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The purpose of this paper is to study the effects of compressibility, rotation, mag-
netic field, and suspended particles on thermal stability of a layer of visco-elastic 
Walters’ (model B’) fluid in porous medium. Using linearized theory and normal 
mode analysis, dispersion relation has been obtained. In case of stationary con-
vection, it is found that the rotation has stabilizing effect on the system. The mag-
netic field may have destabilizing effect on the system in the presence of rotation 
while in the absence of rotation it always has stabilizing effect. The medium per-
meability has destabilizing effect on the system in the absence of rotation while in 
the presence of rotation it may have stabilizing effect. The suspended particles 
and compressibility always have destabilizing effect. Due to vanishing of visco-
elastic parameter, the compressible visco-elastic fluid behaves like Newtonian 
fluid. Graphs have also been plotted to depict the stability characteristics. The 
viscoelasticity, magnetic field and rotation are found to introduce oscillatory 
modes into the system which were non-existent in their absence. 
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Introduction 

The formulation and derivation of the basic equations of a layer of fluid heated from 
below in a porous medium, using the Boussinesq approximation, has been given in a treatise 
by Joseph [1]. A detailed account of thermal stability in a Newtonian fluid layer in the pres-
ence of magnetic field has been given by Chandrasekhar [2]. When a fluid permeates through 
an isotropic and homogeneous porous medium, the gross effect is represented by Darcy’s law. 
The study of a layer of fluid heated from below in porous media is motivated both theoretical-
ly and by its practical applications in engineering. 

A porous medium is a solid with holes in it, and is characterized by the manner in 
which the holes are imbedded, how they are interconnected and the description of their loca-
tion, shape and interconnection. A macroscopic equation describing the incompressible flow 
of a fluid of viscosity µ through a macroscopically homogeneous and isotropic porous me-
dium of permeability k1, is the well-known Darcy equation, in which the usual viscous term in 
the equations of fluid motion is replaced by resistance term ( )1/ ,k qµ−  where q  is the filter 
velocity of the fluid. The stability of flow of a fluid through a porous medium taking into ac-
count the Darcy resistance was considered by Lapwood [3], Wooding [4] and Sunil et al. [5]. 
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The problem of thermal instability in fluids in a porous medium is of importance in geophys-
ics, soil sciences, ground water hydrology and astrophysics.  

An extensive and updated account of stability in porous media has been given by 
Nield and Bejan [6]. Sharma and Rana [7] have studied the thermal instability of Walters’ 
(model B') visco-elastic fluid in the presence of a variable gravity field and rotation in porous 
medium and found that the rotation has a stabilizing effect as gravity increases and a destabi-
lizing effect as gravity decreases. Sharma et al. [8] have considered the thermosolutal instabil-
ity of Walters’ (model B') rotating fluid in porous medium whereas the Rayleigh-Taylor in-
stability of Walters’ (model B') visco-elastic fluid through porous medium has been studied 
by Sharma et al. [9]. In thermal and thermosolutal convection problems, the Boussinesq ap-
proximation has been used, which is well justified in the case of incompressible fluids. 

When the fluids are compressible, the equations governing the system become more 
complicated. Spiegel and Veronis [10] assume that the depth of the fluid layer is much small-
er than the scale height as defined by them, if only motions of infinitesimal amplitude are 
considered and simplified the set of equations governing the flow of compressible fluids un-
der the above assumptions. The problem of thermal instability of a compressible fluid in the 
presence of rotation and magnetic field has been studied by Sharma [11]. Sunil et al. [12] 
have discussed the problem of a compressible couple stress fluid permeated with suspended 
particles heated and soluted from below in a porous medium and found that the stable solute 
gradient and couple stresses have stabilizing effects whereas the suspended particles and me-
dium permeability have destabilizing effect on the system.  

