are presented in the simplest
forms. These solutions, unlike the previous ones, can be particularized to give both the solutions
for Burgers fluids and those for Oldroyd-B, Maxwell, second grade, and Newtonian fluids. The
solutions for second grade and Newtonian fluids, as it was to be expected, are identical to those
obtained in the literature by a different technique.

In the case of the motion due to an infinite circular cylinder, our results refer to the
non-trivial shear stresses 7,(r, ¢) and 7 (7, f) corresponding to some axial or rotational motions of
an IGBF. The shear stress corresponding to the axial motion satisfies the same partial differen-
tial equation as the rotational velocity w(r, ) while the shear stress for the rotational motions sat-
isfies a different partial differential equation whose solution can easily be established. As direct
applications of the first remark, the shear stress distributions corresponding to two different mo-
tions of an IGBF are developed using known results from the literature. They correspond to fluid
motions due to longitudinal oscillating or constantly accelerating shear stresses on the bound-
ary. In the first case, as expected, the starting solutions are presented as a sum of steady-state and
transient solutions.

In the last section, based on the second remark concerning motions generated by an in-
finite circular cylinder, the steady-state solutions corresponding to the motion of an IGBF due to
an oscillating couple on the boundary are determined. The first exact solutions, presented in
terms of modified Bessel functions /,(-) and /,(-), correspond to the motion through an infinite
circular cylinder. The other solutions are presented in terms of the modified Bessel functions
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K,(*), K,(*) and correspond to the fluid motion around an infinite cylindrical rod. All solutions
satisfy the boundary conditions and all governing equations and can be easily specialized to give
the similar solutions for Burgers, Oldroyd-B, Maxwell, second grade, and Newtonian fluids.
The Newtoniam solutions (50), for instance, clearly satisfy eq. (15), in view of the known iden-
tity xK| (x) — K;(x) = =xK,(x).
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