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In this paper simple analytical methods called homotopy perturbation method,
variation iteration method, and perturbation method are employed to approach
temperature distribution of porous fins. Also energy balance and Darcy's model
used to formulate the heat transfer equation. To study the thermal performance, a
type case considered is finite-length fin with insulated tip. The obtained results from
variation iteration method are compared with other analytical techniques proposed
before. These methods are homotopy perturbation method and perturbation
method. Also boundary value problem is applied as a numerical method for valida-
tion. The obtained results shows that the variational iteration method is more accu-
rate, stable, and more appropriate than other techniques. Also it is found that this
method is powerful mathematical tools and can be applied to a large class of linear
and non-linear problems arising in different fields of science and engineering spe-
cially some heat transfer equations.

Key words: heat transfer, porous fin, homotopy perturbation method, variational
iteration method, perturbation method

Introduction

The heat transfer rate enhancement in fins with reducing size and cost is the aim of

many researchers in engineering applications [1-3]. To achieve this goals, convective heat trans-

fer coefficient, surface area available, and temperature difference between surface and sur-

rounding fluid are such as ways can be used.

Non-linear problems and phenomena play an important role in applied mathematics,

physics, engineering, and other branches of science specially some heat transfer equations. Ex-

cept for a limited number of these problems, most of them do not have precise analytical solu-

tions; therefore, these non-linear equations should be solved using approximation methods. Per-

turbation method is one of the well-known methods to solve non-linear problems; it is based on

the existence of small/large parameters, the so-called perturbation quantity [4, 5]. Many non-lin-

ear problems do not contain such kind of perturbation quantity, and we can use non-perturbation
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methods, such as the artificial small parameter method [6], the d-expansion method [7], the

Adomian's decomposition method [8], the homotopy perturbation method (HPM) [9-13], the

variational iteration method (VIM) [14-30], the optimal homotopy asymptotic method (OHAM)

[31-32] and the optimal homotopy perturbation method (OHPM) [33].

The present work, the basic idea of the homotopy perturbation method, variational it-

eration method, and perturbation method are introduced and then we have applied to find the ap-

proximate solutions of non-linear differential equations governing on porous fin. Result demon-

strates the variational iteration method is simple and offers superior accuracy compared with the

perturbation method and homotopy perturbation method. Also it is found that these method are

powerful mathematical tools and that they can be applied to a large class of linear and non-linear

problems arising in different fields of science and engineering.

Governing equations

As shown in fig. 1, a rectangular fin profile

is considered. The dimensions of the fin are

length L, width w, and thickness t. The cross-

-section area of the fin is constant. This fin is

porous to allow the flow of infiltrate through it.

The following assumptions are made to solve

this problem. The porous medium is isotropic

and homogeneous. The porous medium is satu-

rated with single-phase fluid, the surface radiant

exchange is neglected. Physical properties of

both fluid and solid matrix are constant. The

temperature inside fin is only function of X.

There is no temperature variation across the fin thickness. The solid matrix and fluid are as-

sumed to be at local thermal equilibrium with each other. The interactions between the porous

medium and the clear fluid can be simulated by the Darcy formulation.

Apply an energy balance to the slice segment of the fin of thickness Dx shown in fig. 1,

requires that:

q(x) – q(x + Dx) = �mcp[T(x) – T
�

] + h(pDx)[T(x) – T
�

] (1)

The mass flow rate of the fluid passing through the porous material can be written as:

�m v xW� r w D (2)

From the Darcy's model we have:
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Substitutions of eqs. (2) and (3) into eq. (1) yields:

q x q x x

x

c k w
T x T hp T x T

p( ) ( )
[ ( ) ] [ ( ) ]

� �
� � � �

D

D

r b

n

g
� �

2 (4)

as, Dx � 0 eq. (4) becomes:
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Figure 1. Schematic diagram of fin profile
under consideration



from Fourier's Law of conduction, we have:

q k A
T

x
� � eff

d

d
(6)

where A is the cross-sectional area of the fin A = wt and keff – the effective thermal conductivity

of the porous fin given by keff = jkf + (1 – j)ks Substitution eqs. (6) into eq. (5) gives:

d
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Hence, with applying energy balance equation at steady-state condition (see fig. 2),

and introducing non-dimensional temperature function where, q = [T(X) – T
�

]/Tb – T
�

and X =

= x/L into eq. (7) we have:
d

d
h

2

2

2 2 2 0
q

q q
X

L S M� � � (8)

Porous parameter, Sh = DaRa/kr(L/t)2 and Convection parameter, M2 = (hp/ksA) where

Sh is a porous parameter that indicates the effect of the permeability of the porous medium as

well as buoyancy effect so higher value of Sh indicate higher permeability of the porous medium

or higher buoyancy forces. M is a convection parameter that indicates the effect of surface con-

vecting of the fin.

For finite-length fin with insulated tip:

q q( ) , ( )1 1 0 0� � � (9)

Variational iteration method

To illustrate the basic idea of VIM, we consider the following general non-linear sys-

tem:

Lu + Nu = g(x) (10)

where L is a linear operator, N – a non-linear operator, and g(x) a homogeneous term. According

to the VIM, we can construct the following iteration formulation:

u t u t Lu Nu gn n n n� � � � � �1
0

1

( ) ( ) [ ( ) ~ ( ) ( )]l t t t td (11)

where l is a general Lagrangian multiplier [34, 35], which can be identified optimally via the

variational theory [36, 37]. The subscript n indicates the nth approximation and ~un is considered

as a restricted variation [38, 39], i. e., d~un � 0.

The application of VIM

First we construct a correction functional which reads:

q q l
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t
q t q tn n
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�
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where l is the general Lagrange multiplier.

