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This paper deals with the problem of thermal radiation effects on magnetohydro-
dynamic flow and heat transfer in a channel with porous walls of different per-
meability. The equations governing the flow are coupled non-linear partial diffe-
rential equations. By introducing the stream function, the governing partial diffe-
rential equations are reduced to ordinary differential equations. The governing 
equations which are coupled and highly non-linear are first linearized by quasi-
linearization technique and obtained numerical solution by using implicit finite 
difference scheme. The effects of various parameters, namely, Reynolds number, 
permeability parameter, Hartmann number, Prandtl number, and thermal radia-
tion parameter, entering into the problem on the velocity field and temperature 
distribution are shown graphically.  
Key words: magnetohydrodynamic, thermal radiation, permeability parameter, 

finite difference method, Reynolds number, Hartmann number 

Introduction 

The heating of rooms and buildings by the use of radiators is a familiar example of 
heat transfer by free convection. Heat losses from hot pipes, ovens etc., surrounded by cooler 
air, are at least in part, due to free convection. However, the mixed types of problems are very 
important and have many industrial and technological applications. The problem of radiation 
transfer in a vertical channel has been studied in recent times as a model for the re-entry prob-
lem. This is due to the significant role of thermal radiation in surface heat transfer when con-
vection heat transfer is similar, particularly in free convection problems involving absorbing 
emitting fluids. Hossain and Takhar [1] analyzed the effect of radiation using the Rosseland 
diffusion approximation that leads to non-similar boundary layer equations governing the 
mixed convection flow of an optically dense viscous incompressible fluid past a heated ver-
tical plate with a uniform free stream velocity and surface temperature. In the past years Fer-
dows, et al. [2] has studied the numerical approach on parameters of the thermal radiation in-
teraction with plate with variable suction parameter. 

Considerable attention has been given to the unsteady free-convection flow of visc-
ous incompressible, electrically conducting fluid in the presence of applied magnetic field in 
connection with the theories of fluid motion in the liquid core of the earth, meteorological, 
and oceanographic applications. When the strength of applied magnetic field is very strong, 
one cannot neglect the effect of Hall currents. Due to the gyration and drift of charged par-
ticles the conductivity parallel to the electric field is reduced and the current is induced in the 
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direction normal to both electric and magnetic fields. This phenomenon is known as the Hall 
effect. This effect can be taken into account within the range of magnetohydrodynamical ap-
proximation. Sato [3] has studied the effect of Hall currents on the steady hydro magnetic 
flow between two parallel plates. Sattar and Hossain [4] studied the unsteady hydro magnetic 
free convection flow with Hall current and mass transfer along an accelerated porous plate 
with time dependent temperature and concentration. The effect of Hall current on magnetohy-
drodynamic flow and heat transfer along a porous flat plate with mass transfer is studied by 
Sriramulu et al. [5].  

The problem of magnetohydrodynamic flow and heat transfer through porous ducts 
has been analyzed by several authors like Terrill and Shreshtha [6], Alpher [7], Berman [8], 
Nigam and Singh [9] in the past few years. An extension of the above problem has been made 
here to magnetohydrodynamics for which both flow and heat transfer has been discussed. The 
effects of thermal radiation on magnetohydrodynamic flow and heat transfer through porous 
ducts has been analyzed by several authors like Bataller [10], Chamkha [11], Mahmoud [12], 
and Sattar and Kalim [13]. Recently, the magnetohydrodynamic heat and mass transfer of free 
convection flow near the lower stagnation point of an isothermal cylinder embedded in porous 
domain with the presence of radiation is studied by Uddin and Kumar [14]. 

In most of the earlier problems, in general, series solution have been taken to find the 
velocity functions where one is restricted to take only a finite number of terms which puts a li-
mitation on the values of the parameter involved. In this particular paper, method of quasi-
linearization, as discussed by Bellmann and Kalaba [15] has been used to find the velocity func-
tion and heat transfer. The beauty of this technique lies in that (1) it converges quadratically, (2) 
solution is valid for a large range of value of the parameters, and (3) the original basis equation 
can be used directly without much elaboration. Recently, Bhargava and Rani [16] have used the 
same technique and solved by using the Runge-Kutta method for the problem of magnetohy-
drodynamic flow and heat transfer in a channel with porous walls of different permeability.  