In a recent study, Kumar et al. [13] have studied the thermal convection in a Walters’ 
(model B') elastico-viscous dusty fluid in hydromagnetics with the effect of compressibility 
and rotation. Kumar et al. [14] has investigated the thermal instability of Walters’ B' viscoelas-
tic fluid permeated with suspended particles in hydromagnetics in porous medium. Sharma and 
Aggarwal [15] have studied the effect of compressibility and suspended particles on thermal 
stability in a Walters’ (model B') visco-elastic fluid in hydromagnetics and found that com-
pressibility and magnetic field has a stabilizing effect on the thermal stability. Rana and Kango 
[16] have considered the thermal instability of compressible Walters’ (model B') rotating fluid 
in the presence of suspended particles and porous medium. Gupta and Aggarwal [17] have stu-
died the thermal instability of compressible Walters’ fluid in the presence of Hall currents and 
suspended particles. Kumar [18] have studied the instability streaming Walters’ (model B') flu-
ids in porous medium in hydromagnetics. Gupta et al. [19] have seen thermal convection of 
dusty compressible Rivlin-Ericksen viscoelastic fluid in the presence of Hall currents. Aggar-
wal and Makhija [20] have studied the combined effect of magnetic field and rotation on ther-
mal stability of couple-stress fluid heated from below in presence of suspended particles. Mo-
tivated by the fact that knowledge regarding fluid particle mixture is not commensurate with 
their industrial and scientific importance of magnetic field, rotation and porous medium in 
many geophysical and astrophysical situations, we further extended the results reported by 
Gupta and Aggarwal [17] to include the effect of magnetic field, rotation and porous medium 
but in the absence of Hall currents for visco-elastic Walters’ fluid on thermal stability. 

Formulation of the problem 

Consider an infinite horizontal layer of compressible, electrically conducting Wal-
ters’ B' visco-elastic fluid layer of thickness d permeated with suspended particles, bounded by 
the planes z = 0 and z = d in a porous medium which is heated from below so that, a uniform 
temperature gradient ( )d /dT zβ =  is maintained. The fluid is acted on by a uniform rotation
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( )Ω 0,0, ,Ω  a gravity force g(0,0, ),g−  and a uniform magnetic field H(0,0, ).H  The equa-
tions of motion and continuity for a compressible Walters’ B' viscoelastic fluid permeated with 
suspended particles in the presence of magnetic field and rotation in porous medium are: 

 
0 0 1

1 q 1 1(q )q g 1 λ qp v v
t k t

δρ
ε ρ ρ

⎛ ⎞∂ ∂⎡ ⎤ ⎛ ⎞′+ ∇ = − ∇ − + − − +⎜ ⎟ ⎜ ⎟⎢ ⎥∂ ∂⎣ ⎦ ⎝ ⎠⎝ ⎠
 

 0

0 0

2( H) H (q q) (q Ω)
4π

e
d

KNµ
ρ ρ ε ε

+ ∇× × + − + ×   (1)  

 .q 0∇ =  (2) 

where , , , q( , , ), q (x, ), (x, ), ,  and 'dp T u v w t N tρ ν ν denote fluid pressure, density, tempera-
ture, fluid velocity, suspended particles velocity, suspended particles number density, kine-
matic viscosity and kinematic viscoelasticity, respectively. Here symbol ε is the medium po-
rosity, k1 – the medium permeability, g(0,0, )g−  – acceleration due to gravity, x ( , , ),x y z=
λ (0,0,1),= 6π ', and 'K µη η=  being particle radius, is the Stoke’s drag coefficient. Assum-
ing a uniform particle size, a spherical shape and small relative velocities between the fluid 
and particles, the presence of particles adds an extra force term in the equation of motion (1), 
proportional to the velocity difference between the particles and the fluid.  

Since the force exerted by the fluid on the particles is equal and opposite to that ex-
erted by the particle on the fluid, there must be an extra force term, equal in magnitude but 
opposite in sign, in the equations of motion for the particles. The effects due to pressure, grav-
ity, Darcy's force and magnetic field on the particles are small and so are ignored. If mN is the 
mass of particles per unit volume, then the equations of motion and continuity for the par-
ticles, under the mentioned assumptions are: 

 q 1 (q )q (q q )d
d d dmN KN

t ε
∂⎧ ⎫+ ∇ = −⎨ ⎬
∂⎩ ⎭

 (3) 

 ( q ) 0d
N N
t

ε ∂ + ∇ =
∂

 (4) 

If Cv, Cpt, T, and q' denote the heat capacity of fluid at constant volume, heat capaci-
ty of the particles, temperature and effective thermal conductivity of the pure fluid, respec-
tively. Assuming that the particles and the fluid are in thermal equilibrium, the equation of 
heat conduction gives: 