Making the above correction functional stationary, we can obtain following stationary

conditions:
�� � � � � � �� �l l l l( ) ( ) , ( )| , ( )|t M t t tt x t x

2 0 1 0 0 (13)
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The Lagrange multiplier, therefore, can be identified as:

l
t t

� �
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As a result, we obtain the following iteration formula:
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Now we start with an arbitrary initial approximation that satisfies the initial condition:

q0 ( ) sec ( )cosh( )x M Mx� h (16)

Using the variational eq. (15) for n = 0, substituting eqs. (16) into (15) and after some

simplifications, we have:
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where C0 = 1/A, that A = sech(M)cosh(M) + [0.083333L2Sh(2e3M + 2eM + e4M + 1 –

– 6e2M)e–2M]/M2cosh(M)2 and so on. In the same way, the rest of the components of the iteration

formula can be obtained.

Analysis of He's homotopy perturbation method

To illustrate the basic ideas of this method, we consider the following equation:

A(u) – f(r) = 0, r � W (18)

with the boundary condition of:

B u
u

n
r, ,

¶

¶




�
�

�

�
� � �0 G (19)

where A is a general differential operator, B a boundary operator, f(r) a known analytical func-

tion, and G is the boundary of the domain W. A can be divided into two parts, which are L and N,

where L is linear and N is non-linear. Equation (8) can therefore be re-written as:

L(u) + N(u) – f(r) = 0, r � W (20)

Homotopy perturbation structure is shown as:

H(v, p) = (1 – p)[L(v) – L(u0)] + p[A(v) – f(r)] = 0 (21)

where

v(t, p): W �[0, 1] � R (22)

In eq. (21), p �[0, 1] is an embedding parameter and u0 is the first approximation that

satisfies the boundary condition. We can assume that the solution of eq. (8) can be written as a

power series in p, as following:

v v pv p v v pi
i

i

n
� � � � � �

�
0 1

2
2

0

� (23)

and the best approximation for solution is:

u v v v vp� � � � ��lim 1 0 1 2 � (24)
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The application of HPM

In this section, we will apply the HPM to non-linear ordinary differential eq. (8) with a

boundary condition (9). According to the HPM, we can construct homotopy of eq. (8) as fol-

lows:

( )[ ( ) ( )] [ ( ) ( ) ( )]1 02 2� �� � � �� � � �P x x p x R x M xq q q q q (25)

where R = L2Sh is constant. We consider q as follows:
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0 1

2
2

0

� (26)

From eq. (23), if the two terms approximations are sufficient, we will obtain with sub-

stituting q from eq. (26) into eq. (25) and some simplification and re-arranging based on powers

of p-terms, with assumption M = 1 we have:
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Solving eqs. (27) and (28) with boundary conditions, we have:
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The solution of this equation, when p � 1, will be:

q q q( ) ( ) ( )x x x� �0 1 (31)

The application of perturbation method

For low values of Sh, we can use e instead. Now for very small e, let us assume a regu-

lar perturbation expansion and calculate the first three terms, thus we assume [5]:

q q eq e q� � � �0 1
2

2 � (32)

After substituting eqs. (32) into (8), collecting terms with the powers of e as 0, 1, 2…

and equating coefficients of each power of e on both sides we have:
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The solutions of eqs. (32)-(34) are:
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The approximation solution obtained by perturbation method will be:

q q eq e q( ) ( ) ( ) ( )x x x x� � �0 1
2

2 (39)

Results and discussion

An analytical solution for the temperature

distributions in the fin by different method ap-

proximant was obtained. The results are com-

pared with HPM, VIM, PM, and accurate nu-

merical solution using BVP. Figures 3-5, depict

the temperature distribution with the axial dis-

tance along the fin for the three methods. It is

observed that the VIM approximant solution is

more accurate than other methods. Comparing

figs. 3-5, gives closer results to numerical solu-

tion. It is interesting to note that VIM is very

close to the numerical results.

Figure 2, shows the variation of dimension-

less temperature distribution with the axial dis-

tance along the fin when the value of is varying

and is constant. From fig. 2, we can see that the

value of dimensionless temperature decreases
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Figure 2. The distribution of axial
non-dimensional temperature along the finite
fin for different values of Sh with VIM



along the fin Length. It should be noted that as

the value of increases, the temperature de-

creases rapidly and the fin quickly reaches the

surrounding temperature. As the value of in-

creases, the fins cool down rapidly.

Conclusion

The present work, the basic idea of the

variational iteration method, homotopy pertur-

bation method and perturbation method are in-

troduced and then we have applied to methods

to solve the temperature distribution of a porous

fin because a second order non-linear ordinary

differential equation has been derived as the

governing equation for this problem. Result

demonstrates the variational iteration method is

simple and offers superior accuracy compared

with the perturbation method and homotopy perturbation method. Also it is found that these

method are powerful mathematical tools and that they can be applied to a large class of linear

and non-linear problems arising in different fields of science and engineering specially some

heat transfer equations.
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Figure 3. The comparison of the results of the
methods at M = 1, and Sh = 0.1

Figure 4. The comparison of the results of the
methods at M = 1, and Sh = 0.3

Figure 5. The comparison of the results of the
methods at M = 1, and Sh = 0.6

Nomenclature

A – cross-sectional area, [m2]
CP – specific heat
Da – Darcy number, (= k/t2)
Gr – Grashof number (= bg(Tw – T)L3/n2)
h – heat transfer coefficient, [Jm–2K–1]
K – thermal conductivity, [Wm–1K–1]

Kr – thermal conductivity ratio, (keff/kf)
k – permeability of the porous fin, [m]
M – convection parameter (= hp/ksA)1/2

�m – mass flow rate, [kgs–1]
Nu – Nusselt number, (hL/kf)
Pr – Prandtl number, (u/a)
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