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The ef fect of sus pended par ti cles on the ther mal in sta bil ity of Walters B' 
viscoelastic fluid in hydromagnetics in po rous me dium is con sid ered.
For sta tion ary con vec tion, Walters B' viscoelastic fluid be haves like a
New to nian fluid. The me dium per me abil ity and sus pended par ti cles
has ten the on set of con vec tion whereas the mag netic field post pones
the on set of con vec tion, for the case of sta tion ary con vec tion. The
mag netic field and viscoelasticity in tro duce os cil la tory modes in the
sys tem which was non-ex is tent in their ab sence.
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In tro duc tion

The the o ret i cal and ex per i men tal re sults of the on set of ther mal in sta bil ity
(Be'nard con vec tion) in a fluid layer un der vary ing as sump tions of hy dro dy nam ics has
been treated in de tail by Chandrasekhar •1•. Chandra •2• ob served that in an air layer,
con vec tion oc curred at much lower gra di ents than pre dicted if the layer depth was less
than 7 mm, and called this mo tion “Co lum nar in sta bil ity”. How ever, a Be'nard-type cel -
lu lar con vec tion was ob served for lay ers deeper than 10 mm. Chandra •2• added an aero -
sol to mark the flow pat tern. Thus there is a de cades-old con tra dic tion be tween the the -
ory and the ex per i ment. Scanlon and Segel •3• have con sid ered the ef fect of sus pended
par ti cles on the on set of Be'nard con vec tion and found that the crit i cal Ray leigh num ber
was re duced solely be cause the heat ca pac ity of the pure fluid was sup ple mented by that
of the par ti cles. The ef fect of sus pended par ti cles was thus found to destabilize the layer.
Palaniswamy and Purushotham •4• have con sid ered the sta bil ity of shear flow of strat i -
fied flu ids with fine dust and have found the ef fect of fine dust to in crease the re gion of
in sta bil ity.

In all the above stud ies, the me dium has been con sid ered to be non-po rous and
the fluid to be New to nian. Lapwood •5• has stud ied the sta bil ity of con vec tive flow in a
po rous me dium us ing Ray leigh’s pro ce dure. Wooding •6• has con sid ered the Ray leigh

51



in sta bil ity of a ther mal bound ary layer in flow through po rous me dium. The gross ef fect
when the fluid slowly per co lates through the pores of the rock is rep re sented by the well
known Darcy’s law. The prob lem of ther mal in sta bil ity in flu ids in a po rous me dium is of
im por tance in geo phys ics, soil sci ences, ground wa ter hy drol ogy and as tro phys ics. The
de vel op ment of geo ther mal power re sources has in creased gen eral in ter est, in the prop -
er ties of con vec tion in po rous me dia. The ef fect of a mag netic field on the sta bil ity of
such a flow is of in ter est in geo phys ics, par tic u larly in the study of Earth’s core where the
Earth’s man tle, which con sists of con duct ing fluid, be haves like a po rous me dium which
can be come con vec tively un sta ble as a re sult of dif fer en tial dif fu sion. The other ap pli ca -
tion of the re sults of flow through a po rous me dium in the pres ence of a mag netic field is
in the study of the sta bil ity of a con vec tive flow in the geo ther mal re gion.

The im por tance of non-New to nian flu ids in mod ern tech nol ogy and in dus tries
is ever in creas ing and the in ves ti ga tions on such flu ids are de sir able. One such class of
non-New to nian flu ids is Walters B' fluid. Chakraborty and Sengupta •7• have stud ied the 
flow of un steady viscoelastic (Walters B' liq uid) con duct ing fluid through two po rous
con cen tric non-con duct ing in fi nite cir cu lar cyl in ders ro tat ing with dif fer ent an gu lar ve -
loc i ties in the pres ence of uni form ax ial mag netic field. Sharma and Kumar •8• have
stud ied the sta bil ity of two superposed Walters B' viscoelastic liq uids. In an other study,
Sharma and Kumar •9• have stud ied the Ray leigh-Tay lor in sta bil ity of two superposed
con duct ing Walters B' elastico-vis cous flu ids in hydromagnetics. Kumar •10• has stud ied
the sta bil ity of two superposed viscoelastic (Walters B') fluid-par ti cle mix tures in po rous
me dium. It is this class of elastico-vis cous flu ids we are in ter ested in, par tic u larly to study 
the ef fect of sus pended (or dust) par ti cles on the Walters B' viscoelastic fluid heated
from be low in po rous me dium in the pres ence of a uni form hor i zon tal mag netic field.