 [ ] 2
0 0(1 ) (q ) q 'v s s v pt d

TC C C T mNC T q T
t t

ρ ε ρ ε ρ ε∂ ∂⎛ ⎞+ − + ∇ + + ∇ = ∇⎜ ⎟∂ ∂⎝ ⎠
 (5) 

The Maxwell’s equations yield: 

 2H (H )q H
t

ε εη∂
= ∇ + ∇

∂
 (6) 

 H 0∇ =  (7) 

where η stands for the electrical resistivity. 
The equation of state for the fluid is: 

 [ ]0 01 ( )T Tρ ρ α= − −  (8) 
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The basic motionless solution is: 

 0 0 0q (0,0,0), q (0,0,0), , (1 ), constantd T T z z N Nβ ρ ρ αβ= = = − = + = =  (9) 

where α is the coefficient of thermal expansion and the subscript zero refers to values at the 
reference level z = 0. The kinematic viscosity ν, kinematic viscoelasticity ν', electrical resis-
tivity η and coefficient of thermal expansion α are all assumed to be constants. Here 

0(1 )( / )s s iE c cε ε ρ ρ= + − is a constant. ρs, cs, and ρ0, ci stand for density and specific heat of 
solid (porous matrix) material and fluid, respectively.  

Perturbation equations 

Assume small perturbations around the basic solution and let ∂p, ∂ρ, θ, and h(hx, hy, 
hz) denote, respectively, the perturbations in fluid pressure p, density ρ, temperature T, and 
magnetic field H. The change in density ∂ρ caused mainly by the perturbation θ in tempera-
ture is given by: 

 0δρ αρ θ= −  (10) 

Then the linearized perturbation equations of Walters’ B' viscoelastic fluid become: 
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Writing the scalar components of eq. (11), after elimination of dq  with the help of eq. 
(16), and eliminating u, v, hx, hv, ∂p between them by using eqs. (10), (12), and (15), we obtain: 
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where 0 01 ( )/( )n mN K m K
t t

ρ∂ ∂⎡ ⎤′ = + +⎢ ⎥∂ ∂⎣ ⎦
.  

The z – component of eq. (14) yields: 

 2
z

wh H
t z

ε η∂ ∂⎛ ⎞− ∇ =⎜ ⎟∂ ∂⎝ ⎠
 (18) 

Equation (13), on substituting for s in terms of w with the help of eq. (16) yields: 
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p
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 (19) 
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Dispersion relation 

Here we analyze the disturbances into normal modes and assume that the perturba-
tion quantities are of the form: 

 [ ] [ ], , , , ( ), ( ), ( ), ( ), ( ) exp( )z x yw h W z z Z z X z K z ik x ik y ntθ ξ ζ Θ= + +  (20) 

where kx, kv are wave numbers along x- and y-directions, respectively, k[=(kx
2 + kv

2)–1/2] is the 
resultant wave number of the disturbances, and n is the growth rate. Using eq. (20), eqs. (17)-
(19) in non-dimensional form become: 
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where a = kd, σ = nd2/ν, p1 = (ν/κ) is the Prandtl number, p1 = (ν/η) – the magnetic Prandtl 
number, F = (ν'/d2) – the dimensionless kinematic viscoelasticity, G = (Cpβ/g) – the dimen-
sionless compressibility, h = (mN0Cpt/ρ0Cv), f = (mN0/ρ0), τ = (mκ/kd2). We have expressed the 
co-ordinators x, y, and z in new units of length d, time t in the new unit of length (d2/κ), and 
let H1 = 1 + h1, τ1 = (τν/d2), x* = (x/d), y* = (y/d), z* = (z/d), and D = (d/dz*). Stars (*) have 
been omitted hereafter, for convenience. 

Eliminating Θ, K, and Z between eqs. (21)-(25), we obtain: 
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Here Q = (µeH2d2/4πρ0νη) is the Chandrasekhar number and R = (gαβd4/νκ) is the 
Rayleigh number. 