The present investigation is to study the effects of thermal radiation on magneto-
hydrodynamic flow and heat transfer in a channel with porous walls of different permeabili-
ty by using the quasi-linearization technique with the finite difference scheme. The  
C-programming is used to compute the numerical values of f, f’, and θ for different values 
of the flow parameters. 

Mathematical analysis 

Consider a steady laminar and incompressible flow in a channel of width h, which is 
bounded by two porous walls of different permeability. A constant magnetic field is applied 

normal to the axis of the channel. The induced 
magnetic field has been neglected in the flow 
since the magnetic Reynolds number in small. 
Let u and v be the components of the velocity 
along Ox and Oy. Further define a non-dimen-
sional variable: 

 
y
h

λ =  (1) 

Let v be equal to v1 at the wall y = 0 and V at the wall y = h. Without loss of general-
ity, it is assumed that |v| ≥ |v1|. 

 
Figure 1. Schematic figure 
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The equation of continuity, momentum and energy becomes: 

  1 0u v
x h λ
∂ ∂

+ =
∂ ∂

 (2) 
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2 22 2
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2 2 2

1 1 e Hu v u p u u u u
x h x x h

µ σµ µ
λ ρ ρ ρ κλ

⎛ ⎞∂ ∂ ∂ ∂ ∂ ⎛ ⎞+ = − + + − −⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ⎝ ⎠⎝ ⎠
   (3) 
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 (5) 

where ρ is the fluid density, p – the pressure, µ – the coefficient of viscosity, σ – the electric 
permeability, Cp – the specific heat at the constant pressure, and κ – the coefficient of thermal 
conductivity. 

The boundary conditions are: 

 1 0( , ) 0, ( , ) , at 0u x x T Tλ ν λ ν λ= = = =   (6) 

 1( , ) 0, ( , ) , at 1u x x V T Tλ ν λ λ= = = =   

We take the stream function for the flow, as Terrill and Shrestha [17]: 

 ( , ) ( ) ( )x hU Vx fψ λ λ= −  (7) 

where U is the entrance velocity. 
Accordingly:  

 ' ( ) and ( , ), )( ) (Vxu x f
h

v x fU Vλ λ λ λ⎛ ⎞= − =⎜ ⎟
⎝ ⎠

 (8) 

where prime denotes differentiation with respect to λ. 
Substitution of eq. (8) in eqs. (3) and (4) yields: 

 
2

2 2
' '' ''' '0

2
1 e Hp Vx V VU f ff f f

x h h h h
µ σµ

ρ ρρ

⎛ ⎞∂ ⎛ ⎞− = − − + − −⎜ ⎟⎜ ⎟⎜ ⎟∂ ⎝ ⎠⎝ ⎠
 (9) 

 2 ' ''1 p VV ff f
h

µ
ρ λ ρ
∂

− = −
∂

 (10) 

Eliminating p from (9) and (10), we finally get: 

 ' '' ''' 2 ''Re( ) ( ) 0ivf f ff f S K f− + + + =  (11) 

where Re = ρVh/µ is the Reynolds number, S2 = µeH0h(σ/µ)–1/2 is the Hartmann number, and  
K = (ρh2/k) is the permeability parameter. 
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Equation (5) together with eq. (8) suggest that the form of temperature distribution 

can be taken as: 

 
2

0 ( ) ( )
p

V U xT T
hC V h
ν ϕ λ ψ λ

⎡ ⎤⎛ ⎞= + + −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 (12) 

Substitution of eq. (12) in eq. (5), and equating the coefficient of (U/V) – (x/h) 
 
on 

both sides of the equation thus obtained, we have: 

 '' '1 (1 ) 0
RePr

F fϕ ϕ+ − =  (13) 

 '' ' 2 2 21 (1 ) 2 '' S ' 0
RePr

F f f f fψ ψ ψ+ − + + + =  (14) 

where Pr = µCp/k is the Prandtl number. 
* 3 * 32

2 2
16 16 , and

3 3
rq T TT F

y k y k
σ σ∞ ∞∂ − −∂

= =
∂ ∂

 

is the radiation parameter. 
Also, in the dimensionless form, the temperature, eq. (12), can be expressed as: 

 20

1 0
Ec( )