For mu la tion of the prob lem and per tur ba tion equa tions

Here we con sider an in fi nite hor i zon tal layer of on elec tri cally con duct ing
Walters B' elastico-vis cous fluid per me ated with sus pended par ti cles and bounded by
the planes z = 0 and z = d in a po rous me dium. This layer is heated from be low so that,
the tem per a tures and den si ties at the bot tom sur face z = 0 are T0 and r0 and at the up per 
sur face z = d are Td and rd re spec tively and that a uni form tem per a ture gra di ent 
b( / )= dT dz  is main tained. A uni form hor i zon tal mag netic field 

r
H H( , , )0 0  and grav ity

field 
r
g g( , , )0 0 -  per vades the sys tem.

The equa tions of mo tion and con ti nu ity for Walters B' viscoelastic fluid in the
pres ence of sus pended par ti cles and mag netic field in po rous me dium are:
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Ñ × =
r
q 0 (2)

where p, r, T, 
r r
q u w q x t N x td( , , ), ( , ), ( , ),u  u, and u' de note fluid pres sure, den sity, tempe-

rature, fluid ve loc ity, sus pended par ti cles ve loc ity, sus pended par ti cles num ber den sity,
ki ne matic vis cos ity, and ki ne matic viscoelasticity, re spec tively. Sym bol e is the me dium
po ros ity, k1 is the me dium per me abil ity, g is the ac cel er a tion due to grav ity,   x x y z= ( , , ), r
l mh h= =( , , ), ' , '0 0 1 6and K p  be ing the par ti cle ra dius, is the Stokes’ drag co ef fi cient.
As sum ing a uni form par ti cle size, a spher i cal shape and small rel a tive ve loc i ties be tween
the fluid and par ti cles, the pres ence of par ti cles adds an ex tra force term in the equa tion
of mo tion (1), pro por tional to the ve loc ity dif fer ence be tween the par ti cles and the fluid. 

Since the force ex erted by the fluid on the par ti cles is equal and op po site to that
ex erted by the par ti cles on the fluid, there must be an ex tra force term, equal in mag ni -
tude but op po site in sign, in the equa tions of mo tion for the par ti cles. Interparticle re ac -
tions are ig nored be cause the dis tances be tween the par ti cles are as sumed to be quite
large com pared with their di am e ter. The ef fects due to pres sure, grav ity, Darcy’s force
and mag netic field on the par ti cles are small and so are ig nored.  If mN is the mass of par -
ti cles per unit vol ume, then the equa tions of mo tion and con ti nu ity for the par ti cles, un -
der the above as sump tions, are:
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If Cv, Cpt, T, and q' denote the heat ca pac ity of fluid at con stant vol ume, heat ca -
pac ity of the par ti cles, tem per a ture and ef fec tive ther mal con duc tiv ity of the pure fluid,
re spec tively. As sum ing that the par ti cles and the fluid are in ther mal equi lib rium, the
equa tion of heat con duc tion gives:
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where rs and Cs are the den sity and the heat ca pac ity of the solid (po rous ma trix) ma te -
rial, re spec tively.

The Maxwell’s equa tions yield:

e
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where h stands for the elec tri cal re sis tiv ity.
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The equa tion of state for the fluid is:

r = r0[1– a(T – T0)] (8)

where a is the co ef fi cient of ther mal ex pan sion and  the sub script zero re fers to val ues at
the ref er ence level z = 0. The ki ne matic vis cos ity u, ki ne matic viscoelasticity u', mag netic 
per me abil ity me, elec tri cal re sis tiv ity h, and co ef fi cient of ther mal ex pan sion a are all as -
sumed to be con stants.

The ba sic mo tion less so lu tion is:

r r
q q T T z z N Nd= = = - = + = =( , , ), ( , , ), , ( ),0 0 0 0 0 0 10 0 0b r r ab const. (9)

As sume small per tur ba tions around the ba sic so lu tion and let dp, dr, q, and r
h h h hx y z( , , ) de note re spec tively the per tur ba tions in fluid pres sure p, den sity r, tem per -
a ture T, and mag netic field 

r
H. In ba sic (mo tion less) so lu tion holds: fluid velosity 

r
q (0, 0,

0), sus pended par ti cle ve loc ity 
r
qd  (0, 0, 0), sus pended par ti cle num ber  N0, and mag netic

field  
r

H H( , , )0 0  as it is shown in conditions (9). The change in den sity dp caused mainly by
the per tur ba tion q in tem per a ture, is given by:

dr = –ar0 q (10)