Consider the case in which both the boundaries are free, the medium adjoining the 
fluid is perfectly conducting and temperatures at the boundaries are kept fixed. The appropri-
ate boundary conditions, for which eqs. (21)-(25) must be solved, are: 
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 2 0, 0, 0, at 0, 1; 0, 0W D W DZ z DX KΘ= = = = = = =  (27) 

on a perfectly conducting boundary. 
Using the boundary conditions, it can be shown that all even order derivatives of W 

must vanish for z = 0 and the proper solution of W characterizing the lowest mode is: 

 0 sin πW W z=  (28) 

where W0 is a constant. 
Substituting the proper solution W = W0 sinπz in eq. (26), we obtain the dispersion 

relation: 
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where Q1 = Q/π2, R1 = R/π4, 
1

2 2 2 2 2 2 2
1(2 / π ) , /π , /π , π .A lT d i x a P PΩ ν σ σ= = = =  

Equation (29) is the required dispersion relation including the effects of compressi-
bility, rotation, magnetic field, suspended particles, and medium permeability. This dispersion 
relation is identical with that derived by Gupta and Aggarwal [17] in the absence of magnetic 
field, rotation, and porous medium but in the presence of Hall currents. In the absence of 
magnetic field, this dispersion relation is identical with that derived by Rana and Kango [16]. 
Also in the absence of rotation and porous medium, eq. (29) is same as derived by Sharma 
and Aggarwal [15] whereas in the absence of porous medium, eq. (29) reduces to the one de-
rived by Kumar et al. [13].  

The stationary convection 

When the instability sets in as stationary convection, the marginal state will be cha-
racterized by σ = 0. Putting σ = 0, the dispersion relation (29) reduces to: 
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1 1 2
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G x x P xR Q T
G xH P x PQ

⎡ ⎤+ + +
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which expresses the modified Rayleigh number R1 as a function of dimensionless wave num-
ber x and the parameters G, H1, Q1, P, and TA. We thus find that for stationary convection the 
viscoelastic parameter F vanishes with σ1 and the visco-elastic Walters’ B' fluid behaves like 
an ordinary Newtonian fluid. In the absence of magnetic field, rotation, and porous medium 
eq. (30) reduces to: 
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which is identical with the expression for R1 derived by Gupta and Aggarwal [17] wherein 
thermal instability of a compressible Walters’ fluid in the presence of Hall currents and sus-
pended particles has been considered. 

In the absence of magnetic field, the eq. (30) reduces to: 

1

2

1
1

1 (1 )
1 1A

G x x PR T
G xH P x

⎡ ⎤+ +
= +⎢ ⎥

− +⎣ ⎦
 

which is identical with the expression for R1 derived by Rana and Kango [16] wherein thermal 
instability of a compressible Walters’ B' rotating fluid in porous medium is studied in the 
presence of suspended particles. In the absence of rotation and porous medium, eq. (30) re-
duces to: 

2
1 1

1

1 [ (1 ) ]
1

G xR Q x
G xH

+
= + +

−
 

which is same as given by Sharma and Aggarwal [15]. In the absence of porous medium eq. 
(30) reduces to: 
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which is identical to the one derived by Kumar et al. [13].  
For stationary convection, eq. (30) implies that the compressible Walters’ visco-

elastic fluid (model B') behaves like an ordinary Newtonian fluid. 
To study the effects of suspended particles, 

magnetic field, rotation, medium permeability, 
and compressibility, we examine the nature of 
dR1/dH1, dR1/dQ1, dR1/dTA, dR1/dP, and dR1/dG, 
analytically.  

Firstly, to investigate the effect of suspended 
particles, we examine the nature of dR1/dH1. Eq-
uation (30) yields: 

 1
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1 1

d 1
d 1

R G x
H G xH

+
= − ⋅
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x P xQ T
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 (31) 

The negative sign implies that, for a statio-
nary convection, the suspended particles have 
destabilizing effect on the system. This is in 
agreement with the results of fig. 1, where, Rayleigh number R1 is plotted against suspended 
particles parameter, H1 for different values of wave numbers x (= 2, 4, 6, 8, 10), and H1 (= 
100, 200,…, 600). In this figure the value of H1 increases with the decrease in Rayleigh num-
ber implying that the suspended particles have destabilizing effect on the system. 