T T
T T

θ ϕ χ ψ
−

= = +
−

 (15) 

where Ec = vV/[(T1 – T0)hCp] is the Eckert number and χ = (U/V) – (x/h) is the dimensionless 
distances. The boundary conditions (6) can be written as: 

 ' 1(1) 0, (1) , 0 at 0vf f
V

α ϕ ψ λ= = = = = =  

 1 1(1) 0, (1) 1, , 0 at 1
Ec

f f ϕ ω ψ λ= = = = = =  (16) 

Method of solution 

The flow, eq. (11), is decoupled from the energy eqs. (13) and (14), and need to be 
solved before the latter can be solved. The flow constitutes a non-linear boundary value prob-
lem. In the absence of analytical solution of a problem, a numerical solution is indeed an ob-
vious and natural choice. The eq. (11) may be viewed as a prototype for numerous other situa-
tions which are similarly characterized by a boundary value problem having a fourth order 
differential equation with an asymptotic boundary conditions. Therefore, its numerical solu-
tion merits attention from a practical point of view. A quasi-linearization technique, Bellmann 
and Kalaba [15], is applied to replace the non-linear terms at a linear stage, with the correc-
tions incorporated in subsequent iterative steps until convergence. The quasi-linearized form 
of eq. (11) is: 

 ''' ' 2 '' ' '' ''' ' '' '''Re (Re ) Re Re Re Reivf f F F S K f f F fF F F FF− + + + + − = −  (17) 

where F represents the nth approximation to the solution, and f represents the (n + 1)th approx-
imation to the solution. 
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 [ ]''' '' '1[ ] 2[ ] 3[ ] 4[ ]ivf A i f A i f A i f A i f D i− + + − =  (18) 

where A1[i] = ReF, A2[i] = ReF + S2, A3[i] = ReF'', A4[i] = ReF''', D[i] = ReF''F' – ReFF'''. 
Using implicit finite difference method to eq. (18) we get: 

 [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]1 2 2 1 3 4 1 5 2B i f i B i f i B i f i B i f i B i f i E i+ + + + + − + − =  (19) 

where 

[ ] [ ] [ ] [ ] [ ] [ ]2 31 2 1 , 2 2( ) 1 2( ) 2 2( ) 3 8,B i A i B i A i A i A iλ λ λ λ= − ∆ = ∆ + ∆ + ∆ −   

[ ] [ ] [ ] [ ] [ ] [ ]2 3 23 12 4( ) 2 2( ) 3 , 4 2( ) 2 2( ) 1 8,B i A i A i B i A i A iλ λ λ λ= − ∆ − ∆ = ∆ − ∆ −   

[ ] [ ] [ ] [ ]45 2 ( ) 1 , 2( )B i A i E i D iλ λ= + ∆ = ∆   

With the implicit finite difference method the eqs. (13)-(14) are reduced to: 

[ ] [ ] [ ] [ ] [ ]1 1 4 2 1 0C i i i C i iϕ ϕ ϕ+ − + − =  

 [ ] [ ] [ ] [ ] [ ] [ ] [ ]1 1 2 3 1 1 0D i i D i i D i i E iψ ψ ψ+ + + − + =  (21) 
where 

[ ] ( ) [ ]1 2 1 PrRe, 2 2(1 ) PrRe,C i F C i Fλ λ= + − ∆ = + + ∆  

[ ] [ ] [ ]{ }2
11 2(1 ) RePr [ ],  2 4 RePr( ) 4(1 ),D i F F i D i F i Fλ λ= + − ∆ = ∆ − +  

[ ] [ ] [ ]{ } [ ]{ }2 2 2 2 2
2 13 2(1 ) RePr [ ], 1 2 ( ) RePr 2 ( ) RePrS  D i F F i E i F i F iλ λ λ= + + ∆ = ∆ + ∆  

Here, ∆λ  represents the mesh size. An iteration scheme is used to solve the quasi-
linearized system of difference eqs. (19)-(21). The resulting black tri-diagonal system was 
solved by using Thomas algorithm. The resulting system of equations has to be solved in the 
finite domain 0 < λ < 1. Here the step size has taken ∆λ = 0.05. The obtained numerical values 
φ and ψ are to be substituted in eq. (15), to get the solution for temperature θ. The iterations 
are continued till the convergence within prescribed accuracy i. e., |f – F| < 10–5. 