Then the linearized per turbed equa tions of Walters B¢ viscoelastic fluid be -
come:
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where E C C h mN C C q Cs s pt= + - = =e e r r r k rn n n( ) , , ' .1 0 0 0 0and
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Elim i nat ing 
r
qd  in eq. (11) with the help of eq. (13), writ ing the sca lar com po -

nents of re sult ing equa tion and elim i nat ing u, v, hx, hy, and dp be tween them, by us ing eq.
(12) and   eq. (16), we ob tain:
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Dis per sion rela tion

Here we an a lyze the dis tur bances into nor mal modes and as sume that the per -
tur ba tion quan ti ties are of the form:

[ , , ] [ ( ), ( ), ( )]exp( )w h W z z X z ik x ik y ntz x yq = + +Q (20)

where kx, and ky are wave num bers along the x-and y-di rec tions re spec tively. k k kx y= +2 2  is
the re sul tant wave num ber and n is, in gen eral, a com plex con stant.  Us ing ex pres sion (20),
eqs. (17-19) in non-di men sional form be come:
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where we have ex pressed the co or di nates  x,  y, and z in the new unit of length d, time t in
the new unit of length  d2/k  and  put  a = kd,  s = nd2/u, Pr1 = u/k is the Prandtl num ber,
Pr2 =  u/h  is  the mag netic Prandtl num ber, Pl = k1/d2 is the dimensionless me dium per -
me abil ity,  F = u/d2  is  the  dimensionless  ki ne matic  viscoelasticity, s' = n'd2/u, H' =  h +
+ 1, t = mk/Kd2, and D = d/dz.

Elim i nat ing T and X be tween eqs. (21-23), we ob tain
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where R = gabd4/uk is the Ray leigh num ber and Q = meH
2d2/4pr0uh is the

Chandrasekhar num ber.
Here we con sider the case in which both the bound aries are free, the me dium ad -

join ing the fluid is per fectly con duct ing and tem per a tures at the bound aries are kept fixed.  
The case of two free bound aries is lit tle ar ti fi cial but al lows us to have an a lyt i cal so lu tion. 
The bound ary con di tions, ap pro pri ate to the prob lem, are [1]:

W = 0,   D2W = 0,   Q  = 0,   X = 0    at   z = 0   and   z = 1 (25)

Us ing the above bound ary con di tions (25), it can be shown with the help of eqs.
(21-23) that all the even or der de riv a tives of W must van ish for z = 0 and z = 1 and hence
the proper so lu tion of W char ac ter iz ing the low est mode is:

W = W0sin pz, (26)

where W0 is a con stant.
Sub sti tut ing the proper so lu tion (26) in eq. (24), we ob tain the dis per sion re la tion
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where x = a2/p2, is1 = s/p2, P = p2Pl, R1 = R/p4, is'1 = s'/p2, Q1 = Q/p2, and kx = kcos q.

The stationary convection

When the in sta bil ity sets in as sta tion ary con vec tion, the mar ginal state will be
char ac ter ized by s = 0. Putt ing s = 0, the dis per sion re la tion (27) re duces to:
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We thus find that for sta tion ary con vec tion the viscoelastic pa ram e ter F van -
ishes with s and Walters B' viscoelastic fluid be haves like an or di nary New to nian fluid.

To study the ef fects of mag netic field, sus pended par ti cles and me dium per me -
abil ity, we ex am ine the na tures of dR1/dQ1, dR1/dH', and dR1/dP. Eq. (28) yields:
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It is clear from eqs. (29-31) that for sta tion ary con vec tion the mag netic field
post pone the on set of con vec tion whereas the sus pended par ti cles and me dium per me -
abil ity has ten the on set of con vec tion in Walters B' viscoelastic fluid per me ated with sus -
pended par ti cles, heated from be low in po rous me dium in pres ence of a uni form hor i -
zon tal mag netic field.

Graphs have been plot ted be tween R1 and x for var i ous val ues of Q1, P, and H'.
It is ev i dent from figs. (1-3) that the mag netic field post pones the on set of con vec tion
while me dium per me abil ity and sus pended par ti cles has ten the on set of con vec tion.
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Figure 1. Variation of R1

with x for a fixed e = 0.4,
q = 45°, P = 10, H' = 20 for
different values of
Q1(=100, 500)



Sta bil ity of the sys tem and os cil la tory modes

Mul ti ply ing eq. (21) by W*, the com plex con ju gate of W, in te grat ing over the
range of z and us ing eqs. (22) and (23) to gether with the bound ary con di tions (25), we
ob tain:
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where
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Figure 2. Variation of R1 with
x for a fixed e = 0.4, q = 45°,
Q1 = 100, H' = 20 for dif-
ferent values of P (=2, 10)