Figure 1. Variation of R1 with H1 for fixed  
Q1 = 100, TA1 = 1, G = 100, P = 1 for  
different values of x (= 2, 4, 6, 8, 10), and  
H1(= 100, 200,…, 600) 
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For analyzing the effect of magnetic field, we examine the nature of dR1/dQ1. Equa-

tion (30) yields: 
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 (32) 

which shows that magnetic field has stabilizing effect in the absence of rotation. In the pres-
ence of rotation, magnetic field will have destabilizing effect if: 
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2 2
(1 ) (1 )
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(1 ) (1 )A A

x PQ x PQ
T T

P x P x
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> <
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These analytical results are in agreement with 
fig. 2 numerically, for the permissible range of 
values of various parameters, where Rayleigh 
number R1 is plotted against magnetic field pa-
rameter Q1 for different values of wave numbers 
x (= 2, 4, 6, 8, 10), and Q1 (= 100, 200,…, 600). 

To study the effect of rotation, we examine 
the nature of dR1/dTA. From eq. (30), we obtain: 
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1
2

1 1
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R G x P x
T G xH x PQ

+ +
=

− + +
 (33) 

which reflects the stabilizing effect of rotation 
parameter on the system. Also in fig. 3, Rayleigh 
number is plotted with respect to rotation para-
meter TA for different values of x (= 2, 4, 6, 8, 
10), and TA (= 100, 200,…, 600) where TA in-
creases with the increase in Rayleigh number 
which implies the stabilizing effect on the sys-
tem. 

For analyzing the effect of permeability, we 
examine the nature of dR1/dP. Equation (30) 
yields: 

 
2

1
2

1

d 1 (1 )
d 1
R G x
P G xHP

+
= − ⋅

−
 

 
1

2

2 2
1

(1 )1
[(1 ) ]A

P xT
x PQ

⎡ ⎤+
⋅ −⎢ ⎥

+ +⎢ ⎥⎣ ⎦
 (34) 

It is clear from eq. (34) that, for stationary 
convection, the medium permeability has desta-

bilizing effect on the system in the absence of rotation. In the presence of rotation, it has stabi-
lizing effect if TA1 > [(1 + x + PQ1)2]/[P2(1 + x)], and stabilizing effect if TA1 < [(1 + x + 
PQ1)2]/[P2(1 + x)] which is in agreement with fig. (4) where Rayleigh number R1 is plotted 

 
Figure 2. Variation of  R1 with Q1 for fixed 
H1 = 1000, TA1 = 5000, G = 2500, P = 2000   
for different values of x (= 2, 4, 6, 8, 10), and 
Q1 (= 100, 200,…, 600) 

 
Figure 3. Variation of  R1 with TA1 for fixed  
Q1 = 5, H1 = 10, G = 20, P = 10 for different 
values of x (= 2, 4, 6, 8, 10), and TA1 (= 100, 
200,…, 600) 
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against permeability P for different values of x (= 2, 4, 6, 8, 10, 12, 14), and P (= 20, 40,…, 
200). 

The effect of compressibility can be studied by examining the nature of dR1/dG, eq. 
(30) yields; 
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 (35) 

It is further evident from eq. (35) that compressibility always has destabilizing effect 
on the system. Figure (5) confirms the above result numerically for the permissible range of 
values of various parameters. 

Stability of system and oscillatory modes 

Multiplying eq. (21) by W*, the complex conjugate of W, integrating over the range 
of z and using eqs. (22)-(25) together with the boundary conditions (27), we obtain: 
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where 
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Figure 4. Variation of  R1 with P for fixed Q1 = 1, 
TA1 = 50, G = 50, H1 = 1 for different values of  
x (= 2, 4, 6, 8, 10, 12, 14), and P (= 20, 40,…, 200) 

 
Figure 5. Variation of  R1 with G for fixed  
Q1 = 200, TA1 = 2, P = 1, H1 = 10  for different 
values of x (= 2, 4, 6, 8, 10), and P (= 20, 40,…, 200)
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and σ* is the complex conjugate of σ. The integrals I1, I2,… I10 are all positive definite. 
Putting σ = iσi, and equating imaginary parts of eq. (37), we obtain: 
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 (38) 

Equation (38) yields that σi = 0 or σi ≠ 0, which means that modes may be non-
oscillatory or oscillatory. In the absence of viscoelasticity, magnetic field, and rotation, eq. 
(38) reduces to: 
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 (39) 

and the quantity inside the brackets is positive definite. Thus σi = 0, which means that oscilla-
tory modes are not allowed and the principle of exchange of stabilities is valid. The viscoelas-
ticity, magnetic field and rotation introduce oscillatory modes (as σi may not be zero) into the 
systems which were non-existent in their absence. This result is in agreement with the result 
derived by Kumar et al. [14] wherein the effect of suspended particles and magnetic field is 
studied on thermal instability of Walters’ fluid in the presence of porous medium. 