Results and discussions 

The values functions f, f', ψ, φ, and θ have been computed for different values of 
Reynolds number, Hartmann number, Prandtl number, Eckert number, permeability parame-
ter, radiation parameter, and ω. The numerical values of f and f’ have been calculated for Re 
and S2. The temperature functions ψ, φ, and θ have been calculated for Ec = 2.0, ω = 1.0, and 
Pr = 0.2, 0.4, 2.0. Here, positive Reynolds number means injection through the wall at λ = 0 
and suction at λ = 1 while negative Reynolds number represents the injection at the upper wall 
and suction at the lower wall. 

Figure 2 shows the variation of velocity profiles f(λ) for different values of Reynolds 
number when S2 = 0.2. It is observed that the value of f(λ) decreases as Reynolds number in-
creases due to increase in the inertia. The variation of velocity profile f(λ) is shown in fig. 3, 
for different Hartmann number values for Re = 0.4. It is observed that velocity profiles f(λ) 
decreases as Hartmann number increases. The application of a transverse magnetic field to an 
electrically conducting fluid gives rise to a resistive force called Lorentz force. This force has 
the tendency to slow down the motion of the fluid. Figures 4(a) and (b) shows that the varia-
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tion of velocity profiles f(λ) for different values of permeability parameter for fixed values of 
S2 = 0.2 and Re = 0.4 and –13.88. It is observed that the value of f(λ) decreases as the per-
meability parameter increases in both the cases. It is also observed that the effect of permea-
bility parameter is more in case of Re = 0.4 when compared with the Re = –13.88.  

  
Figure 2. Variation of velocity profiles f(λ) for 
different values of Re and S2 = 0.2 

Figure 3. Variation of velocity profiles f(λ) for  
Re = 0.4 and different S2 

 (a)  (b)  
Figure 4. (a) Variation of velocity profiles f(λ) for different values of K; (b) variation of velocity profiles 
f(λ) for different values of K 

From fig. 5, it is clear that as Reynolds number decreases the velocity profiles f´(λ) 
increases near the lower wall λ = 0 ,while f´(λ) increases as Reynolds number increases near 
the upper wall λ = 1 for different Re and S2 = 0.2 due to inertia. It is also noticed that the max-
ima is shifting towards the upper wall λ = 1. From fig. 6, it is observed that the velocity pro-
files f´(λ) decreases with the increase of Hartmann number near the lower wall (λ = 0), whe-
reas the velocity increases near the upper wall (λ = 1) with the increase of Hartmann number. 
It is clear from the figure that the maximum f´(λ) value is shifting towards the upper wall. 
From figs. 7(a) and (b), it can be seen that the effect of permeability parameter K on velocity 
profiles f´(λ) for different values of Reynolds number i. e., Re = –13.88 and Re = 9.2 with 
fixed value of S2 = 0.2. It is observed that f´(λ) decreases near the lower wall λ = 0, while it 
increases as permeability factor increases on the other side of the wall. It is noticed that the ef-
fect of permeability factor is more when Re = –13.88 comparing with Re = 9.2.  
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Figure 5. Variation of f'(λ)  for different values 
of Re and S2 = 0.2 

Figure 6. Variation of f'(λ)  for different values  
of S2 and Re = 0.4 

(a)  (b)  
Figure 7. (a) Variation of velocity profiles f'(λ) for different values of K; (b) variation of velocity 
profiles f'(λ) for different values of K 

The temperature variation for different Reynolds number and Prandtl number values 
are shown in fig. 8. The temperature distribution got a convex shape downwards for negative 
Reynolds number, while it has a reverse trend for positive values of Reynolds number. The 
temperature profiles decreases as Reynolds number decreases. The temperature profiles de-
creases as Prandtl number increases for the positive Reynolds number where the temperature 
profiles increases with the increase of Prandtl number in negative Reynolds number. The 
temperature distribution increases as Hartmann number increases is noticed from fig. 9. The 
Prandtl number defines the ratio of momentum diffusivity to thermal diffusivity. The reasons 
the smaller values of Prandtl number are equivalent to increase in the thermal conductivities, 
and therefore heat is able to diffuse away from the heated surface more rapidly than for higher 
values of Prandtl number. Hence, in the case of smaller Prandtl number as the boundary layer 
is thicker and the rate of heat transfer is reduced.  