Figure 3. Variation of R1 with
x for a fixed e = 0.4, q = 45°,
Q1 = 100, P = 5 for different
values of H' (= 20, 40)
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and s* is the com plex con ju gate of s. The integrals I1, I2, …., I5 are all pos i tive def i nite.
Putt ing s = isi,  f = mN0/r0 and equat ing the imag i nary parts of eq. (32), we ob -

tain:
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Equa tion (34) yields that si = 0 or si ¹ 0, which means that modes may be
non-os cil la tory or os cil la tory.  In the ab sence of mag netic field and viscoelasticity, eq.
(34) re duces to:
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and the quan tity in side the brack ets is pos i tive def i nite. Thus si = 0, which means that
os cil la tory modes are not al lowed and the prin ci ple of ex change of sta bil i ties is valid. 
The mag netic field and viscoelasticity in tro duce os cil la tory modes (as si may not be
zero) in the sys tem which was non-ex is tent in their ab sence.

Con clu sions

A layer of New to nian fluid heated from be low, un der vary ing as sump tions of
hy dro dy nam ics and hydromagnetics, has been stud ied by Chandrasekhar [1]. With the
grow ing im por tance of non-New to nian flu ids in chem i cal en gi neer ing, mod ern tech nol -
ogy and in dus try, the in ves ti ga tions on such flu ids are de sir able. The Walters B’ fluid is
one such im por tant non-New to nian (viscoelastic) fluid. Keep ing in mind the im por tance 
of non-New to nian flu ids, the pres ent pa per con sid ered the ef fect of sus pended par ti cles
on the Walters B’ viscoelastic fluid heated from be low in po rous me dium in the pres ence
of a uni form hor i zon tal mag netic field.

For sta tion ary con vec tion, Walters B’ viscoelastic fluid be haves likes a New to -
nian fluid. Here, the mag netic field is found to post pone the on set of con vec tion whereas 
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the me dium per me abil ity and sus pended par ti cles has ten the on set of con vec tion. The
mag netic field and viscoelasticity in tro duce os cil la tory modes in the sys tem which was
non-ex is tent in their absence.

No men cla ture

a –  dimensionless wave num ber, [–]
Cpt –  heat ca pac ity of par ti cles, [J/kgK]
Cs –  heat ca pac ity of the solid (po rous ma trix) ma te rial, [J/kgK]
Cv –  heat ca pac ity of fluid at con stant vol ume, [J/kgK]
d –  depth of layer, [m]
F –  dimensionless ki ne matic viscoelasticity, [–]
g –  ac cel er a tion due to grav ity [m/s2]r
g –  grav ity field, [m/s2]r
H –  mag netic field, [G]
K –  Stokes’ drag co ef fi cient, [kg/s]
k –  wave-num ber, [1/m]
kx, ky –  hor i zon tal wave-num bers, [1/m]
k1 –  me dium per me abil ity, [m2] 
m –  mass of sin gle par ti cle, [g]
N –  sus pended par ti cle num ber den sity, [1/m3]
n –  growth rate, [1/s]
Pl –  dimensionless me dium per me abil ity, [–]
Pr1 –  Prandtl  num ber (= n/k), [–]
Pr2 –  mag netic Prandtl num ber (= n/h), [–]
p –  fluid pres sure, [Pa]
Q –  Chandrasekhar num ber, [–]
q' –  efective ther mal con duc tiv ity, [W/m·K]r
q –  fil ter ve loc ity, [m/s]r
qd –  sus pended par ti cle ve loc ity, [m/s]
R –  Ray leigh num ber, [–]
T –  tem per a ture, [K]
t –  time, [s]

Greek let ters

a –  co ef fi cient of ther mal ex pan sion, [1/K]
b –  uni form tem per a ture gra di ent, [K/m]
e –  me dium po ros ity, [–]
h –  elec tri cal re sis tiv ity, [m2/s]
h' –  par ti cle ra dius, [m]
q –  per tur ba tion in tem per a ture, [K]
k –  ther mal diffusivity, [m2/s]
m –  dy namic vis cos ity, [kg/m·s]
me –  mag netic per me abil ity, [-]
u –  ki ne matic vis cos ity, [m2/s]
u' –  ki ne matic viscoelasticity, [m2/s]
r –  den sity, [kg/m3]
rs –  den sity of the solid (po rous ma trix) ma te rial, [kg/m3]
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