Conclusions 

In case of stationary convection, we have investigated the effects of compressibility, 
rotation and magnetic field on thermal stability of visco-elastic fluid permeated with sus-
pended particles in porous medium. The principal conclusions from the analysis are as fol-
lows: 
● The compressible Walters’ (model B') visco-elastic fluid behaves like an ordinary New-

tonian fluid due to vanishing of the viscoelastic parameter. 
● Compressibility has always destabilizing effect on the system which is evident from eq. 

(35), and is supported by fig. 5. 
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● The suspended particles have destabilizing effect on the system which is evident from 
eq. (31), and it is cleared from fig. 1. 

● From eq. (33), it is clear that, rotation has stabilizing effect on the system which is in 
agreement with fig. 2. 

● It is evident from eq. (32) that, magnetic field has stabilizing effect on the system in the 
absence of rotation whereas in the presence of rotation, it has destabilizing effect if  
TA1 > [(1 + x + PQ1)2]/[P2(1 + x)], and stabilizing effect if TA1 < [(1 + x + PQ1)2]/[P2(1 + x)] 
which is supported by fig. 3. 

● It is observed from eq. (34) that the medium permeability has destabilizing effect in the 
absence of rotation whereas in the presence of rotation it has stabilizing effect if  
TA1 > [(1 + x + PQ1)2]/[P2(1 + x)], and destabilizing effect if TA1 < [(1 + x +  
+ PQ1)2]/[P2(1 + x)], which is in agreement with fig. 4. 

● The principle of exchange of stabilities is found to hold true in the absence of viscoelas-
ticity, magnetic field and rotation which means that oscillatory modes are introduced 
due to the presence of viscoelasticity, magnetic field and rotation which were non-
existent in their absence. 

Nomenclature 
Cpt – heat capacity of particles [Jkg–1K–1] 
Cs – heat capacity of the solid (porous matrix) 

material, [Jkg–1K–1] 
Cv – heat capacity of fluid at constant volume, 

[Jkg–1K–1] 
d – depth of layer, [m] 
F – dimensionless kinematic viscoelasticity, 

[–] 
g  – acceleration due to gravity, [ms–2] 
H  – magnetic field vector, [G] 
K – Stokes’ drag coefficient, [kgs–1] 
k – wave number, [m–1] 
kx, kv – components of wave number k  

along x-axis, and y-axis, [m–1] 
k1 – medium permeability, [m2] 
m – mass of single particle, [kg]  
N – suspended particle number density, [m–3] 
n – growth rate, [s–1] 
p – fluid pressure, [Pa] 
p1 – Prandtl number, [–] 
p2 – magnetic Prandtl number, [–] 
Q – dimensionless Chandrasekhar number, [–] 

q' – effective thermal conductivity of pure fluid, 
[Wm–1K–1] 

q  – filter velocity, [ms–1] 
qd – suspended particle velocity , [ms–1] 
R1 – dimensionless Rayleigh number, [–] 
T – temperature, [K] 
t – time, [s] 
x – dimensionless wave number, [–]  

Greek symbols 

α – coefficient of thermal expansion, [K–1] 
β – uniform temperature gradient, [Km–1] 
ε – medium porosity, [–] 
η – electrical resistivity, [m2s–1] 
η' – particle radius, [m] 
θ – perturbation in temperature, [K] 
κ – thermal diffusivity, [m2s–1] 
µ – dynamic viscosity [kgm–1s–1] 
µe – magnetic permeability, [H m–1 ] 
ν – kinematic viscosity, [m2s–1] 
ν' – kinematic viscoelasticity, [m2s–1] 
ρ – density, [kg m–3] 
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