Figure 10 shows that the variation of temperature profiles θ(λ) for different values of 
radiation parameter. It can be observed from fig. 10(a) as the values of radiation parameter in-
creases the temperature profiles θ(λ) decreases when Re = 13.88, S2 = 0.2, and Pr = 0.4. Fig-
ure 10(b) shows that the temperature profiles θ(λ) for the different values of radiation parame-
ter when Re = 0.4, S2 = 25.0, Pr = 0.2 are fixed, it is observed that the temperature profiles de-
creases as radiation parameter increases. Decrease in thermal radiation parameter (i. e. incre- 
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Figure 8. Temperature variation for different  
Reynolds and Prandtl number 

Figure 9. Temperature variation for different values  
of S2 and Re = 0.4, and Pr = 0.2 

 (a) (b)  

(c)

Figure 10. Variation of temperature 
profiles θ(λ) for different values of the 
radiation parameter 

ase in radiation effects) produces the significant in the thermal state of fluid causing the tem-
perature to increase. This increase in the fluid temperature induces through the effect of ther-
mal buoyancy more flow in the boundary layer causing the velocity of the fluid there to in-
crease. This may be attributed to the fact that the increase of the values of radiation parameter 
implies less interaction of radiation with the momentum boundary layer and thermal boundary 
layer. When F → ∞ there is no radiation effect. Figure 10(c) shows that the temperature pro-
files θ(λ) when Re = 0.4, S2 = 0.2, and Pr = 2.0. It is noticed that the temperature profiles de-
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creases as radiation parameter increases. It is also evident from the above three figures, the ef-
fect of radiation parameter is less when Hartmann number S2 = 25.0 compared with S2 = 0.2. 

Conclusions 

In the paper the effects of the thermal radiation on steady MHD flow and heat trans-
fer in a channel with porous walls of different permeability is studied. The governing equa-
tions are non-dimensionalized and linearized by using quasi-linearization technique. They are 
solved by using the implicit finite difference method. From the above mentioned discussion, 
the following conclusions can be drawn. 
● An increase in the Hartmann number the velocity profile f’ decreases near the lower wall 

(λ = 0), the reverse phenomena is observed near the upper wall (λ = 1). The temperature 
profiles increases with the increase in Hartmann number. 

● The effect of radiation parameter F is to reduce the temperature profiles. It is observed 
that the radiation parameter effect is significantly more for higher values of Reynolds 
number (Re = 13.88). 

● An increase in the Reynolds number reduce the velocity profiles f’ near the lower wall 
(λ = 0), increase near the upper wall (λ = 1). 

● The effect of permeability parameter on velocity profiles f’ is to decreases near the low-
er wall λ = 0, the reverse phenomena is observed near the upper wall (λ = 1). The effect 
of permeability parameter is more significantly when Re = –13.88 compare with other 
cases. 

Nomenclature 
Cp – specific heat at constant  

   pressure, [Jkg–1K–1] 
Ec – Eckert number 
F – radiation parameter 
f  – longitudinal velocity 
f’ – transverse velocity 
H0 – magnetic field  
K – permeability parameter 
p – pressure, [mmHg]  
Pr – Prandtl number 
qr – radiative heat flux 
Re – Reynolds number 
S2 – Hartmann number 
T – dimensionless temperature, [K] 
T0, T1 – wall temperature at walls y = 0,  

   and at y = h, respectively, [K] 
u, v – velocity components along x- and  

   y-direction, respectively, [ms–1] 

v1, V – velocity components at walls y = 0,  
   and at y = h, respectively, [ms–1] 

x – Cartesian co-ordinate along the plate 
y – Cartesian co-ordinate normal to the plate 
 
Greek symbols 
α – constant 
θ – dimensionless temperature 
κ – the thermal conductivity, [Wm–1K–1] 
µ – coefficient of viscosity, [kgm–1s–1] 
µe – effective viscosity 
ν – kinematic viscosity, [m2s–1]  
ρ – density of the fluid, [kgm–3] 
σ – electric permeability 
σ* – Stefan-Boltzman constant (5.6703·10–8) ,  

   [Wm–2K–4]   
φ – dimensional velocity function 
ψ – dimensional stream function 
ω – constants 
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